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A new molecular beam apparatus of improved design is described which utilizes, among other improve- 
ments, a long homogeneous magnetic field with two separated oscillatory fields for high resolution and a 
method of phase shifting of the two fields which permits more accurate data-taking. The apparatus has 
been used to study the nuclear radiofrequency spectrum of H; and D: in magnetic fields of 1600 gauss and 
6 gauss. The results are found to be consistent with Ramsey’s theoretical expressions, provided the ad- 
justable parameters are suitably selected. For H, the values for these parameters are that ¢ equals 113,800 
+210 cps and d equals 57,680+40 cps, while for Dz c equals 8790460 cps and d equals 25,240+20 cps. 
These values for the parameters imply that the rotational magnetic field H’ at the nucleus in Hz is 26.73 
+0.05 gauss while in Dy it is 13.44+0.09 gauss, that the internuclear spacing r in H, is such that when 
averaged over the zeroth vibrational state and the first rotational state (1/r*)~# equals (0.746730.00018) 
X10-* cm, that the deuteron quadrupole interaction eQ(d*V*/dz*) equals (1.4907+0.0015) x 10-** erg, 
that the quadrupole moment Q of the deuteron equals (2.738+0.014) x 10-” cm*, and that the nuclear 


magnetic shielding constant o for Hz is (2.65+0.03) x 10-5. 





I. INTRODUCTION 


HE molecular beam method of separated oscil- 

lating fields suggested by Ramsey! makes possible 
measurements which are often over thirty times more 
accurate than those by the original molecular beam 
resonance method first suggested by Rabi.?* This im- 
provement is chiefly a result of the resonance lines not 
being broadened by non-uniformities of the magnetic 
field in which the resonance transitions are induced. 
The present paper describes the results of the first 
extensive experiments using this method. 

Molecular Hz and Dz were studied in this experiment 
because of the importance of the information which 
can be inferred from the experimental results. The 
previous work on the radiofrequency spectra of Hy, 
and Dz was done by Kellogg, Rabi, Ramsey, and 
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Zacharias,** hereafter called KRRZ. These experi- 
ments led to the discovery of the electrical quadrupole 
moment of the deuteron and to a value for the 
quadrupole moment which has not been experimentally 
improved until the present. Experiments on gaseous 
H, and Dz by nuclear magnetic resonance methods not 
of the molecular beam type have provided no informa- 
tion on such matters as the deuteron quadrupole 
moment because the frequent collisions which charac- 
terize such experiments average together the spectral 
lines that can be individually observed by the molecular 
beam resonance method. Aside from the question of 
merely determining the various molecular interactions 
to higher precision, the present experiment also allows 
a study of the important question as to whether all 
the existing interactions have been included in the 
assumed Hamiltonian of the molecule. Since Hz and Dz 
are the simplest of molecules, it is important that the 
theory describing them be put on as firm an experi- 
mental footing as possible. 

The earlier experiments of KRRZ** all utilized 
moderately strong homogeneous magnetic fields of the 
order of 2000 gauss. The present investigation, in 

‘ Kellogg, Rabi, Ramsey, and Zacharias, Phys. Rev. 57, 677 


(1940). 
5N. F. Ramsey, Phys. Rev. 58, 226 (1940). 
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396 KOLSEKY, FPRIPPS, fE., 
addition, includes studies in weak magnetic fields of a 
few gauss. These weak field experiments not only pro- 
vide a check of the validity of the Hamiltonian over a 
wide range of field values but also offer a means of 
measuring the interaction constants more accurately 
since in weak fields they are the chief interactions and 
not merely small corrections to large magnetic inter- 
actions with the external field. Partial descriptions of 
the results of these experiments have been given in 
three earlier notes. * 


Il. APPARATUS 


The basic design features of the present molecular 
beam apparatus are very similar to those of KRRZ. 
However, advances in vacuum and other technologies 
during the past decade have enabled us to construct a 
considerably longer apparatus. The resulting improved 
accuracy has necessitated an increase in the complexity 
of auxiliary equipment. 

A schematic drawing of the major apparatus com- 
ponents is shown in Fig. 1. The gas to be studied is 
admitted through a controlled leak to the source S, at 
such a rate that a pressure of 4-8 mm Hg is maintained 
in S. The beam is formed by the streaming of the gas 
through a narrow vertical slit into the source chamber 
vacuum. The source is mounted on the bottom of an 
Invar cold trap maintained at liquid nitrogen tem- 
perature (77°K), so that as many of the beam molecules 
as possible will be in their lowest rotational state. The 
beam is roughly defined by two sets of rather wide 
fore-slits in the walls of the fore-chamber, which acts 
as a “buffer”? between the relatively poor vacuum in 
the source chamber and the high vacuum required in 
the main chamber. The molecules are deflected slightly 
by the force exerted on their effective magnetic mo- 
ments by the gradient of the A-magnet inhomogeneous 
field. They travel in a straight line through the narrow 
collimator slit in the center of the homogeneous C mag- 
net, and are normally refocused at the detector slit D 
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Fic. 1. Schematic diagram of apparatus 
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by the inhomogeneous field of the B magnet. If the 
small oscillating rf magnetic field applied perpendicular 
to the direction of the main C field is tuned to the 
frequency of one of the rf spectral lines of the molecule 
(corresponding to the Bohr frequency (£,—E,,)/h), 
the resulting induced transition will alter the < com- 
ponent (parallel to the homogeneous field direction) of 
the effective molecular magnetic moment. This altera- 
tion produces a defocusing of the beam at the detector, 
as shown by dotted curves in the figure. Thus, in the 
conventional way of applying the radiofrequency field, 
exact resonance is characterized by minimum beam 
intensity at the detector. 

No attempt will be made to discuss in detail the 
numerous design considerations involved in the determi- 
nation of apparatus dimensions, since this has been 
done elsewhere.’:” The more important dimensions of 
the apparatus, in terms of Fig. 1, are: L is 269 cm, 
14 and /g are each 39.2 cm, Jy is 150 cm, 4; and /, are 
14.3 cm, /2 and /; are 6.0 cm, the slit width w is 0.0015 
cm, the beam height / is 0.8 cm, and the radius a of 
the “bead” of the A and B magnet is 0.476 cm. 

The outer vacuum envelope of the apparatus is a 
10-foot brass tube of 12-inch inside diameter and }-inch 
thickness. The main tube is mounted on two concrete 
pillars by an approximation to a three-point support. 
Nine identical, equally spaced, 63-inch diameter ports are 
provided on top of the tube, through which, by means 
of Neoprene-gasketed vacuum seals mounted on the 
removable port covers, the magnet current, magnet 
cooling water, and rf leads are introduced into the 
vacuum. All vacuum seams are hard-soldered except 
those directly on the main tube, which are soft-soldered. 
The port covers, as well as end-flanges, are vacuum- 
sealed by means of circular gaskets (j-inch square 
cross section) cut from sheet Neoprene. This extensive 
gasketing makes disassembly of the apparatus relatively 
simple. The source vacuum pump S in Fig. 1 is a 
National Research Corporation H-10 Type 108 10-inch 
diameter oil diffusion pump; the fore-chamber pump F 
is a Distillation Products, Inc. VHF-260 metal pump; 
and in the main chamber M,, M>, M; are DPI GF-24 
glass fractionating pumps and M, is a DPI MCF-700 
metal fractionating pump. As shown in the figure, the 
source pump serves as a “booster” for the fore and main 
chamber pumps. Backing the source pump is a Cenco 
““Hypervac-20” mechanical pump. The “barrel” in 
Fig. 1 supplies ballast volume and may be used as a 
vacuum reservoir. The source pump and main chamber 
pump M, are provided with dry-ice-cooled baffles. In 
addition, the main chamber contains a large liquid 
nitrogen trap for the removal of condensable vapors. 
Typical operating vacua with the H, beam turned on 
are: source chamber, 2.3X10-° mm of Hg; fore-cham- 
ber, 5.7X10-® mm; main chamber, 9.5 10-7 mm, as 

*R.G. J. Fraser, Molecular Rays (Cambridge University Press, 
Cambridge, 1931). 

0H. G. Kolsky, Ph.D. thesis, Harvard University, 1950. 
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measured by DPI VG-1A ionization gauges. Without 
the beam, the limiting pressure in the main chamber 
is about 3.5X 10-7 mm. 

With the aid of sylphon bellows, small motions can 
be imparted to the source and detector under vacuum 
as follows: rotation about the beam axis, rotation about 
a vertical axis through the slit opening, vertical transla- 
tion, and horizontal translation transverse to the beam 
direction. Similar motions can be given to the col- 
limator, with the exception of rotation about a vertical 
axis. The motions and design details of these com- 
ponents will not be discussed further here, because they 
are rather close to standard practice and have been 
described elsewhere.*!! 

Except for their lengths and pole pieces, the A, B, 
and C magnets are of identical construction. The yokes 
are of pure Armco iron, with cross sections 2 in.X3 in. 
for the bottom pieces and 2 in. 7 in. for the side pieces. 
The A and B magnet pole faces are of Western Electric 
Permendur, which saturates at about 23,000 gauss, 
compared to about 16,000 gauss for Armco iron. They 
are shaped to match circular equipotentials of a two- 
wire line, in the manner used by Rabi, Kellogg, and 
Zacharias.'* The ‘“‘bead’’ (radius ;%s inch) on one pole 
face and the “groove” (radius 33 inch) on the other 
conform to the dimensions of standard milling cutters. 
The beam passes near the center of the gap, 0.038 inch 
from the bead. Short extensions of the A and B magnet 
pole faces in the direction of the C magnet serve the 
purpose of preventing sudden large magnetic field 
changes, which might cause reorientation of the mo- 
lecular moments by Majorana transitions.: For the 
same reason, all magnetic fields have the same direction, 
although the gradient directions of the A and B fields 
are opposite. The C magnet pole faces are 2 inches 
high, surface ground flat and parallel with a gap of 
0.287 inch, maintained by brass spacers at about 6-inch 
intervals along the top and bottom of the gap. The 
heat treatment received by the magnets was unfortu- 
nately not optimum, with the result that the magnetic 
homogeneity and saturation properties of the Armco 
iron are not the best possible. 

The magnets are each excited by 16 turns of }X} 
inch copper bar, with 75-inch diameter copper tubing 
soldered to the outer edge to provide water cooling, 
necessitated by the lack of convection cooling in the 
vacuum. Insulation between turns is provided by sheets 
of mica held in place with a vacuum cement (Vinylite 
AYAT). Special precautions to reduce stray fields have 
been taken in the design of the current leads. Magnet 
currents up to 600 amperes are furnished by a bank of 
submarine storage batteries. 

Although the resolution obtained with the technique 
of separated rf fields does not depend critically on the 


" T. E. Phipps, Ph.D. thesis, Harvard University, 1950. 

2 Rabi, Kellogg, and Zacharias, Phys. Rev. 46, 157, 163 (1934). 
8 E. Majorana, Nuovo cimento 9, 43 (1932). 

4 Kellogg, Rabi, and Zacharias, Phys. Rev. 50, 472 (1936). 
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Fic. 2. Diagram of circuit used in controlling the current 
of the homogeneous magnet. 


homogeneity of the C magnet field, still the field in the 
short regions where the radiofrequency current is 
applied must be approximately equal to the average 
field over the length of the magnet. Accordingly, an 
“end coil” of 41 turns of Formex-insulated copper wire 
is wound around a 15-cm section of one pole piece at 
each end of the magnet to permit independent adjust- 
ment of the field in these regions. The current required 
in a typical case was 100 ma in each coil. 

To give the accuracy of which the apparatus is in- 
herently capable, the magnetic field must be held 
constant during a run to one part in 10° or better. In 
the present experiments the current in the main wind- 
ings was monitored continuously by a potentiometer 
and controlled by an electronic device which auto- 
matically maintained the potentiometer balance. The 
circuit is indicated schematically by Fig. 2. A similar 
circuit was used for the “end coils.” In future experi- 
ments it may be necessary to control the field directly, 
rather than the currents, and to provide controls for 
the deflecting magnets as well, since variations in the 
stray field from the latter can have considerable effect 
in the C field region. 

The radiofrequency current of up to 3.5 amperes used 
in the experiments was furnished by a surplus Navy 
ATD aircraft transmitter, with slight modifications to 
match our circuit. The frequencies used were about 
7 Mc and 1 Mc for Hz and Dz, respectively, at field 
values near 1600 gauss, and 600 kc and 200 kc at fields 
of a few gauss. A General Radio 620A meter was used 
for frequency measurement, with a cathode-ray oscillo- 
scope as zero-beat indicator. This meter is not designed 
to provide the accuracy necessary for the high field 
work; consequently, in the high field investigations, 
frequency measurement is the major source of error. 
Subsequent to the experiments described here, a General 
Radio frequency standard type 1100 AQ was procured, 
which promises to remove this source of error in future 
work, 
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The rf transmission line inside the C magnet gap is 
of a new design" intended to produce symmetrical 
resonance curves, with “Millman effect’”!* minimized 
by the conductors being suitably doubled back near 
the ends of the lines and with all vertical currents being 
kept so close to the pole faces that the induced currents 
nearly cancel their effects. The conductors, instead of 
being wires or tubes as in previous experiments?* are 
0.005-inch thick copper strips, } inch high, cemented to 
jg-inch thick polystyrene forms, which hold them flat 
and parallel and maintain their spacing at $ inch with 
the help of suitable polystyrene spacers at 13-inch 
intervals above and below the beam. On the outer 
sides of the polystyrene strips are cemented additional 
}-inch wide copper strips in contact with the C magnet 
pole faces. These serve the purpose of shielding, pre- 
venting the rf field from penetrating into the iron, 
where power losses would be large. The line was 
assembled like a sandwich, clamped in a form, and 
heated to the flow point of the polystyrene, to poly- 
merize the cement. When cooled, the structure was rigid 
and fitted snugly into the middle of the C magnet gap. 
Longitudinally, the line is formed in two parts, with a 
-inch gap for the collimator between them, in the 
center of the C magnet. Electrical connection between 
the parts is made above the gap. The last 6 inches of 
each part, near the ends of the C magnet, form a 
separate transmission line, so that the middle section 
46 inches long and the two end sections 6 inches long 
may be excited together or separately in any desired 
combination, with arbitrary relative phases. Because 
the transmission line structure makes contact with the 
magnet pole faces, there is no need for water cooling of 
the conductors; the temperature rise is never more than 
a few degrees. Three coaxial leads, passing through 
vacuum seals near each end of the C magnet, permit 
introduction of the radiofrequency current into the 
vacuum. 

The beam detector is of the Stern-Pirani type, differ- 
ing in construction details from previous designs.* The 
sensitive wires are four platinum strips of approximate 
dimensions 3 inches long, 0.02 inch wide, and 0.00004 
inch thick, rolled from Wollaston wire by Baird Associ- 
ates, Inc., Cambridge, Massachusetts. These each have 
a resistance, with the gauge at room temperature, of 
about 19 ohms; at dry-ice temperature, about 12 ohms. 
The wires are paired, each pair fitting into a cavity of 
approximate dimensions 3% inches long, ;%¢ inch wide, 
0.040 inch deep, milled out of a flat surface-ground 
brass block of dimensions 3}X3X? inches. A second 
brass block of similar dimensions is firmly bolted against 
the first, separated from it by a piece of 0.0006-inch 
thick gold foil in which channels about 3°; inch high and 
1 inch long have been cut. One of these channels admits 
the beam to one pair of sensitive wires, while the other 
admits only background pressure fluctuations to the 


“ib H.B Silsbee, Ph.D. thesis, Harvard University, 1950. 
1#S. Millman, Phys. Rev. 55, 628 (1939). 
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pair of wires in the other cavity. The kappa-factor’ is 
approximately 300. The wires are connected as the four 
arms of a direct current Wheatstone bridge circuit, two 
opposite arms being in the channels to which the beam 
is admitted, the other two serving to cancel out vacuum 
fluctuations, in the customary fashion. Electrical con- 
nections through the back side of the first brass block 
are made by means of 8 Stupakoff 9050 Kovar-glass 
seals, the center conductors of which are milled off at 
suitable heights to support the thin Pirani wires away 
from the walls of the cavity. One end of each sensitive 
wire is soldered directly to a seal, the other end to a 
1-inch long, 0.005-inch diameter phosphor-bronze wire 
attached to another seal, the purpose being to provide a 
spring-mounting of the thin wire, keeping it under 
slight tension. This simple type of construction, while 
satisfactory on the whole, tends to produce a gradual 
deterioration of gauge performance with time, owing 
probably to cold-flowing of the thin platinum wires, 
with a resulting tendency toward microphonics. A more 
positive method of spring-mounting the sensitive wires 
would be desirable. 

Typical operating conditions of the detector are: 
gauge temperature 195°K, average Pirani wire tem- 
perature about 300°K, total bridge current 24 milli- 
amperes, volume and wire response times comparable, 
time for 90 percent response about 12 seconds. The 
total rate of H: flow in a typical beam is about 0.03 cm’ 
per second NTP (or about 10'* molecules per second). 
The corresponding beam intensity from a kinetic theory 
calculation should be approximately 4X10" molecules 
per cm? per second, which produces about a 30-cm spot 
deflection of the galvanometer in the detector bridge 
circuit. This galvanometer is a Leeds and Northrup HS 
Model 1, having an internal resistance of 15.6 ohms, 
a period of 7.5 seconds, and a sensitivity of 7.3 cm per 
microvolt for the 3-meter scale distance utilized. The 
steadiness of gauge operation in practice leaves some- 
thing to be desired. In addition to occasional continuous 
drifts of the galvanometer spot, resulting from slow 
temperature changes, there is generally a background of 
random “noise,” possibly of the nature of current noise 
in the thin wires. The fact that its average intensity 
varies unpredictably from day to day, however, makes 
such an explanation less probable. The presence of this 
background makes it necessary to average several 
galvanometer spot deflections to obtain one data point. 
An additional type of disturbance, due to rf pick-up in 
the detector leads, has been minimized but not entirely 
eliminated (particularly at the higher frequencies) by 
careful shielding of all leads and connections, grounding 
through condensers, grounding at particular points of 
the apparatus, etc. Its virtually complete elimination is 
achieved by use of the method of phase shifting to be 
described in the next section. 

One feature of the apparatus that has greatly sim- 
plified its use is the provision for accurate optical line-up 
under vacuum. This has been made possible by equip- 
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Fic. 3. Radiofrequency spectrum of ortho-H, for ee in which Am;=+1 and Am,=0. The upper curve is with the method of 
separated oscillating fields, while the lower curve is by Rabi’s method. The relative displacement between the two curves is due merely 


to the difference in the magnitude of the uniform fields 


ping the end plates and the partitions between the 
three chambers of the apparatus with suitably placed 
glass windows. In addition, two reference plumb-bobs 
are mounted at each end of the main chamber, and 
similar plumb-bobs are permanently fastened to each 
end of each magnet, so that they may be aligned to 
lie in the plane of the reference lines with the aid of a 
25-power telescope. The magnets are moved by means 
of heavy brass screws that pass through the main tube. 
The source and detector may be seen and aligned at 
one setting of the telescope position. The detector may 
be verticalized and set for rotation quite accurately, so 
that only minor adjustments are necessary to maximize 
the beam strength at the detector. After optical align- 
ment, it is common to find the uncollimated beam at 
once with as much as half its maximum intensity. The 
collimator adjustment is much too delicate to be made 
optically. It is always achieved directly by maximizing 
beam intensity. Readjustment is necessary from time 
to time, owing to slight warpings of the main tube 
produced by uneven thermal effects. So sensitive is the 
beam intensity to the positioning of the collimator that 
a slight manual pressure on the side of the tube pro- 
duces easily observable effects, a fact that is utilized 
in adjustment. 


III. PROCEDURE AND EXPERIMENTAL RESULTS 


Four methods of obtaining resonance curves have 
been tried by us at different times. (a) In one method 
the oscillator has been successively turned off and on, 
after it is tuned to the desired frequency and the change 
in the galvanometer deflection has been observed. 


(b) In another the oscillator frequency has been shifted 
rapidly to a region where it is known that no resonance 
exists. (c) The 0-180° phase shift method suggested by 
Ramsey and Silsbee,'7 in which the radiofrequency 
current in one of the end fields is reversed with respect 
to the other, has been used. This method has con- 
siderable practical advantage in being relatively free of 
galvanometer drifting and also in effectively giving 
about double the signal amplitude from peak to trough. 
It also has the advantage that radiofrequency pick-up 
troubles in the Stern-Pirani detector are greatly re- 
duced. (d) The 90-270° phase shift method’ has been 
used. This method has the same advantages as the 
0-180° method, but with the additional property that 
the resonance positions occur where the signal passes 
through zero and the resonance curve is of the dis- 
persion type. After a resonance peak has been located 
approximately by one of the other methods, this null- 
method enables one to locate its exact position rapidly. 

As will be explained in the next section, the part of 
the ortho-Hz spectrum which we observed at a field of 
about 1600 gauss consists of six lines corresponding to 
the transitions Am;=0, Am;= +1. Figure 3 shows the 
results of taking data by two different methods. The 
lower curve was taken by the old method of applying 
the radiofrequency field the full length of the C magnet. 
The upper curve shows the improvement in resolution 
one obtains using two separated oscillating fields. Some- 
what more than optimum radiofrequency current was 
used in each case to gain greater total intensity. For 


17 N. F. Ramsey and H. B. Silsbee, Phys. Rev. 84, 506 (1951). 
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1G. 4. Radiofrequency spectrum of D, for transitions in which 
Am; = +1 and Am,;=0. The curve on the right is for only one of 
the six lines for para-D2 but is typical of the others. Both curves 
are by the method of separated oscillating fields and of 0° to 180° 
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the single field case this results in a broadening of the 
peaks, whereas in the separated oscillating field method 
the peaks have approximately the same width for all 
radiofrequency currents. 

he pattern of the spectrum of para-D, is very similar 
to that of ortho-Hy because of the similarity of their 
Hamiltonians.'* Aside from the difference in frequency 
at which the two patterns appear, the major difference 
is that I) has superimposed on the six para-Dz2 lines 
an intense central peak due to ortho-D»2. Figure 4 
shows the central peak and one of the side peaks in 
greater detail when observations are made by the 0-180° 
phase shifting method. The difference in intensities is 
in approximate agreement with theory. 

Our measurements of Hy and Dz» in magnetic fields of 
about 1600 gauss were essentially repetitions of the 
KRRZ hydrogen experiments with our improved 
methods and apparatus of higher resolving power. 
The measurements in low magnetic fields of about 
1 to 5 gauss, however, are entirely new and constitute 
a check on the theory in an important limiting case. 

For reasons which will be explained in the next sec- 
tion, low field measurements were made on just two 
lines in the He spectrum and one line in the D, spectrum. 
These measurements presented special problems in in- 


Fic. 5. Low field resonance of CF line by single oscillating field 
technique showing the broadening of the resonance by the mag 
netic field inhomogeneity 
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terpretation because of magnetic field inhomogeneity. 
At low fields the relation between transition frequency 
and field is nonlinear; as a result, the resonance in a 
non-uniform field appears at a frequency which differs 
somewhat from that corresponding to the average 
field. This effect is considered in the next section. In 
addition, as a molecule traverses the magnet gap it 
experiences a field which fluctuates in time. As will be 
discussed in a subsequent paper, such fluctuations may 
produce shifts in the resonance positions which are 
especially serious if the fluctuations have appreciable 
Fourier components near the resonance frequency. The 
effect is difficult to evaluate without a detailed knowl- 
edge of the field pattern; the probable error assigned to 
our results includes an allowance for such shifts. 

Some idea of the magnitude of the inhomogeneities in 
the magnet at low fields can be gained from Fig. 5, 
which shows one of the low field Hz resonances as 
observed by the single radiofrequency field technique. 
The line width to be expected for a homogeneous field 
is about one kilocycle ; one gauss shifts the resonance by 
about 2.5 kilocycles. 

The other principal source of error in the low field 
measurements lay in the tendency of the magnetic 
field to drift with time, so that the three lines were not 
observed at precisely the same field. The data have 
been corrected by assuming the drift to be linear in 
time, but some uncertainty remains. Most, if not all, 
of the drift was caused by variations in the stray flux 
from the uncontrolled deflecting magnets, and can be 
eliminated in future work. Minor sources of error in 
the low field runs were uncertainty in the frequency- 
meter calibration and detector noise. 

Table I gives a summary of our best experimental 
measurements on H» and D; to date, for the high field 
case, and Table IT for the low field case. The labeling of 
the lines as well as the reason for selecting the particular 
differences given is explained in the theory section. 


IV. THEORY AND EVALUATION OF RESULTS 


With the notation of Ramsey'* the Hamiltonian for 
isolated Hy and D» molecules in an external magnetic 
field, B, may be written as follows (if the diamagnetic 
interaction terms are omitted and if J and J are taken 
to be unity): 


H/h=—a(I),—(J).—cl- J+-d[3(I-J)°+31- J—4], 


where for He, ha equals 2unB, hb equals uyyB, he equals 
2unHy’, and hd equals (4/5)un*%(r-*); while for De, 
ha equals upB, hb equals wypB, he equals upHp’, and hd 
equals (2/5) un%(r~*)+ (1/10)eQ(02V¢/ 202). Land J are 
the nuclear and rotational angular momenta, respec- 
tively, in units of h; wy and up are the magnetic mo- 
ments of the proton and deuteron; wy is the rotational 
magnetic moment of the molecule; H’ is the field at 
the nuclear position produced by the molecular rota- 
tion; 7 is the internuclear distance; Q is the deuteron 
quadrupole moment; V* is the potential from the 
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charge external to a small sphere about the nucleus; 
and 2o is directed along the internuclear axis. 

Since the two Hamiltonians are formally alike, if we 
solve for the energy eigenvalues of one, we automatically 
have those of the other. For high magnetic fields the 
eigenvalues are most “naturally”’ represented by an 
m;,m, scheme, while at low fields an F, m representa- 
tion is appropriate. Ramsey'® gives the matrix elements 
of the Hamiltonian in both representations, and solves 
the secular equation which splits into one cubic, two 
quadratic, and two linear factors. For convenience, we 
denote the nine roots by the letters A, B, ---, G, K, L, 
and denote transitions between the energy levels by 
pairs of letters AD, FL, etc. 

At high fields there are twelve allowed transitions, 
six grouped about the nuclear Larmor frequency with 
the selection rules Amy=+1 and Am,=0, and six 
grouped about the Larmor frequency of the rotational 
magnetic moment with Am;=0 and Am,;=+1. The 
present experiments are concerned only with the first 
group. 

The quantities in the Hamiltonian which we are most 


TABLE I. Summary of the high field data. 





Experimental 


value of Probable 


error 
cps) 
600 
600 
600 
110 
110 
110 


Theoretical 
designation 
of fi—fe* 


FL—AD 
EK—BE 
CF—DG 
AD-—FL 
CF —DG 
EK—BE 


Magnetic 


Molecule 


H, 1610.5 


(gauss) 


54,850 
345,460 
400,570 

58,180 

94,970 
148,010 


D. 1615.7 


®f, and f2 are frequencies of the spectral lines. The capital letters label 
energy levels between which the transition corresponding to f occurs 


interested in evaluating are ‘‘c” and “‘d,” the intra- 
molecular constants. The leading term in each of the 
high field transition frequencies is “a,” but we may 
determine “‘c”’ and ‘“‘d” by measuring appropriate 
differences between the frequencies, as was done by 
KRRZ. 

Table III gives the theoretical values of these differ- 
ences. Column (1) gives the separation in the limit of 
infinite field. Column (2) gives the value at any field 
in terms of the roots (C, E,G) of the cubic factor of 
the secular equation. Column (3) expresses the value at 
any field in terms of the limiting value and a “‘finite- 
field correction” e, obtained by substituting W/h=2d+e 
into the cubic and retaining only the linear terms in e. 
This procedure is equivalent to sixth-order perturbation 
theory and gives more than adequate accuracy for the 
fields used in the present experiments. 

At low fields there are eighteen transitions allowed 
by the selection rules AF=0, +1, Am=0, +1. How- 
ever, the choice of suitable ones for measurement is 
somewhat restricted. Four have Am=0, and hence 
cannot be induced by an oscillatory field which, as in 
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TABLE II. Summary of the low field data. 





Probable 
error 
(cps) 


100 
100 
100 
100 
100 
100 


Experimental 
value of f 
(cps) 


Magnetic Theoretical 
field designation 
(gauss) ot f 
4.576 CF 556,745 
BC 534,235 
CK 200,335 
1.408 CF 550,132 
BC 543,200 
CK 198,875 


our apparatus, is perpendicular to the constant field. 
Six have AF =0, and therefore appear at zero frequency 
in the limit of zero field. In the case of D2, two more, 
which would correspond in the high field of the de- 
flecting magnets to Am;=1, Am ,=2, must be elimi- 
nated because the change in the total magnetic moment 
is too small to give adequate deflections. In the present 
experiments we have observed those of the remaining 
lines which have frequencies above 100 kc. The others 
should appear between 50 and 60 kc; we hope a report 
can be made on them in the near future. 

In the low field case, the interesting quantities ‘‘c” 
and ‘“‘d” are given directly by the leading terms of the 
observed frequencies. The analysis of the data is com- 
plicated, however, by the fact that our magnet has 
appreciable inhomogeneity over the length of the beam. 
If By is the average field over the length, and if B, is 
the local departure from the average, then we may 
express the transition frequency corresponding to the 
local field in Taylor series, 


f=f(Bot By) = f(Bo) +f’ (Bo) Bi 
se 3 ff" (By) BP +3" By) B+ eee, 


In the separated-field method of measurement,' the 
resonance is observed at the average frequency, 


f= S (Bo) +43 f" (Bo) BrP wt ++. 


The term in f’ vanishes because B,; has zero average; 
the terms in /”’, etc., are negligible in our experiments. 
Note that when the relation between frequency and 
field is linear—as it is to an excellent degree of approxi- 
mation in the high field case—the observed frequency 
is simply the frequency corresponding to the average 
field. 


TaBLe III. Theoretical frequency differences for 
interpreting high field data.* 


Quantum numbers 
f f Frequency difference 


Any B Any B 


my, mys + 


—1+—+0, 2c —3d 
. —Ii-—0,0 6d +2e 
“0, 1 Ie 0, - c d 7 — 2 2c +3d —e 


* The field is determined from 
a=}(FL+AD) —C? =4(EK+BE) —C? =}(CF +DG) +CY 
and at high fields 
¢ = E —2d © (2¢ +3d) (2c —9d) 
C2 [(2¢ +3d)*+18d*] /4(a —b), 
CY = (2c —3d)*/4(a —b). 


[4(a —b)? +(2¢ +3d) (2e +15d)] 
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The expected frequencies are indicated in Table IV. 
Column (1) gives the value at zero field, Column 
(2) gives the value in any field, where C is again 
tl of the secular cubic. Column (3) ex- 
presses the value in any field in terms of the limiting 
value. Column (4) includes the corrections which are 
introduced by the inhomogeneities of the field. The 
subscript nought indicates that a quantity is to be 
evaluated at the average field Bo. 

In order to estimate (B,*)y we note that if small 
radiofrequency currents are used in the single-field 
method of experimenting, then to a first rough approxi- 
mation the transition probability at any frequency is 
proportional to the time a molecule spends in the 
field appropriate to that frequency. Hence, a plot of 
transition probability vs frequency may be interpreted 
as a plot of the probability of a given field value vs the 
field. Thus, from Fig. 5, we may estimate (B,*), to be 
0.366 gauss’. 

To interpret our experimental data, we use the best 
previous values‘®:!*.° of the constants in the Hamil- 
tonian to determine the magnetic fields and the quanti- 
ties €, n, 9, n’, 6 as indicated in Tables III and IV. 
From these values, and the data of Tables I and II, 
we compute improved values of c and d. Iteration 
of this process leads to the final values given in Table V. 

The combined high and low field measurements give 
four combinations of the two unknowns, ¢ and d. 
A least-squares reduction leads to the “best values” 
listed. The input data are consistent with the best 
values to well within their probable errors. This is an 
indication of the correctness of the Hamiltonian that 


1e root 


is used 
V. INTERPRETATION OF RESULTS 


The experimental values of ¢ and d for Hz and Daz, 
respectively, in Table V can be used to determine other 
nuclear and molecular properties. As discussed at the 
beginning of Sec. IV, for He, d equals (4/5/)un*(r~*). 
Therefore, from the experimental result for d and from 
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the known value"’ of uy, the value of (r~*) can be calcu- 
lated. In this and subsequent calculations the values 
taken for the fundamental constants will be those of 
Dumond and Cohen.?! The result for He is that (r-*)4 
equals (0.74673+0.00018) X 10-§ cm. As has been dis- 
cussed elsewhere by Ramsey,” this result agrees within 
experimental error with the value that can be calcu- 
lated from the band spectra data of Herzberg,” pro- 
vided suitable allowance”? is made for the averaging of 
the different powers of r over the zero point vibration 
of the molecule and for centrifugal stretching. Further- 
more, the above value should be a more accurate one 
for (r~*) than that derived from Herzberg’s experiment 
because of the inaccuracies introduced in the conversion 
from Herzberg’s experimental value of (r~*) to (r~). 
As discussed by Ramsey,” the agreement of the value 
of (r~) calculated from Herzberg’s band spectra data 
with the value obtained from the present experiment 
sets a very low upper limit to the nonmagnetic tensor 
interaction that can exist between two protons at a 
distance of three-quarters of an angstrom. This upper 
limit is that any such long-range nonmagnetic tensor 
interaction must correspond to an interaction potential 
of less than 10~'§ Mev. 

For Ds, d is equal to (2/5h)up%Xr-*)+(1/10A)eQ 
X (d2V*/dz9"). The first term of this can be evaluated 
with the experimental value*® for up and with the 
value of (r~*) obtained from the Hz experiments as 
discussed in the preceding paragraph. However, in this 
calculation allowance must be made for the fact that 
the difference in the masses of the Hy and Dz molecules 
leads to different amplitudes of the zero point vibration 
and of the centrifugal stretching. An estimate of this 
indicates that for D.(r~*) is 1.006 times that for He. 
This value leads to (2/54)up%(r-*) being (2734.7+2.0) 
cps. From this result and the measured value of d, 
€0(0°V°/dz?) equals (1.4907+0.0015)X 10-7! erg. In 
terms of the KRRZ notation, this is equivalent to gQ 
being equal to —(1.2928+0.0013)X10-* cm7!. Since 


TABLE IV. Theoretical frequencies for interpreting low field data.* 


Quantum numibers 
F, F’, m’ 


m 


0, 0 
0,0 
0,0 


1, -1 
1,1 


R =} [(a —b)?+(2c —3a)?}}, 


Z =( Bi") ay/ Bo*( 90’ — 60"), 

@ =4 (2c —3d) [(1+(a —b)? 

& =4$((a —b)2/(2c —3d)] [1 
letermined from 


the field is 


ao +bo =( 
-5d = 4(a —b) 


and at low fie 


n =( 2 


'® Thomas, Driscoll, and Hipple, Phys. Rev. 78, 787 (1950). 
20 G. Lindstrém, Phys. Rev. 78, 817 (1950) and Ark. Fys. 4, 
2 J. W. M. Dumond and E. R. Cohen, Phys. Rev. 82, 
#2 N. F. Ramsey, Phys. Rev. 85, 937 (1952). 

% G. Herzberg, Can. J. Research A28, 144 (1950). 


Frequency 


(4) 
Any B, corrected 
for inhomogeneity 


‘C+15d/24+-Xot+Vo+Z 
¢+15d/2—X9+¥o+Z 
6+15d/2+Xo+Vo+Z 





X =4(a +), 


/(2¢ —3d)*)4# -1), 
+(a—b)? 
F —CB, 


) 


2/3(2¢ +15d 
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Taste V. Analysis of data. The values listed for c, d, H’, H", and Sp are the best values from all the data. 


hese quantities are defined in reference 18 


Theoretical 
value 


“2e—3d 
6d 
2¢+3d 


Energy level 
designation 


FL—AD 
EK~—BE 
CF—DG 
CF, CB(H:) \ 
CK (D») 
Best values: 


e+15d/2 


c 
d 
H’ 
x 
Sp 
(ry 


eQ0( 8? V*/Az0") 
Q 


Newell** has calculated for Dz that q’ is 0.1749a,-, 
0°V*/dz", which equals 2eq’ in this case, has the value 
(1.1338+0.0066) X10" statvolts cm~*. From these re- 
sults, the best value for the quadrupole moment Q of 
the deuteron is Q=(2.738+0.014) X 10-” cm’. 

As discussed by Ramsey,” the interaction constant c, 
which equals u,H’/ih for a nucleus of spin i and mag- 
netic moment y;, is directly related to the magnetic 
shielding of the nucleus by the electrons of the molecule 
when an external magnetic field is applied. When the 
present experimental value for c is used and when 
allowance is made for the zero point vibration in a 
manner similar to that used by Newell,”® 

o = (e?/3mc?)(o re )— (0.557 0.020) X 10. 

4G. F. Newell, Phys. Rev. 78, 711 (1950). 

%N. F. Ramsey, Phys. Rev. 78, 699 (1950). 

26 G. F. Newell, Phys. Rev. 80, 476 (1950). 


Measured frequencies plus 


54,850-+600 cps 
346, 170-600 
400;230-£.600 


546,390-+ 100 


113,800+210 cps 

57,680+40 
26.73+0.05 gauss 

33.865+0.025 


(2.66+0.03) x 10~° 





He D: 
Measured frequencies plus 


correction terms correction terms 





—58,180+ 150 cps 
151,370+150 
93,290+ 150 
198,120+ 100 
8790+60 
25,240+ 20 
13.44+0.09 gauss 


19.308+0.017 


(0.74673+-0.00018) x 10~* cm 


(1.4907+0.0015) x 10 ergs 
(2.73840.014) X 10°?? cm? 


With Newell’s”® value for the first term, 
o= (2.65+0.03) XK 10-, 


in complete agreement with the earlier values**:?* based 
on the KRRZ data. 

As can be seen from Table V, the rotational magnetic 
field H’ at the nucleus for Hy is just twice that for D2 to 
within the experimental error. This result is reasonable 
since the difference of masses would give rise to rota- 
tional angular velocities differing by approximately a 
factor of two. A more accurate determination of these 
quantities is now planned to see if a departure from 
this simple ratio can be obtained, corresponding to 
such effects as that of the different zero point vibration 
amplitudes of the two molecules. 
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\ theory of equations of state and phase transitions is developed that describes the condensed as well as 
the gas phases and the transition regions. The thermodynamic properties of an infinite sample are studied 


rigorously and Mayer’s theory is re-examined. 


I. INTRODUCTION 


HIS and a subsequent paper will be concerned with 

the problem of a statistical theory of equations of 
state and phase transitions. This problem has always 
interested physicists both from the practical viewpoint 
of seeking for a workable theory of properties of matter 
(such as a theory of liquids) and also from the more 
academic viewpoint of understanding the occurrence of 
the discontinuities associated with phase transitions in 
the thermodynamic functions. 

The work reported in this paper is quite general and 
fairly abstract. We are returning in a subsequent paper 
to the illustration and application of the methods here 
outlined. In order to present the work of this present 
paper in its proper perspective, it may be helpful if we 
outline briefly the history of our own thinking on the 
subject 

About a year ago one of us was able to make progress! 
with the problem of the spontaneous magnetization of 
the Ising model, taking advantage of some special 
properties of this problem when treated by the Onsager- 
Kaufman method.? We then noted that the solution 
there obtained was also the solution of another, physi- 
cally quite different, but formally identical, problem. 
This is the problem of a lattice gas with attractive 
interaction between nearest neighbors. We were thus 
able to follow in detail the behavior of such a lattice 
gas, which in many ways should reveal the features of 
an actual gas. In particular, we were able to study and 
characterize the condensation phenonenon, and _ to 
identify the liquid, gas, and transition regions in the 
p—v diagram. The isotherms thus obtained are flat in 
the transition region and rise very rapidly with in- 
creasing density in the liquid phase. At this point, we 
were led to compare the specific solution with the well- 
known work? of Mayer on the theory of condensation of 
gases. In particular we were led to inquire as to why, in 
Mayer's theory, the isotherms stay flat beyond the con- 
densation point and do not give the equation of state 
for the liquid phase. It soon became apparent that this 


N. Yang, Phys. Rev. 85, 808 (1952). 
Onsager, Phys. Rev. 65, 117 (1944); B. Kaufman, Phys 
76, 1232 (1949) 
3J. E. Mayer, J. Chem. Phys. 5, 67 (1937); J. E. Mayer and 
Ph. G. Ackermann, J. Chem. Phys. 5, 74 (1937); J. E. Mayer and 
S. F. Harrison, J. Chem. Phys. 6, 87, 101 (1938); B. Kahn and 
G. E. Uhlenbeck, Physica 5, 399 (1938). M. Born and K. Fuchs, 
Proc. Roy. Soc. (London) A166, 391 (1938). 


difference lay, not in the difference of the models, but 
in the inadequacy of Mayer’s method for dealing with 
a condensed phase. This led to a study of the analytical 
behavior of the grand partition function of an assembly 
of interacting atoms, and we were able, as in the special 
case mentioned above, to identify and characterize 
quite generally the condensation phenomena. These 
general conclusions will be presented in the present 
paper. 

The problem is approached by allowing the fugacity 
to take on complex values. Although only real values of 
the fugacity are of any physical interest, the analytical 
behavior of the thermodynamic functions can only be 
completely revealed by going into the complex plane, 
whereby one is able to obtain a description of the con- 
densed phases as well as the gas phase and the transition 
regions. This approach is of a very general nature and 
can be applied to other problems of phase transitions 
such as ferromagnetism, order disorder transition, etc. 
It will be emphasized that also this approach can lead 
to practical approximation methods for the description 
of systems undergoing transitions. These points will be 
discussed in paper IT. 

The physical conclusions of this paper derive from some 
mathematical results which we shall state in the form 
of two theorems. Due to the nature of the problem 
(which involves a double limiting process) it is im- 
perative to have mathematical rigor preserved through- 
out. The proofs are necessarily of a mathematical nature 
and will be given in the appendix. 


II. INTERACTION 


We consider a monatomic gas with the interaction 
U=> u(r;;), (1) 


where 7;; is the distance between the ith and jth atoms. 
The following assumptions are made about the nature 
of these interactions: 

(1) The atoms have a finite impenetrable core of 
diameter a, so that u(r)=+ ~ for rsa. 


(2) The interaction has a finite range 6 so that 
u(r)=0 for r=b. 


(3) u(r) is nowhere minus infinity. 
The theory can be easily generalized to include many 
body forces and forces with a weak long tail such as 
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van der Waals’ force. But for clarity we shall first treat 
only interactions with the properties enumerated above. 
Consider a box of volume V kept at a constant tem- 
perature 7. If it is allowed to exchange atoms with a 
reservoir at a given chemical potential wu per atom, the 
relative probability of having .V atoms in the box is 


Qny*/N}, 


ov= f . f dr,:+-dry exp(—U/kT) (2) 
é 


is the configurational part of the partition function for 
V atoms and 


where 


y=(2amkT/h?)! exp(u/kT). (3) 


The quantities m, k, and h have the usual meanings, 
The grand partition function of the gas in the volume 
V is 
M Qn 


w= —y%, 


v=o NI 


(4) 


where M is the maximum number of atoms that can be 
crammed into V. 


Ill. THE LIMIT OF INFINITE VOLUME 


The average pressure and the average density of such 

a gas:in V are calculable in terms of 9y by the standard 

treatment of statistical mechanics, and are evidently 

dependent on V. In thermodynamics, however, one is 

only interested in an infinite sample and the thermo- 

dynamic functions are limits of these average quantities 

as Vo. The pressure p and density p are accordingly 
given by 

1 
=e Lim ae log 9r, 
v0 : 


(5) 


e A 


— log 9y. 


p= Lim — 
v+x 0 logy | 


The question of whether these limits do exist is 
usually not discussed.‘ It is, however, generally believed 
that in the gas phase such limits do exist and that (5) 
and (6) give the correct equation of state. At the point 
of condensation and in the liquid phase the situation 
has been extremely unclear. As a matter of fact doubts 
have been raised’ as to whether the equation of state 
of both the liquid and the gas phase can be obtained 


4The behavior of the partition function Qy as the volume 
approaches infinite was discussed by L. von Hove, Physica 15, 951 
(1949), where it is proved that N~ logQw approaches a limit as 
the volume approaches infinity at constant density. His proef is 
similar to our proof of theorem 1. 

5 There was apparently some discussion on this point at the 
International Conference held in Amsterdam, 26 November 1937. 
The doubts can perhaps be formulated in the form of the question : 
“How can the gas molecules know when they have to coagulate 
to form a liquid or solid?” See p. 391 of reference 3 (Born and 
Fuchs). 
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from the same interaction (1) through the considera- 
tions of statistical mechanics. 

We shall try to resolve these problems and prove 
that (5) and (6) do give a complete description of the 
equation of state of both the gas and condensed phases. 
In fact in paper II we shall give a concrete example in 
which it is seen how the same partition function de- 
scribes both phases, and in which the two-phase-equi- 
librium region is exactly known. 

We first state the following: 

Theorem 1.—(Proved in Appendix I.) For all positive 
real values of y, V~'log9y approaches, as V->«, a 
limit which is independent of the shape of V. Further- 
more, this limit is a continuous, monotonically increas- 
ing function of y. 

The assumption is made, of course, that the shape of 
V is not so queer that its surface area increases faster 
than V3. 

One might be tempted to conclude from the inde- 
pendence of the limit on the shape of V that the system 
under consideration exists only in fluid phases (i.e., gas 
and liquid) with no elastic resistance against shearing 
strain. It is to be emphasized that this is not the case. 
The independence of the limit on the shape of V is not 
due to the lack of elastic resistance against shearing 
strain, but rather dué to the fact that for an infinite 
sample changing the shape of V does not produce a 
strain in the interior which might serve to differentiate 
between a fluid and a solid. This is so because the strain 
at the boundary only penetrates to a finite depth and 
is inconsequential for an infinite sample. 

To study the limit of (0/0 logy) V~ log 9y we notice 
that 9y is a polynomial in y of finite degree M. This is 
a direct consequence of the assumed impenetrable core 
of the atoms. It is therefore possible to factorize 9y 


and write 
M y 
e-H(1-*), 
i=1 Vi 


++ yyy are the roots of the algebraic equation 


(8) 


(7) 


where yj, 

9y(y) =0. 
Evidently none of these roots can be real and positive, 
since all the coefficients in the polynomial 9y are 
positive. 

As V increases these roots move about in the complex 
y plane and their number M increases (essentially) 
linearly with V. Their distribution in the limit V- « 
gives the complete analytic behavior of the thermo- 
dynamic functions in the y plane. In fact one can prove 
the following: 

Theorem 2.—(Proved in Appendix II.) If in the 
complex y plane a region R containing a segment of the 
positive real axis is always free of roots, then in this 
region as V—> ~ all the quantities: 


1 a 
ae 
V d logy 


0 $3 
(——) — log 9y° 1%. 
Od logy7 V 


1 
log 9y, 
Vv 
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approach limits which are analytic with respect to y. 
Furthermore the operations (0/8 logy) and Limy.. 
commute in R so that, e.g., 


0 1 0 1 


— logy =——— Lim — logy. (9) 
0 logy vax V 


Lim 
vx d logy V 


This gives, together with (5) and (6), 


p=(0/0 logy)(p/kT). (10) 


IV. PHASE TRANSITIONS 


The quantity (0/0 logy) V~ log 9y does not, however, 
always approach a limit p for all values of y. Physically 
this must evidently be as the density of the system does 
not assume a single value at the point of condensation. 
It is clear therefore that the problem of phase transition 
is intrinsically related to the form of the regions R 
described in theorem 2. We discuss the following cases: 

1) The roots of 9y(y)=0 do not close in onto the 
positive real axis of yas V+, or more exactly, there 
exists a region R which contains the whole positive 
real axis and is free of roots. 

In this case from the two theorems one concludes 
that the pressure and density of the system are analytic 
functions of y (along the positive real axis). They are 
related by Eq. (10). Furthermore, p is an increasing 
function of y. We shall show in Appendix III that p 


is also an increasing function of y. Consequently in the 
p—p diagram, on the isotherm p increases analytically 


y~ plane 

















log y 
(d) 


Fic. 1. Analytical behavior at a given temperature of thermo 
dynamic functions for a single phase system. The quantity y is 
defined by Eq. (3) in the text. The region R is free of roots of Eq. 
(8). Notice that the density p of (c) is proportional to the slope 
of the p—logy curve in (b). 
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as the specific volume v decreases. The system under 
consideration is thus a single phase system (see Fig. 1). 

(2) The roots of 9y(y)=0 do close in onto the real 
axis as Vo, say at the points y=/;, ¢2; and regions 
R,, R2, and R; free of roots enclose, respectively, the 
three segments of the positive real axis as in Fig. 2(a). 

By the same reasoning as in the previous case one 
concludes, within any one of these three segments, that 
the system exists in a single phase, that p and p are 
analytic and increasing functions of y, that p is 
(kT)—'(0p/0 logy), and that on the isotherm p increases 
analytically as v decreases. 

At the points y=f,, fg the pressure p is continuous 
(by theorem 1), but its derivative p has in general a dis- 
continuity. By Appendix III one shows easily that p 
increases across the discontinuity. The functions p and 
p are schematically plotted in Figs. 2(b) and 2(c) which 
together give the isotherm in Fig. 2(d). 

As the temperature varies the points f; and f2 will in 
general move along the y axis. If at a certain tempera- 
ture 7, the roots cease to close in onto one of the points, 
say /;, then 7, is the critical temperature for the transi- 
tion phase 1«+ phase 2. If, on the other hand, ¢; and f2 
merge together at a particular temperature 7, we 
would then have a triple point at that temperature. 

It may be remarked that at y=/; or fy the density p 
may in some cases be continuous (although its deriva- 
tive will in general be discontinuous). At the critical 
temperature this will happen, but not at neighboring 
temperatures. If, however, this happens over an 
extended temperature range, one would have a transi- 
tion of second (or higher) order. 

It is clear therefore that phase transitions of the 
system occur only at the points on the positive real y 
axis onto which the roots of 9(V)=0 close inas V> =. 
For other values of the fugacity y a single phase system 
obtains. 

As mentioned before, the theory can be easily gener- 
alized to include many body forces and forces with a 
weak long tail. In fact, the generalization does not lead 
to any alterations of the conclusions reached above. 

Generalization can also be made to other kinds of 
phase transitions such as order-disorder phenomena and 
ferromagnetism, as will be discussed in paper II. The 
study of the equations of state and phase transitions 
can thus be reduced to the investigation of the dis- 
tribution of roots of the grand partition function. In 
many cases, as will be seen in paper II, such distribu- 
tions turn out to have some surprisingly simple 
regularities. 


V. COMPARISON WITH MAYER’S THEORY 


We first notice that by expanding in powers of y 
one obtains from (7) 
1 x 
— logQv => b,(V)y', 
V 


l=1 


(11) 
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—im si! 
biv)=— (-). (12) 
IV imi \y; 


Combining (11) and (3) we have 


Qn 


on of y¥ in exp[V & by"). 
+ . tel 


(13) 


Comparison of this equation with Mayer’s theory shows 
that the b,’s defined by (12) are identical with the 
reducible cluster integrals defined® by Mayer. It is 
interesting to notice that these reducible cluster 
integrals are, according to (12), closely related to the 
moments of the roots y; of Eq. (8). It should be em- 
phasized that in both (12) and in Mayer’s definition the 
b;’s are functions of the volume V. It is evident from 
Mayer’s definition that they approach definite limits 
bi( ©) as V>~, 

In Mayer’s theory the cluster integrals b; are replaced 
from the very beginning by their limiting values b;( ~ ). 
He then considers the series 

x 
x(y)= DL bi(o)-! (14) 
1 
and its analytical continuation along the positive real 
axis. If one calls the first singularity of x(y) along the 
positive real axis f;, one shows in Mayer’s theory that 


(1) for densities p less than 


pi= lim yx’'(y), (15) 
ea 
the system exists in a single phase; 

(2) for p= 1, the pressure p (at a given temperature) 
becomes independent of the density. Consequently, one 
identifies the density p; as the density of the gas at 
condensation. 


An essential difficulty of Mayer’s theory is that it 
does not admit of the existence of a liquid phase with 
finite density, since the isotherm remains horizontal for 
all specific volume less than p;~'. This is clearly due to 
the replacement of the volume dependent 0,’s by their 
limiting values. The question is therefore often raised’ 
as to exactly at what point on the isotherm Mayer’s 
theory breaks down. 

In the present theory by retaining the volume de- 
pendence of the partition function Qy we do not en- 
counter these difficulties. To clarify the relationship with 
Mayer’s theory, we refer back to Fig. 2(a) and draw a 
small circle C within R, with the center at the origin. 
The series 

o 
LX 5(V)y' 
t=1 


6 See for example Eq. (13.5) in J. E. Mayer and Mayer, Siatis- 
tical Mechanics (John Wiley and Sons, Inc., New York, 1946), 
p. 280. 

7 See, for example, reference 3 (Kahn and Uhlenbeck), p. 415. 
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Fic. 2. Analytical behavior at a given temperature of thermo 
dynamic functions for a system that undergoes two phase transi- 
tions. The transitions occur at 4 and & which are the points at 
which the roots of Eq. (8) close in onto the positive real y axis. 
The regions R;, R2, and R; are free of roots. The three phases 1, 2, 


and 3 are indicated in (c). The horizontal parts of (d) represent 
two-phase-equilibrium regions. 


is easily shown® to converge uniformly in the circle C. 
By a well-known mathematical theorem on double 
limiting processes one concludes that in C 


Lim 3 bi(V)y!=¥ bi(=)y’ (16) 


Vo 1 
The left-hand side of this equation is by definition 
Lim V—' log 9y, 


and the right-hand side x(y). Therefore within C the 
function x(y) in Mayer’s theory is indeed (k7)~! times 
the pressure p as defined by (5). By analytical con- 
tinuation one concludes that this holds throughout the 
region R,. 

In the interval O=y<j, it is evident that p<p; and 
Mayer’s theory is seen to give a correct description of 
the system. 

Beyond the point y=/; (i.e., y=) it is not possible 
in Mayer’s theory to analytically continuate x(y). The 
p—log y and p—log y diagrams [Figs. 2(b) and 2(c)] 
therefore exist in his theory only to the left of the first 
singularity. This explains the nonexistence of the liquid 
phase in Mayer’s theory. 

* All roots y; have absolute values larger than the radius o of 
the circle C. By Eq. (12) we have |b;|=(M/V)I“e—!'. But M/V 
is bounded. Hence the statement. 
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We thus remark: 

(1) Throughout the gas phase (i.e., p<p:) Mayer’s 
theory gives correct results. 

(2) For p=p, Mayer’s conclusion that the p—v 
diagram becomes horizontal is, as already mentioned, 
incorrect for high densities due to the existence of the 
liquid phase. It is not even justified for densities im- 
mediately above p:, as for transitions of high order the 
isotherm does not even have any horizontal part at all. 

We are indebted to Professor J. R. Oppenheimer for 
criticism and comment. 


APPENDIX I 


To prove theorem 1 we first establish the following: 

Lemma 1.—Let V and W be two cubes of linear 
dimensions L and L+(6/2), respectively. Keeping 5 
fixed one hasas lL”, 


LimW “(log 9w— log 9y) =0. (17) 


Proof.—Put V completely inside W and write Qw 
as the sum of contributions Ao, A,--- from configura- 
tions with zero, one . . . atoms outside of V. Now (a) 
since the interaction has finite range, each atom 
interacts with at most a finite and definite number of 
other atoms. Also (b) the available volume for the first 
atom outside of V is A=W —V. If the volume of the 
impenetrable core of an atom is a, the available volume 
for the second atom outside of V is less than A—a, the 
third, A— 2a, etc. Combining (a) and (b) one concludes 
that 


An=B"{ A(A— a)(A— 2a): - -(A—mata) m!]9y, (18) 


where 8 is a constant. (This inequality is obtained by 
comparing the contributions to A, and Qy of a dis- 
tribution of atoms with, say, V atoms inside of V and 
m atoms outside.) Adding all A’s one obtains 


Qw SQy(1+Ba)4"*. 


But A~ L’, and clearly 


9y = Iw. 
Hence the lemma. 
Lemma 2.—Let W; be a cube of linear dimension 2‘ 
and 9, an abbreviation for 9w;. Then 


Lim W;*' log9;= K exists. 
ren 


Proof.—Consider W; to be built up from 8’~‘ smaller 
cubes W,(j> i). Evidently the number of atoms inter- 
acting across the boundaries of the small cubes is at 
most proportional to the area of such boundaries and 
hence is less than 8’2~-"y, (y=constant). Should one 
neglect these interactions, 9; would become Q, raised 
to the power 8’~*, The inclusion of these terms violates 
this identity by not more than a constant factor B 
raised to the power 8/2~', i.e., 


log 9;=8*—' logQ;+8/2- ‘y logs (19) 
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Next draw within each small cube W; a concentric 
cube V; with linear dimension 2‘Z—(6/2). Since b- is 
the range of interaction, clearly atoms in different V;’s 
do not interact. Hence, 


8'—* log 9v, Slog 9). (20) 


Equations (19) and (20) give 


W 5 log 9v,;=W;* log9; SW log9,+2-‘yL- logs. 
(21) 


The last term approaches zero as i. Also by 
Lemma 1, W;~'(log9;—log 9v;)—0. Thus as 7>i-~ 
-W;~ log9;—W;—' log9,—0. Hence the lemma. 

Proof of the theorem.—Given any e>0O there exists 
by Lemma 2 a large enough box W such that 


K—W~ log9w| <e. 


In fact by the same reasoning as used in proving that 
lemma, one easily sees that this can also be made true 
of any box 2 which can by adding partitions be divided 
into cubes of size W: 


K—Q" log 99} <e. 


Now consider a volume V of arbitrary shape. For suf- 
ficiently large V one can build two Q-type boxes 2; and 
Q2 such that Q, is contained in V and Q contains V 
and that 


(Q)/Q2)— 1} <e. 
Using 


Qa, = Qs Qa», 


one proves easily that V~' log 9y also approaches K. 

That this limit monotonically increases with y 
follows from the same property of V~' log 9y. That it is 
also continuous follows from the observation that 
(0/8 logy)V— logQy has a finite and definite upper 
bound (equal to the density of closest packing). 


APPENDIX II 


We first prove the following: 
Lemma 3.—Consider the series 


o 


dX 6(V)z'=Sy(z), 
1=0 
where 
6(V)|SAo 2 


A and o being positive constants. For all real z between 
—o and +o assume LimSy(z) to exist as Vo. Then 
(a) Limd,(V) as V-~= exists and will be denoted by 
5,(). (b) Sy(z) approaches the limit 


LX bi(~ )z', 


l= 


(22) 


as Vo for all |z 
for all |z| <o. 


<a. The series (22) is convergent 
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Proof.—(a) Evidently 5o( ©) exists and is equal to 
LimSy(0) as V-« . Toprove the existence of Limd,(V): 
Given any real e between 0 and o/2 consider the con- 
vergence of Sy(e) and 6)(V) as V+. There exists a 
volume Vo such that for any volumes V and W greater 
than Vo one has 


| Sy(e)—Swle)| <é, 
| bo(V)—bo(W)| <e. 


(23) 
(24) 


— F é. 
1 


” Ae 
X b(V)e'|S (25) 
l=2 


1—eo— 


The same is true if one replaces V by W. Using 


bs(V) = Sy(e)—bo(V)—E bi(V er, 


l=2 


one proves easily with the aid of (23), (24), and (25) 
that 
e|6,(V)—8,(W) | <(2+44) 2 


Hence Limd,(V) exists as V->. Similar proof holds 
for the other 6,’s. 

(b) The series °5,(V)z' evidently converges uni- 
formly in z for |z| <a. The lemma follows from a well- 
known theorem on double limits. 

Proof of theorem 2.—Consider first a circle C, lying 
inside R, with its center at the point y=7 along the 
positive real axis. We shall first prove the theorem 
inside this circle. Making the displacement z= y— we 
express (7) in the form 


v-fi(-)(°) 


where z;=y:—n are the roots of Qy. 
V—' log 9y in powers of z one obtains 


(26) 
Expanding 


1 we 
V log 9y= Zz bi V)z', 


l=0 


(27) 


where 


—{j Mm 1\! 
6(V)=— > (-) for /=1, (28) 
V 


j=l \2; 


(29) 


1 Z 
bo(V)= = LX log— 


‘ 
i=l yy 


If o is the radius of C, since C is free of roots we have 
|z;| 2a. Hence by (28) 


|0.(V)|S(M/V)i—e— for 121. 


But M/V is bounded; hence we can use Lemma 3 and 
the theorem is proved in C. 

By similar arguments we can extent the theorem into 
a circle C’ lying inside R with its center inside C. One 
can easily prove the theorem in the whole region R by 
repeating this process. 


APPENDIX II 
To prove that p is an increasing function of y it is 
only necessary to show for any finite V the inequality 
a 


— log Sy > 0. 
(dlogy)? 


Now Qy is a polynomial in y with positive coefficients. 
Regarding the various terms of 9y as relative proba- 
bilities we have obviously 


. l 
—— log 2v=(N), 
d logy 
where ( ) means “average.” Also 


@ logy)? log Qy = (N*)— (N)*= ((AN)?), 
ogy 


which is always positive. Here AN is the deviation of 
N from the average 


AN=N—(N). 
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The problems of an Ising model in a magnetic field and a lattice gas are proved mathematically equivalent. 
From this equivalence an example of a two-dimensional lattice gas is given for which the phase transition 


regions in the p—» diagram is exactly calculated. 


A theorem is proved which states that under a class of general conditions the roots of the grand partition 
function always lie on a circle. Consequences of this theorem and its relation with practical approximation 
methods are discussed. All the known exact results about the two-dimensional square Ising lattice are 


summarized, and some new results are quoted. 





INTRODUCTION 


N paper I' we have seen that the problem of a 

statistical theory of phase transitions and equations 
of state is closely connected with the distribution of 
roots of the grand partition function. It was shown 
there that the distribution of roots determines com- 
pletely the equation of state, and in particular its 
behavior near the positive real axis prescribes the prop- 
erties of the system in relation to phase transitions. It 
was also shown there that the equation of state of the 
condensed phases as well as the gas phase can be cor- 
rectly obtained from a knowledge of the distribution of 
roots. While this general and abstract theory clarifies 
the problems underlying the statistical theory of phase 
transitions and condensed phases, it is natural to ask 
whether it also provides us with a means of obtaining 
practical approximation methods for calculating proper- 
ties pertaining to phase transitions and condensed 
phases. 

The problem is clearly that of seeking for the proper- 
ties of the distribution of roots of the grand partition 
function. At first sight this appears to be a formidable 
problem, as the roots are in general complex and would 
naturally be expected to spread themselves for an 
infinite sample in the entire complex plane, or at least 
regions of the complex plane, and make it very difficult 
to calculate their distribution. We were quite surprised, 
therefore, to find that for a large class of problems of 
practical interest, the roots behave remarkably well in 
that they distribute themselves not all over the complex 
plane, but only on a fixed circle. This fact will be stated 
Tas e I. Identification of corresponding quantities in Ising model 

and lattice = “ 


Lattice gas 


Ising model 


volame 

No. of atoms 
specific volume 2 
pressure p 


No of 5 spins 
No of } spins 
2/(i-—1) 

F-—H 


as a theorem in Sec. IV of the present paper and proved 
in the appendix. Implications of the theorem are dis- 
cussed in Sec. V. 

Also in this paper we shall give a proof (Sec. II) that 
the problem of an Ising model with a magnetic field is 
mathematically identical with that of a “lattice gas.” 
From this identification we were able to trace exactly 
the transition region in the p—v diagram of a two- 
dimensional lattice gas in detail. This will be presented 
in Sec. III and forms a clear illustration of the dis- 
cussions of paper I and of Sec. V of the present paper. 

At the end of Sec. V we give a summary of all the 
exact knowledge known to us about the two-dimensional 
Ising model in a magnetic field and its relationship with 
the distribution of roots of the partition function. 


II. ISING MODEL AND LATTICE GAS 


We shall in this section show that the problems of an 
Ising model in a magnetic field and of a lattice gas are 
mathematically equivalent. In the former problem one 
considers a lattice of interacting spins each of which can 
assume two possible positions: ¢ and J. In the latter, 
one considers a corresponding lattice with each lattice 
point either vacant or occupied by an atom.? To each 
configuration of the lattice of spins there corresponds 
a configuration of the lattice gas in which a lattice point 
is vacant or occupied according as whether the corre- 
sponding spin is ¢ or J. Using this geometrical corre- 
spondence, one could establish the mathematical 
equivalence of the two problems. 

For clarity of presentation we shall take as an 
example a simple cubic lattice and consider first the 
Ising model problem with nearest neighbor interaction. 
The same treatment can be applied to any lattice with 
arbitrary interaction between the spins. Denote by 
[4], [ey], and [ts] the total number of nearest 
neighboring spins that are respectively parallel and 
upward, parallel and downward, and antiparallel to 
each other. Also denote by [4] and [J] the total 
numbers of upward and downward spins in the lattice. 





«J, H, and F are respectively the intensity of magnetization, the mag- 
netic field, and the free energy per spin in the Ising model problem. 


1C. N Yang and T. D. Lee, Phys. Rev. 87, 404 (1952). 


2 Similar ideas have been used in the “hole theory of liquids.” 
See, e.g., J. E. Lennard-Jones and A. F. Devonshire, Proc. Roy. 
Soc. (London) A169, 317 (1939) ; A170, 464 (1939). F. Cernuschi 
and H. Eyring, J. Chem. Phys. 7, 547 (1939). 
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Counting the number of nearest neighbors of all the 
upward spins, one arrives at the following identity: 


2[+4]+([t0]= C4]. (1) 
2CWJ+(t]= 64). (2) 
n=(t]+(4) (3) 


is the total number of spins in the lattice. 

The interaction energy of all the spins can be written 
as [ty Je if the interaction energy between parallel spins 
is taken to be zero. Here ¢ is a constant and is positive 
for ferromagnetic interactions and negative for anti- 
ferromagnetic interactions. In an external magnetic 
field H (measured in proper units), there is an additional 
magnetic energy so that the total energy of the Ising 
lattice is 


Similarly 


Evidently 


U:=H((4)—[t))+[teJe. (4) 
The partition function is therefore 
exp(— F/kT) => exp(—U1/kT), (5) 


where F is the free energy per spin and the summation 
extends over all arrangements of the spins. F as a 
function of the magnetic field H and the temperature T 
defines completely the thermodynan,ic behavior of the 
lattice. Its derivative with respect to H gives the 
intensity of magnetization /, 


oF/aH=—I, (6) 
where J is defined to be 
T=2-((¢]—Le)). (7) 


Now consider a lattice gas on the same simple cubic 
lattice. According to the geometrical correspondence 
discussed before, each downward spin J corresponds to 
one gas atom, hence [J] is equal to the number of 
atoms in the gas. Also the “volume”’ of the gas (in 
proper units) is simply %. The specific volume v per 
atom is, by Eqs. (3) and (7), related to the intensity of 
magnetization J by 


v=2/(1—1). (8) 


To prevent more than one atom from occupying the 
same lattice site and to correspond to the case of nearest 
neighbor interaction in the Ising model problem, we 
consider here the following potential energy u between 
two atoms: 


u=+ © if the two atoms occupy the same lattice site, 
u=—2e if the two atoms are nearest neighbors, (9) 


and 
u=0 otherwise. 


It should be remarked that this interaction closely 
simulates the actual interaction between atoms of a 
atonatomic gas. For e>0 (ferromagnetic case), the gas 
moms attract each other at intermediate distances and 


GAS AND 


ISING MODEL 











0 a(u=2) 
(a) (b) 


Fic. 1. Geometrical construction of the thermodynamic func- 
tions of the Ising model from the p—» diagram of the corresponding 
lattice gas. Solid curves are isotherms. Given a point P the cor- 
responding Ising model has a magnetic field H=} (area cPdf), 
a free energy per spin F = —} (area OabPdf). 


for «<0 (antiferromagnetic case) they repel each other. 
Since [JJ] is by the geometrical correspondence the 
number of nearest neighboring pairs of atoms the 
energy of the gas is 
Ug= — 2b le. 

The grand partition function of the gas is 

exp(p9/kT) => yl!) exp(2[ bh Je/RT), 
where is the pressure of the gas and y the fugacity 
given by Eq. (3) in paper I. Now on using (2), (3), and 
(4), one can write Eq. (5) in the form 
exp{ —9(F + H)/kT} 

= 2 exp{(—2H[4]—6e[ 4 ]+2eL44])/kT}. 


Upon comparing this with Eq. (10), one concludes that 
for a value of the fugacity given by 


y=exp{(—2H—66«)/kT}, 


(10) 


(11) 


the pressure p of the lattice gas is related to the free 
energy F per spin of the Ising lattice by 


p=—F-H. (12) 


The same treatment can be easily applied to any 
general lattice with arbitrary interactions, vyielding 
results identical with Eqs. (8) and (12). These results 
are compiled in Table I which lists the corresponding 
quantities for the problems of an Ising model with a 
magnetic field and of a lattice gas. The two problems 
are completely equivalent ; the thermodynamical prop- 
erties of one system can be derived with the aid of 
Table I from those of the other and vice versa. In par- 
ticular, the isotherms in the /—H and p—v diagrams 
bear a very close relationsip to each other. We mention 
specifically that a discontinuity in J corresponds to a 
discontinuity in v. In the case of ferromagnetism, below 
the Curie temperature 7;, J has a discontinuity, and 
this corresponds to a phase transition at the same tem- 
perature in the lattice gas. Above T¢ the isotherms in 
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(b) 


Fic. 2. Geometrical construction of the thermodynamic func 
tions of the lattice gas from the J —H diagram of the corresponding 
Ising model. Solid curves are isotherms. Given a point P the cor- 
responding lattice gas had a density p=} (length bP), a pressure 
p=area Pdb. p can be obtained from the free energy of the Ising 
model which is f= —area OaPdce. 


(a) 


both of the two diagrams become smooth, and we 
therefore identify the Curie temperature with the 
critical temperature of the lattice gas. 

From the p—v diagram one can construct the ther- 
modynamic properties of the Ising model in a simple 
geometric manner and vice versa. These are illustrated 
in Figs. 1 and 2. 


Ill, AN EXAMPLE OF A TWO-DIMENSIONAL 
LATTICE GAS 


The question naturally arises as to the relationship 
between a lattice gas and a real gas in which the atoms 
are not confined to move on lattice points. If one 
replaces the configurational integral in the partition 
function of the real gas by a summation over lattice 
sites, one would obtain the partition function of the 
lattice rheoretically speaking, by making the 
lattice constant smaller and smaller one could obtain 
successively better approximations to the partition 
function of the real gas.’ In practice this is a very dif- 
ficult procedure. However, referring back to the simple 
example discussed in detail in Sec. II one sees that if 
e>0 the interaction u there has all the characteristics of 
the interaction between gas atoms that are usually con- 
sidered responsible for the phenomenon of condensation, 
namely, an attractive force with a finite range outside 
of a strongly repulsive core. Thus one would expect that 
the main features of the phenomenon of condensation 
should be revealed even in this simple example. 

It happens fortunately that in two dimensions this 
example can be solved exactly in the transition region. 
To be more specific, the problem is that of a two-dimen- 
sional lattice gas with the interaction u specified in (9). 
(A square lattice is considered.) € is assumed to be 
positive so that the gas atoms attract each other. The 
corresponding Ising model problem has been studied 


gas 


3See Appendix I for a simple illustration on this point. 
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extensively. It is known that the model exhibits ferro- 
magnetism so that according to the discussion of Sec. 
II the lattice gas has a phase transition. In the Ising 
model, for temperatures lower than the Curie tem- 
perature T¢ which is given by 


exp(—e/kT¢)=v2—1, (13) 


the intensity of magnetization has a discontinuity at 
H=0. The corresponding phase transition of the 
lattice gas occurs at a value of the fugacity* 


where 
x=exp(—e/kT). 

Since the free energy’ and the spontaneous magnetiza- 
tion® of the Ising model problem are known exactly at 
zero magnetic field, the transition region in the p—v 
diagram of the lattice gas can be mapped out com- 
pletely with the aid of Table I. We list here the for- 
mulas used for the vapor pressure p and specific volumes 
v, and v, of the equilibrium gas and liquid phases: 

p a a 
—=log(1+x)+ 

kT 2 


2 “0 


(14) 
(15) 


X log{4[1+ (1—k:? sin’g)* }}d¢, 
vg-'=4—3[(1+2x")(1—6x?+ x4)!/(1—2?)?]}!, 


and 
vy, '+0,;'1=1, (16) 
where 
ky=4x(1—2?)(14+2°)~. (17) 
In Fig. 3 the transition region in the p—v diagram 
is plotted. The isotherms are calculated in the following 
way: 
(1) For small values of the fugacity y, 
Mayer’s series expansion’ in powers of y: 


p 2 § 6 16. 32 
it Nak 
kT s 2 xt zt 3 


1 
+y(—+ eee 
x8 


4 The relation between the quantity exp(—2H/kT) of the two- 
dimensional Ising model in a magnetic field and the fugacity y 
of the corresponding lattice gas can be easily obtained by using 
similar reasonings as that used in deriving Eq. (11). One obtains 


y=x' exp(—2H/kT (A) 


The fourth power in x comes from the fact that each lattice point 
has four nearest neighbors. The corresponding equation for any 
general lattice with arbitrary interaction can be written as 


y=o exp(—2H/kT), (B) 


where a is a constant and is determined by the structure of the 
lattice and the interaction between the atoms. 

5 L. Onsager, Phys. Rev. 65, 117 (1944); B. Kaufman, Phys. Rev. 
76, 1232 (1949). 

®C. N. Yang, Phys. Rev. 85, 808 (1952). 

7J. E. Mayer, J. Chem. Phys. 5, 67 (1937); J. E. Mayer and 
Ph. G. Ackermann, J. Chem. Phys. 5, 74 (1937); J. E. Mayer and 
S. F. Harrison, J. Chem. Phys. 6, 87, 101 (1938). 


one uses 


Jt (18) 
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£22e ( p ) 

v "ay kT 
We shall see in the next section that (18) is convergent 
for all values of y less than x‘. 

(2) When y is equal to x‘, the gas undergoes a phase 
transition at temperatures lower than the critical 
temperature. The vapor pressure and specific volumes 
of the gas and liquid at this value of y have been given 
before in Eqs. (14), (15), and (16). 

(3) At y=2*, but above the critical temperature, the 
pressure of the gas is still given by Eq. (14), but the 
specific volume v now is a constant 


(19) 


o= 2. (20) 


This is so because the corresponding Ising model 
problem has now, according to Eq. (A),* zero magnetic 
field and consequently zero intensity of magnetization. 

(4) For y>-x*, the Ising model problem has, according 
to Eq. (A),* a negative magnetic field. Changing the 
sign of the magnetic field corresponds to changing the 
fugacity to a value y’ given by, according to Eq. (A),* 


(21) 


yy =x, 


Since the free energy F is even in H and the intensity of 
magnetization J is odd, one could express with the aid 
of Table I the pressure and density in terms of their 
values when the fugacity is equal to y’. But y’ is less 
than x‘. On using (18) and Table I, one can therefore 
expand the pressure and density in inverse powers of the 
fugacity y: 


7 


p y < 
—=log—+ y—!a5+ y—?(2x!4— (5/2) x'8) 
x* 


+ y~3(6x79— 16x??+- (31/3)x**) 
+9“ +++), 


1 “(+) 
o ay\aT) 


This series is convergent for all y>x‘, which holds 
everywhere in the liquid phase and also in part of the 
gas phase above the critical temperature. 

It is really quite remarkable that a model with so 
many properties characteristic of a real gas should 
allow of a complete and exact solution in the transition 
region where the usual virial expansion does not apply. 
A complete solution outside of the transition region is 
related to the solution of an Ising model in a non- 
vanishing magnetic field, which still remains unknown. 
However, the problem can be reduced by the results of 
paper I, to that of the distribution of roots of the grand 
partition function; and although the complete dis- 
tribution is not known, many of its properties have 
been obtained. We shall return to this problem in Sec. V. 


(22) 
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Before closing this section we shall make the fol- 
lowing remark. Equation (16) shows that the sum of 
the densities of the vapor and liquid in equilibrium is 
a constant independent of the temperature.* This 
closely resembles the behavior of a real gas where a 
law called “law of rectilinear diameter’’® is known to 
hold. It states that the sum of the densities of the vapor 
and liquid in equilibrium increases linearly with de- 
creasing temperature. This increment is, however, very 
slow, being not more than 10 percent for a temperature 
variation over a factor 2 for He near its critical tem- 
perature. Now our model obeys what may be called the 
“law of constant diameter,”’ which provides no incre- 
ment of the sum of densities with decreasing tem- 
perature and may be considered a first approximation 
to the law of rectilinear diameter. The difference lies, 
we believe, in the inadequacy of the lattice model (with 
a finite lattice constant) as an approximation to a true 
gas. One can formulate arguments which indicate that 
the correction to the lattice model is in the right direc- 
tion (i.e., it tends to make the sum of the densities of 
the vapor and liquid in equilibrium increase with 
decreasing temperature). 








Sal 





Fic. 3. p—v diagrams for a two-dimensional lattice gas. The 
solid curve is the exact boundary of the two-phase region. The 
dotted curves are the isotherms. 

§ The constancy of the sum of the densities of the vapor and 
liquid in equilibrium is true even for any general lattice. This can 
be seen very easily since there exists a one to one correspondence 
between the configurations of the vapor phase and that of the 
liquid phase, which is obtained simply by replacing the lattice 
sites occupied by the atoms in the former by vacant sites in the 
latter and vice versa. Compare Cernuschi and Eyring’s paper 
quoted in footnote 2. 

* Mathias, Onnes, and Crommelin, Proc. Sect. Sci. Amsterdam 
15, 960 (1913). 
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IV. A THEOREM ON THE DISTRIBUTION OF ROOTS 
OF THE GRAND PARTITION FUNCTION 


We shall now return to the general problem of the 
condensation of gases, and shall in the following apply 
the results of paper I to the problem of a lattice gas. 
There is actually no loss of generality in confining our 
attention to a lattice gas, as a real continuum gas can 
be considered as the limit of a lattice gas as the lattice 
constant becomes infinitesimally small. 

The equivalence proved in Sec. II states that the 
problem of a lattice gas is identical with that of an 
Ising model in a magnetic field, and that the grand 
partition function in the former problem is proportional 
to the partition function in the latter problem. It is 
convenient to introduce in the Ising model problem the 
variable 


z=exp(—2H/kT), (23) 


which is by Eq. (B),‘ proportional to the fugacity y of 
the lattice gas: 


(24) 


y=02, 


where o is a constant. In terms of z the partition func- 
tion exp(—NF/kT) of the Ising lattice is equal to 
exp(QU1/kT) times a polynomial @ in z of degree J: 


exp(— IF /kT) = exp(IU1/kT), (25) 


=D P,2", 
The coefficients P, are the contribution to the partition 
function of the Ising lattice in zero external field from 


configurations with the number of J spins equal to n. 
It should be noticed that 


where 


(n=0, 1, -+-SU). (26) 


P,=Py if ntn’=N. 
The P,’s are, of course, real and positive. 

Evidently the roots of the polynomial @ are never on 
the positive real z axis, and are in general complex. 

he results of paper I show that if at a given tem- 
perature as SU approaches infinity, the roots of the 
polynomiai & do not close in onto the positive real axis 
in the complex z plane, the free energy F is an analytic 
function of the positive real variable z. Physically this 
means that the Ising model has a smooth isotherm in 
the /—H diagram and that the corresponding lattice 
gas undergoes no phase transition at the given tem- 
perature. If, on the other hand, the roots of the poly- 
nomial & do close in onto the positive real z axis at the 
points =f), 2: ++, each of these points would correspond 
to a discontinuity of the isotherm in the J—H diagram 
of the Ising lattice and to a phase transition of the 
lattice gas. 

To study the problem of phase transitions of the 
lattice gas (and of an Ising model), one therefore needs 
only to study the distribution in the complex z plane 
of the roots of the polynomial ®. The surprising thing 
is that under quite general conditions this distribution 
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shows a remarkably simple regularity, which may be 
stated in the form of the following theorem: 

Theorem 3. If the interaction u between two gas 
atoms is such that 


u=-+ ~ if the two atoms occupy the same lattice 

and u=0 otherwise, (27) 
then all the roots of the polynomial @ lie on the unit 
circle in the complex z-plane. 

This theorem will be proved in Appendix II. It should 
be noticed that in the theorem no assumptions are made 
about (1) the range of the interaction u, (2) the dimen- 
sionality of the lattice, and (3) the size and structure 
of the lattice. In fact, even the periodicity property of 
the lattice plays no part at all in the proof. 

For the Ising model problem Eq. (27) means that the 
interaction between all pairs of spins (not limited to 
pairs of nearest neighbors) are ferromagnetic. 

Some immediate consequences of theorem 3 may be 
enumerated as follows: 

(1) The lattice gas cannot undergo more than one 
phase transition, which must occur, if at all, at a value 
of the fugacity equal to «, which according to Eq. (24), 
corresponds to z= 1. The isotherms in the 7— H diagram 
of the corresponding Ising model problem is smooth 
everywhere except possibly at zero magnetic field 
(which occurs at z=1). This is usually believed to be 
true but was not proved. 

(2) Mayer’s series expansions’ of the pressure p and 
density 1/v in powers of the fugacity y [see, e.g., Eq. 
(18) ] are convergent for all values of y less than ¢. This 
is easily proved by the argument used in footnote 9 of 
paper I. On using the symmetry property of the Ising 
model problem with respect to a reversal of sign of the 
magnetic field, one obtains, for values of y greater than 
a, convergent series expansions of p and 1/v in inverse 
powers of the fugacity [see, e.g., Eq. (22) ]. 


V. DISTRIBUTION OF ROOTS ON THE UNIT CIRCLE 
A. Distribution Function g(6) 


We have seen in the last section that for the inter- 
action (27) the roots of @ lie on the unit circle. Its 
distribution as i— 2% may be described by a density 
function g(@)' so that Nig(@)d@ is the number of roots 
with z between e® and e'@+#), Evidently one has 


g(8) = g(—8), (28) 


10 The average density of a finite lattice gas is easily seen to be 

2. 2/[z—exp(iOx) J, 
where z=exp(i9,) are the zeros of the grand partition function. 
The results of paper I show that this average density converges 
to an analytic function in ¢ both inside and outside of the unit 
circle as the size of the lattice approaches infinity. It seems 
intuitively clear from this that the distribution of these roots 
should also approach a limiting distribution on the unit circle for 
an infinite lattice. This is indeed the case and a rigorous mathe- 
matical proof exists in the literature. See A. Wintner, Monatsh. 
Math. Phys. 4, 1 (1934). We are indebted to Professor Kac for 
showing us the proof. 
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f g(0)d0=}3. 
0 


Taking the logarithm of (25) and factorizing ® one 
obtains for the Ising model 


H 
-+ 
= 


(29) 


—F 
AT ok 


f g(0) log(z—e)dé 


22 cosé+ 1)dé. 


H . 
. +f g(9) log(z?— 
kT J, 


The intensity of magnetization is obtained from Eqs. 
(6) and (30): 


=1-4 f 
0 


For the lattice gas one has, on using Table I and Eqs. 


(30) and (31), 
f g(8) log(z? 
0 


< as re 
2’—2z cos6+1 


z—cosé 


s0-— ; 
2?— 22 cosé+ 


dé. (31) 


— 22 cosé+ 1)dé@, (32) 


and 
z—cosé 


16. (33) 


These equations enable one to calculate the isotherms 
in the J—H and p—v diagrams from the distribution 
function g(6). The isotherms thus obtained extend to 
the condensed region, the two-phase region as well as 
the gas region. They approximate very realistically the 
isotherms of a real gas even for very simple distribution 
functions g(@). 


B. An Electrostatic Analog 


A very simple analog of Eqs. (32) and (33) may be 
found in electrostatics in the following way: Consider a 
circular cylinder of unit radius perpendicular to the 
complex z plane discussed above, cutting it at the unit 
circle. Assume the cylinder to be charged with a surface 
charge density dependent only on the angle @ and equal 
to g(@) per unit area. Denote the electrostatic potential 
and the field produced by this charge distribution at 
any point on the real axis in the z plane by ¢ and E. 
Since g(@)=g(—6), the electric field E is evidently 
parallel to the real z axis. One can easily verify the 
following equations: 


(34) 
(35) 


—2p/kT=electrostatic potential ¢, 
2/1s= — 0@/dz=electric field E. 


If g(@) vanishes in the neighborhood of 6=0, the sheet 
of charge has the shape “C”’ and the electric potential 
and electric field are well behaved for all real positive 
values of z. Consequently the pressure and density of 
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the lattice gas are analytic in the fugacity and the 
system undergoes no phase transition. If, on the other 
hand, g(0) does not vanish, the electric field has a dis- 
continuity at s=1 as one goes along the positive real 
z axis through the sheet of surface charge distribution. 
Evidently 


E(z=1+)—E(s=1—)=41g(0). (36) 


This means of course that the specific volume v of the 
lattice gas has a discontinuity at z=1, showing that 
the system undergoes a phase transition. The specific 
volumes 2, and v; of the gas and liquid phases in equi- 
librium are related to g(0) by 


1/v,—1/0,= 22g(0). (37) 
Another relation between 2; and 2, is given by the “law 
of constant diameter” discussed in Sec. 3 (see especially 
footnote 8). 

Equation (37) asserts that the value of the dis- 
tribution function g at the transition point (@=0) is 
equal to (27)~' times the difference of the densities of 
the liquid and gas phases in equilibrium, which is a 
directly physically observable quantity. 

It should be emphasized that this relationship has 
actually a much wider range of validity and holds even 
when the roots are not necessarily on the unit circle. 

It is evident that the variation of the pressure and 
density near the point z= 1 depends very sensitively on 
the behavior of g(#) near 6=0. One would for example 
expect that the derivatives of g(@) near @=0 should 
determine the derivatives of the isotherm in the p—v 
diagram near the region of condensation. This is indeed 
the case, as can be seen in the example: If for small 
values of 8, 


g(0)=g(0)+a\0,"+---, (n>0) 


the g(0) term, (if nonvanishing), will give rise to a flat 
horizontal portion on the p—v diagram. The next 
term will give rise to a discontinuity in the mth deriva- 
tive of v with respect to p for integral values of n. 
If n is a fraction between the integers, say, m and m—1 
then the mth derivative of v with respect to p is dis- 
continuous. 

For the Ising model problem, the relation cor- 
responding to Eq. (37) can be obtained by using Table I. 
The intensity of spontaneous magnetization J is thus 
expressible in terms of g(0): 

I =2rg(0). (38) 
C. Relationship between the Cluster Integrals 
and 9(6) 


If one expands (32) in powers of z and identifies the 
coefficient with Mayer’s expansion,’ 


> by'= 


i=1 


= > bya'z', 
kT i=l 
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where a is given by (24), one obtains the following ex- 
pression for the cluster integrals };: 


= (39) 


2r 
-f e(0) cosleds, 121. 


o 0 


In other words the };’s are the Fourier coefficients of the 
distribution function g(@). One has, of course, the inverse 
relation, 

(40) 


i is 
g(0)=——— > Io'b, coslé, 
2r i=! 


which expresses the distribution function g(@) in terms 
of the cluster integrals },, which in turn are themselves 
calculable from the virial coefficients. 

Equations (40) and (37) enable one to make practical 
approximate calculations of the distribution function 
g(@) from the virial coefficients and the change in 
specific volume in the phase transition, both of which 
are experimentally osbervable quantities. 


D. g(@) and the Analytical Behavior of the 
Specific Volume 


The density 1/v of the lattice gas is evidently an 
analytic function of z both inside and outside of the 
unit circle in the complex z plane. Its value is equal to 
1 at z= © where it is also analytic. All its singularities 
lie on the unit circle. The values of 1/v on the two sides 
of the unit circle are related to the distribution function 
g(0) by 

| 
—Lim - 


rl U| per eid 


= 27g(8). (41) 


Lim 


r—+1l+ V| sare? 


This equation can be proved by extending the reasoning 
that led to Eq. (37) in the following way: Consider the 
electric field at a point not necessarily on the real z axis 
produced by the charge distribution discussed in sub- 
section B. Let E, and E, be the components of the 
and | to the real z axis. Defining 


&*=E,—iE,, 


electric field 
6=E,+iE,, 
one can easily verify the identity 


= &* (42) 


» Jee == 
2/2 


at every point in the complex z plane. The discontinuity 
of & across the unit circle at any point z=e”" is related 
to the charge density g(@) by 


& | outside 6| inside = 4rg(8)z. 


Taking the complex conjugate of this equation and 
using (42) one obtains Eq. (41). 

The corresponding equation for the Ising model 
problem is 
—Lim / =—4g(0). (41a) 


Lim / 
i+ sare? rel |s=re 
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E. Example of One- and Two-Dimensional 
Ferromagnetic Ising Model 


We shall illustrate the above discussion with the 
problem of a one-dimensional ferromagnetic Ising 
model with nearest neighbor interaction in an external 
magnetic field. This problem can be rigorously solved 
by the matrix method.!' We quote here only the results. 
For a closed chain of NX spins denote the roots of the 
partition function by e+, ei, ---. These roots are 
given by 


cos0;= —x?+(1—x) cos[a(27—-1)/M], (43) 


where x is defined to be exp(—e/A7T) and 7 runs through 
all integers 1, 2--- less than or equal to $(9%+1). As 
N— 2 these roots distribute themselves continuously 
on an arc of the unit circle lying to the left of the points 


g= (1—227)+12x(1—2°)!. (44) 
For all values of x>0, the roots therefore do not close 
in onto the positive real axis, confirming the well- 
established fact that a one-dimensional Ising model 
does not exhibit ferromagnetism. The density of roots 
is given by the distribution function 


1 
, for cos6<1—2x?, 


s(¢)=— —_— 
2m (sin?40—x?)! 

(45) 
g(0)=0, for cos0> 1— 2x”. 

On substituting this into Eq. (30), one obtains the 
correct free energy. The intensity of magnetization is 
given by 


2?—22+1 7 
r-|- 4 —|. 
2°— 22(1—2x?)+1 


This is analytic everywhere except at the two points 
given in Eq. (44). The cut between these two points 
should be made along the unit circle toward the left of 
the two points. One easily verifies that the discon- 
tinuity across the cut is exactly 47g(@), as given by 
Eq. (41a). 

For a two-dimensional ferromagnetic Ising square 
lattice the problem with a finite magnetic field, to our 
knowledge, has not been solved. However, the following 
exact knowledge is available about the problem: 

(1) The free energy F at zero magnetic field (i.e., 
z= 1) was obtained by Onsager’ as 


f logl 1+ 2x(cosw+ cosw’) 
0 


+ 2x*?— 2x5(cosw+cosw’)+x4]dwdw’. (46) 

The intensity of spontaneous magnetization at 

" H. A. Kramers and G. H. Wannier, Phys. Rev. 60, 252, 263 
(1941). 
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zero magnetic field was obtained by one of us® as 


1+-2* i 
-|- — 1~60+29)] for x=v2-—1, 
(1—<x?)? 
(47) 
for x>v2—1. 


(3) By an extension of a method due to Kac and 
Ward” for obtaining a combinatorial solution of the 
free energy of the Ising model problem in the absence 
of a magnetic field, one could obtain" the free energy 
at z= —1 which corresponds to a pure imaginary mag- 
netic field equal to ix/2: 


« ee ee 
Fe=-1)=-—~— f f log{ (1—x*)? 
2 4? 0 0 


[1+ (6—4 cos*w—4 cos*w’)x?+ x4 ]}dwdw’. (48) 


(4) The intensity of magnetization at this imaginary 
value'® of the magnetic field is 


(1+*)? i 
I(s=— =| torts | - (49) 
—x? 


This can be verified by series expansion of both sides 
in powers of x. 

The results quoted above have direct bearing on the 
distribution function g(@) of the zeros of the partition 
function on the unit circle. In particular (47) and (49) 
are precisely the value of g(@)/2m at @2=0 and 0=m. It 
is interesting to notice that g(0)/27 is always less than 
unity while g()/2zm is always greater than unity. Also 
g(0) increases with decreasing temperature while g(7) 
decreases with decreasing temperature. This shows the 
motion of the roots toward the right along the unit 
circle as the temperature decreases. 

On the other hand, (46) and (48) give through Eq. 
(30) certain averages with respect to the distribution 
function g(@). The form of these averages are extremely 
suggestive and we have tried to construct the distribu- 
tion function from them, but without success. 


VI. CONCLUDING REMARKS 


The relation between the distribution of roots of a 
polynomial and its coefficients is mathematically a very 
complicated problem. It is therefore very surprising 
that the distribution should exhibit such simple regu- 
larities as proved in theorem 3 which applies, as re- 
marked before, under very general conditions. One 
cannot escape the feeling that there is a very simple 
basis underlying the theorem, with much wider appli- 
cation, which still has to be discovered. 

It is a great pleasure to thank Professor M. Kac for 
many stimulating and very pleasant discussions from 
which we learned much in mathematics. 

12M. Kac and J. C. Ward (to be published). 


13 We hope to publish in a future communication the details of 
the steps that led to (48) and (49). 
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APPENDIX I. ONE-DIMENSIONAL HARD RODS 
AND LATTICE GAS 


A simple example that illustrates clearly the rela- 
tionship between a continuum gas and a lattice gas is 
the problem of one-dimensional hard rods and the cor- 
responding problem of a one-dimensional lattice gas, 
as the problem can be exactly solved in both cases. To 
be specific, let us consider a lattice gas of m atoms dis- 
tributed on a one-dimensional lattice of total length L 
and lattice constant 6. The total number of lattice sites 
is clearly 


n=L/6. (50) 


The interaction potential u(r) between the gas atoms is 


u(r)=+ 0 forr<mé, u(r)=O0forr=mé, (51) 


where r is the distance between atoms and m is a 
positive integer. Evidently, r can only be 0, 4, 26, etc. 

The evaluation of the spatial partition function Q 
can be reduced to that of a simple combinatorial problem 
of distribution (91—mn) identical pieces into (n+1) 
different bags. One easily obtains 


Q/n!=[N—(m—1)n]!/(N— mn) In!. (52) 


The pressure p of the gas is related to Q through the 


relation 
p @ Q 
= loa ) 
kT OL n! 


On using (50) and differentiating (52) one obtains 
g 4 


p14 nd 

—_~ log( 1+ manny ). 

kT 6 L—mnéi 
In the limit of an infinitesimal lattice constant 6 but a 


finite value D for mé, the pressure approaches a limit 
given by 


(53) 


(54) 


n 


Lim —= (55) 


5-0 pT 


ms =D L—nD 
which is precisely the expression for the pressure of a 
system of m hard rods each of length D, enclosed in a 
one-dimensional box of total length Z. Thus one sees 
that when the lattice constant 6 approaches zero the 
thermodynamic functions of a lattice gas indeed 
approach that of a continuum gas. 


APPENDIX II. PROOF OF THEOREM 3 


Theorem 3 is a special case of the following more 
general theorem: 

Theorem: Let xag=Xsa (a¥B, a, B=1, 2, 
real numbers whose absolute values are less than or 
equal to 1. Divide the integers 1, 2, - - - into two groups 
a and b so that there are y integers in group @ and 
(n—¥) in group 6. Consider the product of all xas 
where a belongs to group a and 8 to group b. We shall 
denote by P, the sum of all such products over all the 


-++m) be 
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n!/[y!(n—-y)!] possible ways of dividing the n integers. 
In other words 


P, =) [y\(n—-) i iT I Xa;bj, 


(56) 


where @,:-*dy, 6::*+b,-y is any permutation of the 

integers 1, 2, --- and the summation extends over all 

such permutations; e.g., 

Po= P. = i. P= P, 1> X%12%13°° *Xint X1X93° **Xon 
+°°*+%ni¥n2°° 

It is easy to verify that Pa= P,~a. Consider the poly- 

nomial 


*Xn(n—1)- 


O(2) = 14+ Pys+ Po?+ + +++ Pp_12""'+2". (57) 
The theorem asserts that all the roots of the equation 
P=0 


are on the unit circle. 
To prove this theorem it is convenient to introduce 
the following polynomials §§ of the variables 2, 


PB(2i, ++ +2n) =¥ {Cr Il I 100) I ea, 
(58) 


where, as in the definition of P,, a1, a2, «++ ay, by, «+ «bay 
is any permutation of the integers 1, 2, ---m and the 
summation extends over all such permutations and 
over all y. It is clear that 


-++z)=(@(z). (58a) 


2 
Bis. s. 2 
Pe = 


To prove the theorem it is only necessary to prove 
that there are no roots of ®=0 that have an absolute 
value >1. Equation (58a) therefore shows that the 
theorem is an immediate consequence of the following 
lemma : 

Lemma: If (2), 22, ---2n)=0 and none of the 2’s 
has an absolute value less than one, then 


1= |s,| = |[2,| = ---=/s,/. 


Proof: (1) We shall assume throughout the proof that 
all the x’s are different from zero and +1. The proof 
can then be easily generalized to include the case when 
one or more of the x’s either vanish or are equal to +1. 

The lemma is clearly true when n=1, for which 
$,=1+2;. For n=2, 


Po= 1+ x 1021422) +2122. 
8.=0 therefore implies 
i= — (14+ 41222) /(Se+212). 


It is easy to prove that for |2:|>1 the right-hand side 
of this equation always has an absolute magnitude <1. 
Hence if | 2;| =1, | z2| =1, they must both be equal to 1, 
proving the lemma for the case n= 2. 
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(2) We shall prove the lemma for general values of 
n by induction. Assume it is true for n=m—2 and 
n=m—1, but not true for n=m. We shall call this 
assumption hypothesis A and prove that it is self- 
contradictory. Under hypothesis A there exists a set of 
2’s equal to 21, 22, «+ -Zm such that 


PBm(21, 32, ** Sm) =O (59a) 
and 


! 


[z,]>1, and [ze], [zs|---, |zm| all 21. (59b) 


The subscript m in ,, is to indicate that it has m 
independent variables z. 

(3) We now prove in this paragraph that keeping 
23, 24, ‘**Zm fixed and regarding 22 as a function of 2 
defined by (59a) one obtains a limit 32 for 22 as 2; © 
and that |%2| <1. To prove this we take, say, m=3 and 
notice that 
Bs= 14 2x ex1stZeXar% 23+ F3X31Xs32t 21820 13X23 

+2083% 21X31 + S921X32% 12+ 218023. (61) 


As 2; ©, $3=0 gives 


X20 13+ ho 13X oat ZaX 32X12 t $223 = 0, (62) 


y= (X12%13 t+ 23%'32%12)/ (3 +-19%'23). (63) 


It is easy to prove that unless the denominator vanishes 
this does give the correct limit for z2. But the denomi- 
nator cannot vanish, as will be seen later. Hence the 
limit $2 is correctly given by (62). Now write 


j2%12 1 = £0, 23X13 '= 3. (64) 


Equation (62) reduces to 
1+ fexest Sarest fof3s=0. 
But this is exactly an equation of the form 
PB o( Foes) =0, 


where $8, is a polynomial of the general form (58) with 
n=2. Now by condition (59b) 


$a] > |2s| =1. 
Hence hypothesis A asserts that | ¢2| <1. Hence 
|e] <| $2] <1. 


We need now only prove that the denominator in (63) 
does not vanish. This is evident in the present case of 
m=3. We shall, however, give a formal proof which 
holds in general for any value of m. The denominator 
in (63) is clearly the coefficient of 222; in $3 given in 
(61), just as the left-hand side of (62) is the coefficient 
of z; in 3. We therefore make a similar transformation 
as (64): 
23X13 1X23 1= gs, 
and reduce the denominator in (63) into the form 


Xiateshi(f3'). (65) 
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Clearly | ¢3'| >1 so that hypothesis A implies that (65) 
does not vanish. The above arguments evidently hold 
for any general value of m and this completes the proof 
that as z;— ©, z2 approaches a limit smaller than unity 
in absolute value. 

(4) Keeping 23, 24---2 fixed one can increase | 2; 
and define z2 as a continuous function of 2. Since by 
(59b), |z2| starts to be =1 in absolute magnitude and 
tends to a limit <1 in absolute magnitude as 2;>~, 
there must be a value of 2; equal to 2,’ so that 22 assumes 
a value 22 equal to 1 in absolute magnitude, i.e., 


(66a) 


Pn (21’, 22’, Se, °° *Zm) =(0 


|2y’|>1, zq'| =1, |zs|, | 24 , om =1. (66b) 
We can fix 22’, 24, 25, -«-Zm and regard z; as a function 
of 2,’ and follow the same procedure by increasing | 2,’ | 


till z3 assumes a value equal to 1 in absolute magnitude. 
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Continuing this way we finally get a set of values 2,”, 
¥ ” such that 


2, °° 'Sn 


Bn (s1"", 22", «+ Sm’) =0, (67a) 
and 


3,” >1, ze!’ _ . oat iene a, = 1, 


(67b) 


But §,, is linear in 2). Writing B,,.= Bz:""+C where 
B and C are independent of 2," one verifies easily that 


B -— sef’za!" " 


” 
**Sm C, 


where @ is the complex conjugate of C under the con- 
dition (67b). Hence 
- tl ro IC] 


#1 


‘| B| =1, (68) 


which contradicts (67b). (It is easy to show that B does 

not vanish by making a transformation similar to (64) 

and reduce B to products of some x’s with By,—1.) 
This completes the proof by induction. 
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High Frequency Electrical Breakdown of Gases* 


W. P. Atuis AND SANBORN C. BROwN 
Research Laboratory of Electronics, Massachusetts Institute of Technology, Cambridge, Massachusetts 
(Received April 24, 1952) 


Previous theoretical treatments of high frequency electrical breakdown in gases based on the Boltzmann 
transport equation were applied to specific gases and met with mathematical difficulties when applied to 
higher pressures. We now present a simpler solution applicable to any gas and to a wide pressure range. 
Agreement between theory and experiment with hydrogen gives confidence that the energy distribution 
function is correct and the distribution function is therefore used to compute other quantities of physical 


interest. 


I. INTRODUCTION 


N a recent series of papers, the electrical breakdown 

of helium and hydrogen in a microwave cavity has 
been predicted from the measured probability of col- 
lision P, and the corresponding probabilities of excita- 
tion P, and ionization P;. The only processes assumed 
to take place are acceleration of electrons by the field, 
elastic and inelastic collisions with the gas, and diffusion 
to the walls, which in turn have no effect other than to 
absorb the electrons and ions. Mathematical difficulties 
arose in the method used in these papers when applied 
to higher pressures. The simpler solution given in this 
paper is applicable to any gas and to a wide pressure 
range. 


Il. BOLTZMANN EQUATION 


When a high frequency electric field E= E, exp(jw/) 
is applied to a gas, the velocity distribution F(v) of the 


* This work has been supported in part by the Signal Corps, 
the Air Materiel Command, and ONR. 


free electrons is determined by the Boltzmann equation: 
(AF /dt)=C—V,-vF+¥,:ceEF/m. (1) 


C represents the effect of collisions and ¥V, and ¥, are 
the gradient operators in configuration and velocity 
space. This equation is solved by expanding the dis- 
tribution function in spherical harmonics in velocity 
space and in Fourier series in time, 


F=21 Xe Fi'Pi(cosd) exp(jhwt) 
=F ,°+v-[Fo'+F,! exp(jwt) ]/r. (2) 


All terms except the three indicated may be dropped 
when the geometry, pressure, and frequency fall within 
certain limits which have been discussed by Brown and 
MacDonald.' These limits require that the mean free 
path be less than any dimension of the cavity, that the 
frequency be sufficiently high so that the electrons do 
not lose appreciable energy between cycles, and that the 
average motion of the electrons resulting from the 
action of the field and of collisions be sufficiently small 


1S. C. Brown and A. D. MacDonald, Phys. Rev. 76, 1629 (1949), 








At tn ear a 


420 Wn? 


so that the field does not clear the electrons out of part 
of the tube in each half-cycle. 

In evaluating the collision term it is convenient to 
replace the customary mean free paths by the collision 
frequencies for momentum transfer, for excitation, and 
for ionization defined by 


Ve= J fepr-oya—cose) sinddéd¢, (3) 


i, vpP 2, vi=vpPi, (4) 


where P, and P; are the experimentally defined prob- 
abilities of excitation of all levels and of ionization and 
P.(@) is the probability of scattering into a unit solid 
angle inclined at @ to the original direction. 

If the temperature of the gas is negligible compared 
to that of the electrons, the latter will lose a fraction 
2m/M of their energy, per momentum transfer col- 
lision, to recoil of the molecule with which they collide. 
The mass of the molecule is M and that of the electron 
m. This fraction will be increased if there is appreciable 
transfer of energy to rotation or vibration but it is 
believed that this is negligible. 

A collision producing electronic excitation differs 
from that producing recoil, rotation, and vibration in 
that the colliding electron loses practically all its energy 
instead of a very small fraction of it. These processes 
are treated mathematically as though fast electrons 
disappeared at the rate (v;+,)Fo° and slow electrons 
appeared at the rate gFy°. Making use of these ideas 
in the evaluation of the collision term, introducing Eq. 
(2) into Eq. (1) and equating coefficients of similar time 
and angle functions yields one scalar and two vector 
equations: 


(vet vi—q) Fo’ = — (0/3) -- Fo'+ (1/0) 
< [ (ev?/6m) (Ep: Fs") reat (m/M)vev* Fo |/dv, (5) 
vl y'= —v9,Fo°, 
(ve+ jw) F '= (eE,/m) dF o°/ dv. (7) 
Ill. DISTRIBUTION IN SPACE 


rhe direct and alternating current densities, 


Jo -f — eF)!(42v®/3)dv=ey Dn, (8) 


x 


J, -f — eF,!(4rv/3)dv=epEn, (9) 
u 


are fully determined by the components Fy! and F;! 
of the distribution function. These are, in turn, found 
to be derivatives of F°. Substitution of Eqs. (6) and 
(7) into (8) and (9) serves to determine the diffusion and 
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ac mobility coefficients in terms of Fo’: 
© 92 


nD= f —F)°4rv"dv, (10) 
0 


3y, 


"dre dad v 
m= f - “re"( aa - ) ae (11) 
0 3 m dv\y+jw 


The components Fy! and F,! can be eliminated from 
Eq. (5) by substitution from Eqs. (6) and (7) and this 
yields the differential equation for Fy’: 


(vz+vi-—q) = (0? 3%) VF o° 
+ (1/v?) d[ (eu./3m)v.02(dFo/dv)+ mv.v° F/M \/dv. (12) 


The energy, in electron volts, u.=eE,?/2m(v,?+w*) 
which is introduced here turns out to be the average 
energy transferred from the field to an electron between 
collisions, and y,u, is the power transfer. It is in general 
a function of the electron’s energy through the collision 
frequency »., and it is also a function of the external 
parameters E, p, and \= 27c/w. The power transfer has 
a maximum for ».=w and this corresponds to the 
pressure for easiest breakdown. At pressures above 
this value, u, varies as (E,/p)?. 

The total excitation and ionization rates may be 
defined by 


~ 


ni,= f vzF 4rv"dv, (13) 
0 


x 


ni,= f vf o°4rv7dv, (14) 
0 


and, as every exciting collision yields one, and every 
ionizing collision two, slow electrons 
f gF (°4rv*dv= n(9.+23;). (15) 
0 
Use is made of these relations in multiplying Eq. (12) 
by 4xv*dv and integrating over all velocities. The term 
in brackets vanishes at both limits and one obtains 
ni;+V?Dn=0. (16) 


This is a diffusion equation and expresses the fact that 
at breakdown the ionization rate equals the diffusion 
rate. It has a solution which is everywhere positive 
only if #;= D/A?, where A is the diffusion length for the 
cavity. This may be called the breakdown condition. 
IV. DISTRIBUTION IN ENERGY 

If the function F° is assumed to be the product of 
a function n(x) of space and a function f(u) of the 
energy “, defined by u=mv/2e, we can make use of 
Eq. (16) to replace V,?Fo° by —nf/A? and obtain the 
following equation for f(): 


2eu y df 3m 
(tna) fo : ai(w +7). 
3mv.A? 3y/u du du M 


(17) 
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The terms on the left side represent the electrons 
leaving unit volume of phase space through excitation, 
ionization, and diffusion, and their reappearance at low 
energy at the rate gf. On the right are the terms due to 
energy gained from the field and lost to recoil. 

The excitation frequency 2, sets in discontinuously 
at a potential u, so that it is always necessary to divide 
the energy range into two parts and solve Eq. (17) for 
two functions, f, and f,;, appropriate to the elastic and 
inelastic ranges and join them at #,. On the other hand, 
(vz+v;) may generally be approximated by a con- 
tinuous function so it is not necessary to join functions 
at u;. The method of solution appropriate to the two 
ranges is quite different so that they must be discussed 
separately. 


V. INELASTIC RANGE 


When inelastic collisions are possible, they dominate 
all other collision processes because of the large energy 
losses involved. Accordingly the recoil and diffusion 
terms may be left out of Eq. (17). We may also neglect 
q in this range. The equation to be solved is then 


2(d/du)(v.uuld f,;/du) = 3(v.+v;)u' fri. (18) 


The conditions imposed on the solution are somewhat 
contradictory; we must choose that solution which 
vanishes at infinity, but we want greatest accuracy 
just above u, where most of the excitations take place. 
The conventional asymptotic expansion does not satisfy 
the second requirement without an _ unreasonable 
number of terms, and the WKB method diverges at ,, 
but we can use a somewhat similar approximation. 
Setting 


uwf,s=e~*, (19) 


the equation for s is 


s’2—s"'—5'/2u—(s’+1/2u)(d/du) \n(v.14,) 


=3(v,+,)/2v.uu. (20) 


An analytic approximation to the experimental data 
must now be substituted for ».u, and v,+»; and a power 
series in 1/u is substituted for s’, the last term in the 
series being reserved to obtain exact agreement at u,. 
This procedure will be illustrated later in the case of 
hydrogen. 

Knowing s, the average ionization frequency per 
electron is given by 


x 


p= 29(2e mf vusf,du, 


uy 


(21) 


and the total inelastic frequency is given [see Eq. (25) ] 
by 
(b,+5;) = — (4m/3)(2e/m)*(v.u-uld fz:/du),. (22) 


The subscript indicates that the quantity in the paren- 
thesis is to be taken at u,. Both these expressions con- 
tain an unknown normalization constant and so cannot 
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be evaluated as they stand, but their ratio 


vz afi 2 
w=1+—=— flown vatdfedu, 
Na=1+ : i( ron cS \/f. u'f,du, (23) 


can be evaluated and has a physical meaning. Because 
one electron must leave the tube for every one produced, 
1/p,; is the average lifetime of a free electron from its 
liberation at an ionization to its absorption at the walls. 
b,/v,; is the average number of excitations produced by 
an electron during its lifetime, and the number N,; 
represents the total inelastic collisions during an 
electron’s free lifetime. 

Because of the exponential nature of f,;, the number 
N,; depends primarily on exp(s:—s;). From Eq. (20) 
it is seen that the main part of s’ is given by 
[3(v.+v;)/2v.u-u]! which, when ».>w, is proportional 
to p/E,. Accordingly the variation of N,; with p/E, 
is given very nearly by 


Nii= a exp(8p/E,), (24) 


where a and @ are constants obtainable from Eq. (20). 


VI. ELASTIC RANGE 


Below u, the excitation and ionization frequencies are 
zero but we must discuss the appearance rate gF°. In 
order to calculate it as a function of energy it is neces- 
sary to take the product of the distribution function 
times the excitation function of each level and shift the 
product down the energy scale by the energy of the 
particular level. The excitation functions of allowed 
transitions have a sharp maximum just above the 
excitation potential, so the scattered electrons have very 
little energy. The excitation functions of forbidden 
transitions have a maximum far above the excitation 
potential, but there are a negligible number of electrons 
with sufficient energy to excite these. Accordingly most 
inelastically scattered electrons have very little energy, 
and no appreciable error is made in assuming that q is 
a delta-function at zero energy. 

Multiplying Eq. (17) by 42v°dv gives the net rate of 
loss of electrons from the spherical shell dv. Integrating 
and making use of Eq. (15) gives 


4n rf, 4dr df. 3m 
b,+256,—— y _ = yat( um +—y, . (25) 
3A? Ve 3 du M 


a 


¥,+2%; is the rate of appearance of electrons at small 
velocities. The integral represents losses by diffusion of 
electrons of speeds between zero and 2, and its value at 
infinity would, by Eq. (16), equal 7;. The difference 
represents the rate at which electrons pass the energy 
u in the upward direction in order to supply the inelastic 
processes occurring at higher energies. Equation (25) 
was derived by Smit? directly from this principle of 
balance between electrons going up in energy and the 


2J. A. Smit, Physica 3, 543 (1936). 
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Fic, 1, Distribution functions for hydrogen for two values of p/E, 


rate of inelastic collisions; however, Smit includes the 
thermal energy of the gas but does not include dif- 
fusion. In glow discharges the diffusion term is much 
larger than the thermal one. At very low pressures the 
diffusion term is quite large and one must solve the 
second-order equation (17) for f., but in most cases the 
diffusion term is small and there is then a great ad- 
vantage in replacing the integral by an approximation 


such as 
4n ’ fev' pivev® 
.f —do=——_. (26) 
3A27 So (v.0*)o 
This expression gives the full diffusion loss >; at the 
velocity 2%», which corresponds to the energy uo to be 
defined shortly, and the third power of the velocity was 
actually found to be the best in the case for which 
extensive numerical calculations were made. With this 
substitution, Eq. (25) becomes a first-order inhomo- 
geneous equation. If we define an energy variable w by 
dw=3mdu/Mu,, the solution of the homogeneous part 
is 
fu=Ae™, 27) 


which is the same function as that given by Margenau.’® 


The solution of the complete equation for f, is 


3 uo du 
f= 1, + 2ade f —— 
da u veut v* 


M evo-v— | 
GENS) 
3m Veo? 


which, at higher pressures, can be replaced by the 
simpler function 
3 


uo 
f-=—(iz+ de “f e*du/vtt.v*. 
dn we 


(29) 


3H. Margenau, Phys. Rev. 69, 508 (1946). 
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Both these functions are infinite at the origin, but this 
is a consequence of our assumption about the reap- 
pearance function g. The constant of integration in both 
of these expressions appears as an energy % at which 
the function f, crosses the axis when extended beyond 
u;. The meaning of this energy is seen by noting that f. 
would be unchanged if the actual excitation and ioniza- 
tion functions v, and »; were replaced at uo by delta- 
functions with the proper relative magnitudes so that 
all inelastic collisions would take place at exactly that 
energy. Thus wm is the equivalent single excitation 
potential. By this equivalence the diffusion should also 
vanish above “ and hence the integral (26) must equal 
p, at V=%. 

The potential up is determined by equating the 
logarithmic derivatives of f, and f,; at uz. In general 
the extrapolation %)—1, is small and when this is so a 
linear extrapolation formula may be used. The first- 
order derivative may be eliminated from Eq. (17) by 
the standard transformation 


g= (vette) tube! f. (30) 


Then g’’=0 when g=0. The function g(u) has a point 
of inflection at % and may be extrapolated linearly back 
to u,, giving 


(31) 


1 g’ 1din(v.u.) 1 3m ; 
——( ) a ones a uatame cosesceieraat or 
Up— Uz ee yg 2 du 4u, 2Mu, 

the whole right-hand side being taken at u,. When this 


extrapolation is vaud, the effective excitation potential 
uo may be calculated from the inelastic function f,; 


alone. 











eS a L | i 
O02 004 006 008 030 Ol2 





6/E, mmHg/(volts/cm) 


Fic. 2. Number of excitations and ionizations per electron lifetime 
as a function of »/E, 
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Vil. BREAKDOWN EQUATION 


The diffusion coefficient D may now be calculated by 
substituting f, and f,; into Eq. (10). A negligible error 
is made by integrating f, from 0 to uo and not using fz: 
(see Fig. 1), the difference being readily computed and 
shown to be small. Using Eq. (28) we get 


2x /2e\ 5? po du 2u,? 
De= =( -) f faui—=—[(i,+6)D+5,8], (32) 
3 m 0 Ve E,* 


where D and 6 are two dimensionless functions of 1: 


4 v0 vie” vo ve+ wo? 
——do ———e“do, 
, 0 Ve vv? 


v 


(33) 


vo v! 
- soar lial 1 |dv. 
Omuy*r9? Jove? 


(34) 


The breakdown condition is then 
NE,?/2up?= N2iD+ 5, (35) 


where Eq. (23) or (24) can be substituted for the 
inelastic collision number. 


_ VII. CONSTANT COLLISION FREQUENCY 


The above theory has been verified by comparison 
with measurements of breakdown in hydrogen. For this 
gas the collision frequency », is nearly independent of 
energy and given by v.=5.9X 10° at all energies above 
4 volts. The effective field E,, defined by 

E2=v2E,/2(v.2+w?), 
is then a constant and in terms of this the average 
energy gain per collision is u= 5X 10-*(E,/p)? electron- 
volts. 

When », is constant the variable 2w/3 is the ratio of 
recoil loss to energy gain per collision, the loss exceeding 
the gain if w> 4. At the higher pressures breakdown is 
observed for w; approximately 4, so that in these cases 
the electrons are losing more energy to recoil, in the 
average, than they gain from the field, over most of the 
energy range. There are a sufficient number of statis- 
tically lucky electrons, however, to overcome this 
handicap and reach the ionization potential, producing 
breakdown. 

The integrals in Eqs. (33) and (34) can now be 
evaluated in terms of incomplete gamma-functions or, 
more conveniently, by the series 
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Fic. 3. Experimental breakdown voltage EZ.A for hydrogen as a 
function of p/E, and the calculated curve. 


Ramien‘ has measured the excitation and ionization 
probabilities in hydrogen and his data can be repre- 
sented by the functions 


(ve+v;)/ve= hou—hy—he/u, (37) 


ve=h(u—u,), (38) 


with the constants u;= 16.2 volts, h;=9.2X10— volt, 
u,=8.9 volts. The values 49=8.7X10-* volt-! and 
h,=76X10~-* are in agreement with his data but were 
actually obtained by fitting the present theory to the 
breakdown data as tais is a more critical test of their 
value. Agreement with the breakdown data could not, 
however, be obtained if the losses observed by Ramien 
below 8.9 volts and ascribed to the excitation of vibra- 
tions were included in the theory. 
With the above inelastic collision functions we set 


s=au—b Inu+c/u. (39) 


The coefficients a and b are determined in the usual way 
for series near infinity, 


a? = 3ho 2the, b= 3h, ‘4au.— (40) 


The coefficient c is used to obtain exact agreement at u,. 
This gives 


c/uU,= au,—b+3—(2au,—b+3%)!. (41) 


The approximation is then tested by substituting Eq. 
(39) with these constants back into Eq. (18) and solving 
for (v;+v,). This gives the theoretical excitation fre- 
quency for which Eqs. (19) and (39) are the exact 
solution, and it must agree closely with the experi- 
mental data for P, and P; particularly between u, and 
u;. Substitution of Eqs. (19) and (39) in Eq. (23) gives 


4H. Ramien, Z. Physik 70, 353 (1931). 
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Fic. 4. Number of collisions per electron lifetime as a function 


of p/E.. 


the number of inelastic collisions per electron 


ho au,—b+4—C/uzf/uz\° 
Ns; _ 
h 9(u;) u; 


x exp[(a—c/uuz)(us— Uz) }, 
» « (kR+/+1)! (b-D! (c/au,?)! 


ee -- 
k= t= Ri(au,;)* (6—k—/)! l! 


(42) 


where 


9(u;)= 


This function is shown in Fig. 2 and agrees very well 
with the approximation (24) with a=2, B=71.7 volts 

cm-mm of Hg, for almost the whole range of the meas- 
urements. The limit V,;=2 as p/E->0 comes from the 
near equality of h; znd ho, so that at high energies there 
are about equal numbers of excitations and ionizations. 
Introducing Eq. (39) into Eq. (31) we find the effective 
excitation potential from 


1/(u9— uz) =a—3m/2Mu,—(b+})/uz—c/uz*. (43) 


Expressions (36), (42), and (43) may then be introduced 
in (35) to obtain a direct comparison with the quantities 
measured at breakdown. The results are shown in Fig. 3. 
The agreement is good over a wide range of pressure for 
several different values of A and at two different fre- 
quencies. The disagreement at low pressures is due to 
the neglect of the diffusion term in f,; and to the ap- 
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proximations made in the formula for the effective 
excitation potential m and at these pressures the more 
exact confluent hypergeometric functions should be 
used.® 

The agreement with breakdown data gives consider- 
able confidence that the distribution function is correct, 
and therefore it may be used to compute other quan- 
tities of physical interest. Normalizing the distribution 
fe yields the total number of collisions by an electron 


N. = v-/¥;= (uo/ue) Nri(1+woD)+3+wd], (44) 


and this is shown in Fig. 4. The tremendous number of 
collisions experienced by an electron before being 
absorbed by the walls is a measure of the probability of 
its finding an impurity, however small. At pA=40 cm- 
mm of Hg, which corresponds in hydrogen to p/E,=0.1, 
there are 10’ collisions and therefore an impurity 
occurring as one part in 10® will be struck, in the 
average, ten times by each electron. If the impurity is 
such as to attach the electron this will make breakdown 
more difficult, and this is probably the explanation of 
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Fic. 5. Mean energy and equivalent single excitation potential as 
functions of Pp E,. 


the experimental points lying above the theoretical 
curve at the higher pressures. 

The mean energy w@ is obtained from the 
integral as the diffusion constant and is given by 


U/tio= 3(N24D+6)/[ N21 + woD) + 3+ U6 ]. 


same 


(45) 


At high pressures the mean energy tends towards 
3uo/10. The mean energy and “o— u, are plotted against 
p/E, in Fig. 5. 

The authors wish to acknowledge the help of Mr. 
John J. McCarthy, who obtained the data at 100 Mc, 
and of Miss Hsi-Teh Hsieh who carried out the calcu- 
lations and assisted in the theoretical work. 


~ 6A. D. MacDonald and S. C. Brown, Phys. Rev. 76, 1634 (1949). 





PHYSICAL REVIEW 


VOLUME 87, 


NUMBER 3 AUGUST 1, 1952 


Nucleon Momentum Distributions in Deuterium and Carbon Inferred 
from Proton Scattering*t 


J. B. Crapis, W. N. Hess, anp B. J. Mover 
Radiation Laboratory, Department of Physics, University of California, Berkeley, California 
(Received March 19, 1952) 


Nuclear internal momentum distributions of deuterium, carbon, and oxygen are inferred from the energy 
distributions of the protons obtained at various scattering angles when 340-Mev protons are incident on 
these nuclei. The energy spectra of the protons from deuterium agree with the spectra obtained theoretically 
by using the deuteron nucleon momentum distribution given by the Fourier transform of the Hulthén 
wave function. Unfortunately, the experimenta! method is not so good as to distinguish differences in the 
portion of the deuteron wave function within the potential interaction. Protons obtained from carbon and 
oxygen have energy spectra that are consistent with the use of a Gaussian nucleon momentum density 
distribution having a 1/e value corresponding to a nucleon energy of 16+3 Mev. 

Proton yields from deuterium nearly equal those expected from free proton-nucleon collisions. Oxygen 
gives proton yields in the spectral regions investigated that are 16/12 times the corresponding yields from 


carbon. 


I. INTRODUCTION 


pe PECs of nucleon momentum distributions in 
nuclei manifest themselves in nearly every experi- 
ment that is performed using bombarding nucleons or 
gamma-rays of energies greater than about 100 Mev. 
Therefore, in addition to the pure theoretical interest 
of these distributions, their effective values are required 
before other aspects of experimental results can be 
inferred. 

A momentum distribution! of the protons in carbon 
nuclei has been used by Chew and Goldberger’ in 
conjunction with their “pick-up” process to explain the 
angular and energy distributions of the deuterons found 
by Hadley and York? when 90-Mev neutrons were 
incident on carbon. This momentum distribution was 
also found to be suitable by Lax and Feshbach* in 
interpreting the meson energy spectra from carbon at 
90° obtained by Steinberger and Bishop® using the 
330-Mev bremsstrahlung spectrum of the Berkeley 
synchrotron. However, Chew and Goldberger readily 
acknowledge in their paper that the very high momen- 
tum components in their postulated distribution should 
not be believed. Indeed, Henley and Huddlestone® find 
that the meson energy spectra from carbon at 90° 
resulting from proton bombardments’:* are not com- 
patible with the high momentum components of the 


* Based, in part, on a dissertation submitted by one of the 
authors (JBC) to the University of California in partial fulfillment 
of the requirements for the degree of Doctor of Philosophy. 

t This work was performed under the auspices of the AEC. 

' The Chew-Goldberger momentum density distribution is 


| N(R) |2=ae/[x%(a2+h)?], 


where & is the nucleon momentum and a is a momentum corre- 
sponding to a nucleon energy of 18 Mev. 

2G. F. Chew and M. L. Goldberger, Phys. Rev. 77, 470 (1950). 

5 J. Hadley and H. F. York, Phys. Rev. 80, 345 (1950). 

4M. Lax and H. Feshbach, Phys. Rev. 81, 189 (1951). 

5 J. Steinberger and A. S. Bishop, Phys. Rev. 78, 494 (1950). 

*E. M. Henley and R. H. Huddlestone, Phys. Rev. 82, 854 
(1951). 

7C. Richman and H. A. Wilcox, Phys. Rev. 78, 496 (1950) 

5 Block, Passman, and Havens, Phys. Rev. 83, 167 (1951). 


Chew-Goldberger distribution. These authors postulate 
a Gaussian momentum density distribution of the 
nucleons in carbon that has a 1/e value at a momentum 
corresponding to an energy of 19.3 Mev; this distribu- 
tion also fits the low momentum points given by Chew 
and Goldberger. 

A more direct method of inferring internal nuclear 
momentum distributions suggests itself with the advent 
of quite monoenergetic, high energy proton beams. 
Since the De Broglie wavelengths of bombarding 
nucleons having energies greater than about 100 Mev 
are quite comparable with the dimensions of the nucleon 
volume in nuclei, it is sensible to think of these nucleons 
as colliding with individual nucleons of target nuclei. 
Moreover, since the total scattering mean free path of 
nuclear material at these energies is of the order of the 
dimensions of light nuclei,’ more than one-half of the 
scattered particles originate from single collisions within 
nuclei. The special name ‘quasi-elastic scattering” has 
been proposed to distinguish this important process 
which prevails at high energies when scattering angles 
greater than about 20° are viewed. This term is chosen 
to imply that the process is inelastic in that a rearrange- 
ment of the nucleus is brought about, but that it is 
elastic in the sense that a nucleon-nucleon collision 
occurs in the nucleus that resembles the scattering of 
nucleons by free target nucleons. The momentum 
distribution of the nucleons in a nucleus is related to 
the momentum distribution of the nucleons that are 
quasi-elastically scattered. 

Wolff’ has developed an equation that gives the 
energy spectrum of the nucleons scattered at a given 
angle as an integral over the nucleon momentum 
distribution. He deduced this equation by using the 
Born approximation and suitably averaging over the 
possible collisions of incident nucleons with nucleons 


® Fernbach, Serber, and Taylor, Phys. Rev. 75, 1352 (1949). 
1° P. A. Wolff, thesis, University of California Radiation Labo- 
ratory Report No. 1410 (1951); Phys. Rev. 87, 434 (1952). 
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possessing momentum that can contribute to the scat- 
tering of the nucleons into particular solid angles in 
the laboratory system. His result is 


d’*o @|N(k)|? 5» M 
=2 f —_—— )} o;—kdk, 
dQdE K |p—q| im. =f? 


where K\ q-pcosé|q|p—q|, | N(k)|?=the momen- 
tum density distribution of the nucleons in the nucleus; 
p=momentum of incident nucleon; g=momentum of 
scattered nucleon observed; k=momentum of nucleon 
in nucleus; 6=laboratory scattering angle; o;=differ- 
ential cross section for scattering by ith nucleon of 
nucleus containing m nucleons; and M=nucleon mass. 
The approximation made in obtaining the result in such 
a simple closed form is small in comparison with the 
error inherent in the use of the Born approximation. 
Wolff also showed that protons that encounter two 
collisions with nucleons before emerging from nuclei do 
not appreciably alter the shapes of the spectra at 
energies greater than those at the maxima of the 
distributions. 

The nucleon-nucleon nature of collisions involving 
high energy nucleons on nuclei is well illustrated by an 
experiment performed by Chamberlain." He obtained 
the angular correlations of the two protons arising from 
collisions involving 340-Mev incident protons and 
protons in light nuclei. One counter was fixed to view 
protons scattered at 45°; the collision partners were 
viewed simultaneously by another counter that was 
varied in angle about the vicinity of the angular 
correlation obtained when protons are incident on free 
protons (90° nonrelativistically). The distribution of the 
proton angular correlations obtained by using a Li 
target compared to that obtained from an H target 
was found to have a greater width and to be peaked 
at an angle that was smaller by about 6°. The greater 
width is attributed to the momentum distribution of 
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\ schematic diagram of the Berkeley 184-inch cyclotron 
and the path of the external beam. 
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the target protons. The displacement of the peak by 6° 
can be explained by energy losses of the two protons 
after the collision sufficient to account for the binding 
energy of a proton in Li’ and a small amount of excita- 
tion energy of the residual nucleus. 

This report concerns the energy spectra of protons 
scattered by H, D, C, and O at angles of 30° and 40°. 
These angles were chosen so that the nuclear diffraction 
scattering” would be negligible in comparison with the 
scattering due to quasi-elastic collisions. Wolff’s theo- 
retical spectra are used to infer nucleon momentum 
distributions in deuterium and carbon. The forms of 
the curves certainly reveal the prevalence of quasi- 
elastic scattering. The peaks of the spectra from carbon 
fall at slightly lower energies than those of the corre- 
sponding spectra from hydrogen, the differences being 
qualitatively explained by nuclear well and excitation 
effects. 


Il. EXPERIMENTAL METHOD 
A. Energy Spectra 


The spectra of the protons scattered by target nuclei 
are obtained by means of a magnetic deflection device, 
a so-called 35-channel magnetic particle spectrometer. 
The layout of the spectrometer as set up in the experi- 
mental area (cave) is shown in Fig. 2. In this figure the 
dimensions of some of the components are exaggerated 
to emphasize their effects on the resolving power of the 
spectrometer. These effects will be discussed in the next 
section. 


1. Proton Beam 


The external 340-Mev proton beam of the Berkeley 
184-inch synchrocyclotron is used. This beam is pulsed 
at a repetition rate of about 66 per second. In order to 
reduce the number of accidentals in the detection 
counters for a given counting rate it is necessary to 
use a large beam pulse width. A maximum width of 
about 15 to 20 microseconds is obtained by scattering” 
the protons out of the circulating orbits of the cyclotron 
(see Fig. 1). The energy spectrum of this beam, which 
is calculated as indicated in Sec. III to have a width at 
half-height of about 11 Mev, must be taken into 
consideration in the interpretation of the experimental 
spectra. The cross section of the beam in the cave is 
limited to be rectangular, 13 inches wide and ? inches 
high, by a brass collimator located at the exit end of 
the evacuated tube (see Fig. 1). 


2. Targets 


As shown in Fig. 2 the targets used are narrower 
than the beam cross section. However, they are taller 
than the vertical beam dimension so that a fixed length 


® Richardson, Ball, Leith, and Moyer, Phys. Rev. 86, 29 
(1952). 
8 C, E. Leith, Phys. Rev. 78, 89 (1950). 
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of the targets is intercepted by the beam. The cross 
sections of the targets in the horizontal plane are forced 
to be parallelograms by the conditions: (1) the targets 
are required to be narrow with respect to the width of 
the beam so that the energy spread of the incident 
protons striking the targets shall be small, as described 
in detail in Sec. III, and (2) the target dimension 
perpendicular to the direction of the observed scattered 
particles is required to be small to achieve good energy 
resolution, since this dimension is in effect the width 
of the first slit of the spectrometer. 

Energy spectra are obtained of protons scattered 
from targets of water, heavy water, carbon, poly- 
ethylene, container, and air blanks. Subtractions are 
required to obtain proton spectra from hydrogen, 
deuterium, and oxygen. Since equal average proton 
energy loss in the targets used greatly facilitates these 
subtractions, and since the stopping powers of these 
targets are not the same, the target dimensions in the 
direction of the scattered particles observed are varied 
to achieve this equal average energy loss condition. A 
knowledge of the integrated beam per target that is 
required to effect the subtractions is obtained by setting 
an argon-filled ionization chamber in the beam as 
shown in Fig. 2. 


3. Particle Spectrometer 


The scattered particles detected enter the corner of a 
rectangular magnetic field through a “‘slit”’ proportional 
counter (see Fig. 2). This counter has an active area 
whose width is § in. The particles then traverse two 
more proportional counters located in the magnetic 
field. They afterwards encounter an array containing 
35 Victoreen G-M tubes before traversing the final 
proportional counter located in back of the G-M tubes. 
Energy channels of the spectrometer are defined by the 
target considered as the first slit, the slit counter, and 
the G-M tubes. Thirty-five channels are used so that 
nearly the entire spectra can be obtained with a single 
field setting and with a constant arrangement of the 
spectrometer components. 

The G-M tube signals giving the distribution of 
particles in the energy channels are properly amplified 
and recorded on a bank of 35 registers. To reduce the 
accidental coincidences due to random background, the 
G-M tube amplifiers are gated ‘‘on” by the quadruple 
coincidences of the proportional counter signals. These 
quadruple coincidences also serve as a convenient means 
of arriving at the relative integrated yields of protons 
from targets at the scattering angles of observation. 


4. Nature of Scattered Particles Detected 


The spectrometer described above gives merely the 
momentum distribution of the particles analyzed, since 
only their bending effect in the magnetic field is 
observed. The masses of the particles must be known 
to deduce their energy spectra from the momentum 
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Fic. 2. The magnetic deflection spectrometer used to obtain the 
proton energy spectra. 


distributions. However, the great preponderance of 
these particles is expected to be protons, particularly 
at the scattering angles used (30° and 40°). This 
expectation arises from the considerations embodied in 
the introduction concerning the De Broglie wavelengths 
of the bombarding protons, the transparency of light 
target nuclei, and the investigations by Hadley and 
York? of the secondary particles knocked out of target 
nuclei by 90-Mev incident neutrons in which the only 
ionizing particles detected were protons, deuterons, and 
tritons. The pick-up theory accounts well for the angular 
ane energy distributions of the deuterons and tritons. 
The tritons were observed if small numbers and only in 
the near forward direction. Heidmann" considers the 
energy dependence of the pick-up process and shows 
that the total cross section for the production of 
deuterons at 300 Mev is down to less than a thou- 
sandth of its value at 100 Mev. Moreover, he shows 
that the angular distribution becomes increasingly 
peaked in the forward direction as the incident energy 
becomes larger. The number of deuterons produced by 
340-Mev protons at scattering angles of 30° and 40° 
should be quite small indeed. 

Alpha-particles are certainly ejected in spallation 
reactions, but they require 100 Mev to be recorded in 
the lowest energy channel. Alpha-particles in the spal- 
lation products resulting from 340-Mev proton bom- 
bardments rarely possess energies greater than about 
30 Mev.'® Mesons require energies greater than 300 Mev 
to be recorded in the lowest energy channel. Clearly, 
mesons of this energy are not produced by the proton 
beam. 

Thus, only deuterons would conceivably contaminate 
the energy spectra calculated on the assumption that 
protons alone are detected. These deuterons are found 
to be quite negligible in number, if present at all, by a 
method described in Sec. III of finding the pulse 


heights of the particles in various magnet channels. 


4 J. Heidmann, Phys. Rev. 80, 171 (1950). 
© R. Batzel, private communication. 
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B. Absolute Cross Sections 


Relative yields are obtained, as stated before, from 
the proportional counter quadruple coincidences data. 
In principle, they could be obtained from the areas of 
the proton spectra; but this method is not feasible 
since the proton spectrum from hydrogen is sharp, and 
its apparent shape is simply the resolution pattern of 
the spectrometer which is contained within only a few 
channels. 

The absolute cross sections for protons from deu- 
terium can be obtained at each scattering angle by 
comparing the proton yields from deuterium to the 
corresponding proton yields from hydrogen and using 
the proton-proton differential scattering cross section at 
340 Mev given by Chamberlain, Segré, and Wiegand.'® 
In the case of protons from carbon, these comparisons 
give only estimates in the nature of lower limits for the 
cross sections, since the proportional counters do not 
accept the complete energy breadth of the spectrum. 
Low energy components below about 90 Mev are not 
included. 


Ill, CALIBRATION OF PARTICLE SPECTROMETER 
A. Resolving Power of Particle Spectrometer 


The resolving power of the spectrometer is obtained 
by “folding” together the individual resolving power 
curves of the components which affect the energy 
resolution. These components are (1) the target width 
considered as a slit, (2) the width of the slit counter, 
(3) the width of the G-M tubes, (4) the energy losses 
of the protons in the targets, and (5) the small angle 
scattering in the proportional counter windows and in 
the air path. In practice the resolving power curves of 
these components are approximated by rectangles, and 
are referred to, for simplicity, as the energy widths of 
the components. 

The energy width of a particular component is found 
by assuming the widths of all the other components to 
be zero. For example, the energy width of a G-M tube 
is the maximum energy difference of two protons that 
can still be accepted by a certain G-M tube when 
assuming that the protons originate at the center of 
the target, suffer no energy spread in emerging from 
the target, go through the center of the slit counter, 
and suffer no small angle scattering in the proportional 
counter windows or in the air path. Similarly, the 
energy width of the slit counter is given as the energy 
difference that would be recorded by point G-M tubes 
in juxtaposition at the G-M tube array, of two protons 
that have the same energy and that take the same path 
described above with the exception that one proton 
traverses the slit counter at one edge while the other 
proton traverses the opposite edge. The widths of the 
other components are obtained by using the same 
approach. 


16 Chamberlain, Segré, and Wiegand, Phys. Rev. 83, 923 (1951). 


HESS, 


AND MOYER 

All of the energy widths of the components are 
energy dependent. The G-M tubes define energy chan- 
nels from about 350 Mev to 95 Mev. Between these 
limits the energy drops off almost exponentially as a 
function of position along the G-M tube array. Thus, 
the change in energy with respect to a fixed linear 
increment along this array is also nearly exponential. 
From this fact, it is clear that the energy widths of all 
of the factors mentioned above, except that due to the 
target thickness, become smaller as the proton energies 
become lower. The energy losses of the scattered protons 
in the target, of course, increase as the energies of the 
protons decrease. As a result of these effects, the re- 
solving power curves of the energy channels decrease 
exponentially in width in the direction of lower energies 
until an energy £ is reached, after which the channel 
resolutions are limited by energy losses in the targets. 
At proton energies less than Ep, the energy resolution 
of the channels becomes progressively worse. The 
maximum resolving power of the spectrometer is, 
therefore, at the energy EZ». Parameters are chosen so 
that Ep falls near the peaks of the spectra, where the 
best resolving power of the spectrometer is required. 

A practical limit of the resolution is forced by the 
unavailability of an infinite amount of cyclotron time. 
A compromise between channel counting rates and 
energy resolution is necessary. After having decided the 
practical resolution that can be used, care must be 
taken that. maximum channel counting rates are ob- 
tained consistent with this energy resolution. This 
condition can be met by making the energy widths of 
the slits (target and proportional counter) nearly equal 
to the energy widths of the G-M tubes in every energy 
channel. 

The energy width due to small angle Coulomb scat- 
tering in the proportional counter windows is kept at a 
minimum by using 0.001-inch aluminum windows and 
by forming the confines of the “slit” . proportional 
counter with 0.0005-inch aluminum. 

The energy spread of the beam must be known before 
a comparison of theory to experiment can be made. 
This is obtained in an approximate manner by assuming 
a flat energy spectrum of protons scattered into the 
magnetic channel (refer to Fig. 1) from the circulating 
tank of the cyclotron. Then the energy distribution is 
found of the protons that can strike the target after 
passing through the cyclotron premagnet collimator 
and being bent through an angle of about 20° by the 
beam focusing magnet. It is clear that the problem of 
finding this distribution is the same as that of finding 
the resolving power of the spectrometer. In each case 
two collimating slits precede the magnet and one slit 
accepts the flux that has been deflected in the magnetic 
field. The energy widths that have to be folded together 
now are those due to (1) the magnetic channel opening, 
(2) the premagnet collimator, and (3) the target width. 
The resultant width at half-height is found to be about 
11 Mev. No estimate has been made of the low energy 
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components in the beam produced by scattering from 
the rectangular collimator preceding the target. 

The resolving power of the spectrometer calculated 
above can be checked experimentally at energies corre- 
sponding to the peaks of the proton spectra from 
hydrogen. These spectra also indicate a small contri- 
bution of low energy components of the beam mentioned 
above to be incident upon the target. The experimental 
data representing a particular proton energy spectrum 
from hydrogen, whose peak falls at an energy E, should 
agree with the theoretical spectrum obtained by aver- 
aging the resolving power of the spectrometer at the 
energy E over the energy spread of the beam. Actually, 
the shapes of the proton spectra from hydrogen are 
experimentally quite unknown, the spectra being so 
sharp as to be contained in only a few channels. The 
comparisons at 30° and 40° are shown in Fig. 3. At 30° 
only a few experimental points are available to define the 
peak since the G-M tubes in the array were separated 
by 3% in. They were in juxtaposition in the vicinity of 
the peak when the 40° data were taken. The areas of 
the calculated resolution curves are chosen to agree 
with the proton yields as obtained from the proportional 
counter data. The relative ordinate scale used in Fig. 
3(a) does not correspond in any way to that chosen in 
Fig. 3(b). 


B. Magnet Channel Energies 


The magnet channel! energies are obtained by using 
the fact that a wire carrying a current of J abamperes 
and subjected to a tension of JT dynes in a magnetic 
field B will assume the trajectory of a charged particle 
whose energy corresponds to Bp=T/I gauss-centi- 
meters. This can be shown very easily. A short length 
dl of a current carrying wire in a magnetic field sub- 
tending an angle dé@ at a distance p from the center of 
curvature is acted upon by the radial force Bldl. If 
this segment is in equilibrium, this radial force must 
equal 27(}d0)=7d0, for d@ small. Using p=di/dé@, the 
very simple and useful result Be=T7/J is obtained. 
The wire follows the path of a constant energy particle 
since this relation holds at every point of the wire. The 
energies obtained in this way are in error by less than 
2 percent. 

If the magnet channel energies are also obtained 
analytically, assuming a constant field over the dimen- 
sions of the pole faces, these calculated energies differ 
from those obtained by means of the wire method by 
nearly 8 percent. By examining the field of the magnet 
along the paths of the particles, the discrepancies are 
well accounted for by the effect of the fringing field. 
It is also reassuring to note that at every scattering 
angle 6, the calculated proton energy obtained by 
assuming free equal mass particle collisions agrees, 
within the accuracy of the angle measurement (1°), 
with the peak of the experimentally obtained proton 
spectrum from hydrogen. 
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Fic. 3. Proton energy spectra at 30° and 40° from the scattering 
of 340-Mev protons by hydrogen. 


C. Test for Deuterons in Particles Measured 
by Spectrometer 


The energy channels designed to accept protons from 
90 Mev to 350 Mev can also accept deuterons in the 
energy range from 45 to 197 Mev. Deuterons arising 
from the elastic scattering of protons by the deuterons 
in the heavy water target have energies equal to 
(8/9)T» cos*@, nonrelativistically, where 7» is the inci- 
dent proton energy and @ represents the angles of the 
struck deuterons. At @=40° this energy is about 177 
Mev, which corresponds to a proton channel energy of 
317 Mev. According to Heidmann“ the deuterons from 
the pick-up process have broad energy spectra that are 
probably peaked near the same energies as those of the 
recoil deuterons from elastic p-d collisions. An attempt 
was made, therefore, to distinguish deuterons from 
protons at the proton energy channels in the vicinity 
of 315 Mev. 

Since the deuterons of 177 Mev produce pulses in 
proportional counters that are a factor of 2.5 higher 
than those produced by 317-Mev protons, a method of 
discrimination on the basis of pulse heights is at once 
suggested. This was attempted by seeking two voltage 
plateaus in fivefold proportional counter coincidences ; 
the plateau at the higher voltage range should include 
protons and deuterons, that at the lower range should 
contain deuterons alone. A proportional counter was 
located to intercept proton flux in the energy range 
from 300 Mev to 340 Mev (deuterons of energy from 
165 Mev to 190 Mev). It was placed behind the last 
proportional counter normally intercepting the particle 
flux being analyzed (see Fig. 2). Fivefold coincidences 
were then obtained between the signals of this counter 
and those of the usual counters producing the quads 
for the spectra, which were obtained concurrently with 
this data. These fivefold coincidences were recorded as 
a function of the voltage applied to the proportional 
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Fic. 4, Proton energy spectra at 30° from 340-Mev protons on 
deuterium and carbon. The calculated resolving power curve is 
shown dotted. 


counter added. The data obtained in this way, using 
heavy water and water targets show that the deuterons 
constitute a very small fraction, if any at all, of the 
particles in these channels. 


IV. ANALYSIS OF DATA 
A. Channel Efficiencies 


The magnet energy channels have widely varying 
efficiencies for accepting particle flux. If a flat spectrum 
of protons were viewed by the spectrometer, the number 
of counts in each channel would be proportional to the 
energy widths of the G-M tubes. The channel counts 
would decrease in a near-exponential manner from 
channel 1 to channel 32, the number of counts in 
channel 1 being about 9 times as great as that in 32. 
It is clear that these channel counts must be divided 
by the relative efficiencies (G-M tube widths) to repro- 
duce the particle spectra. 

The spectra would also be distorted somewhat by 
the target if it were so thick, and if the energy channels 
were so wide, that an appreciable difference would exist 
in the target energy losses of particles having energy 
differences equal to the widths of the channels. This 
would cause the spectra to be distorted because of the 
variation of its effect on the channel acceptance effi- 
ciencies. The correction due to this cause is quite 
negligible, however, since there exists a rather fortuitous 
compensating effect. As the stopping power of the 
target becomes more rapidly changing with energy (at 
the lower energy channels), the G-M tube widths of the 
channels become narrower in such a way that this 
target effect remains negligible in all of the channels. 


B. Subtractions Made in Obtaining Spectra 


The possibility of obtaining accidental coincidences 
in the cave is generally very high because of the intense 
radiation background. By lowering the beam intensity 
and by providing adequate shielding, the accidentals 
in the quadruple coincidences of the proportional 
counter signals were reduced to about one percent. 
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Accidental coincidences were still found to occur, 
however, between the G-M tube signals and the gates 
applied to the G-M tube amplifiers. These accidentals 
were evaluated experimentally for each target used by 
obtaining a spectrum while applying gates to the G-M 
tube amplifiers which were random but restricted to 
beam pulses periods, and then subtracting the ‘“‘real’’ 
components of the spectrum (obtained by using 
quadruple coincidences gates) which should have 
occurred for the same integrated beam. 

The channel data are not divided by the channel 
efficiencies until the required normalizations, correc- 
tions, and subtractions are performed. These are all 
incorporated in the mathematical operations indicated 
below. The channel counts must first be corrected for 
the accidentals and for the no target (blank) contribu- 
tions. Then the data are normalized to a per-target-mole 
basis to obtain the relative number of protons scattered 
by oxygen, deuterium, and hydrogen from the proper 
subtractions. 

Let CH2= original channel counts from polyethylene 
target/beam monitor, C=original channel counts from 
carbon target/beam monitor, D,O=original channel 
counts from heavy water target/beam monitor, H,O 
=original channel counts from water target/beam 
monitor, A=original channel counts from air blank 
target/beam monitor, B=original channel counts from 
empty liquid container/beam monitor, g=number of 
gates/beam monitor), M=number of target moles/inch 
height of target in beam, and K=accidentals/gate. 
Let the subscripts hw, w, p, c, a, and k refer, respectively, 
to heavy water, water, polyethylene, carbon, air blank, 
and “can” blank. Then the following operations give 
the relative contributions of protons from the nuclei 
listed below. 


Carbon (C): (1/M.)[C—g.K —(A—gaK)], 
Hydrogen (H2): 

(1/M,)[CH2—g,K —(A—g.K) ]—(C), 

Oxygen (0): (1/M..)[H2O—g..K —(B—g,-K) ]—(H2), 
‘Deuterium (D,): 

(1/M ne) D20—gnwK —(B—gK)]—(O), 
Oxygen (0): (1/Mw)[H:O— gwK —(B—gwK)]—(H2). 
The values used are 

76, Miw=0.418, M,=0.418, 
81, M,=0.390, M.=0.655. 


Lhw= 67.4, £p= 54.9, gs™ 


Ss 
2. 


w= 63.2, g-=58.6, ga= 


In order to obtain the integrated yields of protons from 
these nuclei using the quads, the same subtractions 
indicated above are performed with the simplification 
that now K=0. 


VI. FINAL RESULTS 
A. Presentation of Data 


The proton spectra from carbon and deuterium at 
30° and at 40° are shown in Figs. 4 and 5, respectively. 
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The calculated resolution curves that are fitted to the 
proton spectra from hydrogen as shown in Figs. 3(a) 
and 3(b) are reproduced in Figs. 4 and 5 so that the 
effects of internal momenta on the shapes and peaks 
of the spectra may be noted. The ordinates of the 
graphs representing the spectra are entirely relative. 
In addition, they are only consistent at a particular 
scattering angle; i.e., the relative ordinate scale used in 
representing the 30° data is not correlated with that 
used for the 40° data. The vertical lines at the experi- 
mentally obtained points indicate only standard devi- 
ations due to counting statistics. The horizontal lines 
depict the widths at half-height of the channel resolving 
power curves averaged over the beam energy spread. 
Since the channel acceptance energies are narrower 
than the target energy losses in the lower energy 
channels, the channels are combined until these widths 
are nearly the same. As far as the counting rates are 
concerned, this procedure similates the use of G-M tubes 
of adjustable physical widths such that their energy 
widths nearly equal the energy losses in the target at 
the central energies of the modified channels. The 
counting statistics in these channels thus become 
improved considerably with essentially negligible losses 
in energy resolution. 

That these curves may more closely represent the 
proton spectra immediately following the collisions, 
the data are plotted at energies that are greater than 
the central channel energies by the mean energy losses 
in the target. This shift in energy corresponds to about 
4 Mev at the peaks of the spectra. 


B. Discussion of Results 


The curves that are shown fitted to the spectral 
points of protons from deuterium and from carbon are 
the theoretical spectra obtained by inserting various 
momentum distributions into the equation given by 
Wolff, as is discussed in Sec. I. Of course, the energy 
resolution of the spectrometer is first folded into these 
theoretical curves before comparing them with the data. 

The theoretical spectra of protons from deuterium 
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Fic. 5. Proton energy spectra at 40° from 340-Mev protons on 
deuterium and carbon. The calculated resolving power curve is 
shown dotted 
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Fic. 6. The curves that are drawn to the 40° data depict the 
sensitivity of the theoretical proton energy spectra to the assumed 

nucleon momentum density distributions shown in Fig. 7. 


drawn to the data in Figs. 4 and 5 are obtained by 
using the momentum density distribution given by the 
square of the Fourier transform of the Hulthén wave 
function, 


(e~2"— e~ 8") /r, 


where (ah)?= me (m=nucleon mass, e= deuteron bind- 
ing energy) and 8/a=7. The numerical solution of the 
Schroedinger equation using the Yukawa potential is 
closely approximated by the function chosen above.'” 
The value 8/a=7 is obtained from the effective range 
given by Blatt and Jackson'* (see also Gluckstern and 
Bethe"). 

In order that the sensitivity (or insensitivity) of this 
method to the portion of the deuteron wave function 
located within the interaction potential may be dis- 
cerned, two theoretical curves obtained by using widely 
different wave functions are drawn to the 40° proton 
spectrum from deuterium in Fig. 6. Curve A is obtained 
from the Hulthén wave function described above; 
curve B is obtained by assuming the wave function 
e~*"/r, which holds properly in the region of no po- 
tential interaction, to hold everywhere. That Curve B 
is wider than curve A is understandable since the wave 
function e~*’/r diverges at the origin, exaggerating the 
high momentum components in its transform. It can 
been seen, however, that the data do not divulge 
information concerning the wave function of the deu- 
teron since appreciable differences in the curves occur 
only at the “tails” where the experimental data are not 
well known. Nevertheless, it is comforting to note that 
the theoretical curves fit the data as well as they do in 
this case of the deuteron for which the momentum 
distribution is fairly well established, and confidence 
is gained in the momentum distribution used to fit the 
proton spectrum from carbon. 

A Gaussian momentum distribution containing a 1/e 
value at a momentum corresponding to a nucleon 


7 G. F. Chew, Phys. Rev. 74, 809 (1948). 
18 J. Blatt and J. D. Jackson, Phys. Rev. 76, 18 (1949) 
19 R. L. Gluckstern and H. A. Bethe, Phys. Rev. $1, 761 (1951). 
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Fic. 7. Nucleon momentum density distributions that were 
used in attempts to fit the experimental data. These curves 
represent (A) the distribution given by the Fourier transform of 

the deuteron Hulthén wave function: 
1 1 : 
PP +ath* P+ eh ; 
(B) the distribution given by the transform of the deuteron 
e-@"/r wave function |1/(p?+<a2h?)|*, a*h?=me; (C), (D), and 
(E) are Gaussian distributions exp(—p*)/a*h®, where a*h®/2m 
equals 12 Mev, 16 Mev, and 20 Mev, respectively; and (F) the 
Chew-Goldberger distribution |1/(p?—a*h?)|?, (a*h?/2m)=18 

Mev 


oeh?=me, B/a=7; 


energy of 16 Mev has been used to give theoretical 
proton spectra from carbon that fit the 30° and 40° 
data as shown in Figs. 4 and 5. Figure 6 depicts the 
curves obtained when other momentum distributions 
are attempted to fit the 40° data. In obtaining curves 
C, D, and E, Gaussian momentum distributions having 
1/e values corresponding to energies of 12, 16, and 20 
Mev, respectively, have been used. Curve F is deduced 
from the Chew-Goldberger momentum distribution. 
The momentum density distributions used are plotted 
in Fig. 7 as functions of P/(2m)!, so that the energies 
of the nucleons corresponding to specific regions of the 
distributions can merely be obtained by squaring the 
corresponding values of the abscissas (the relativistic 
corrections are only a few percent at the highest 
momenta shown). From an inspection of the curves in 
Fig. 6, it is evident that curves C and F definitely 
disagree with the experimental results. The conclusion 
reached by Henley (see Sec. I) that the Chew-Gold- 
berger momentum distribution contains too many high 
momentum components is thus also verified by this 
experiment. Although curve D seems to give the best 
fit to the data, curve E£ is not in violent disagreement. 
In fact, any Gaussian nucleon momentum density 
distribution with a 1/e value between 14 and 19 Mev 
would not be inconsistent with the experimental results. 

Differential cross sections of protons from deuterium 
are obtained by comparing the proton yields from 
deuterium to the corresponding yields from hydrogen 
as described before. These cross sections, together with 
the 30° and 40° p-p cross sections at 340 Mev and n-p 
cross sections at 270 Mev, are listed in Table I. It is 
seen that the cross sections of protons from deuterium 
nearly equal the sum of the proton-nucleon cross 
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sections. Because of the internal momenta involved in 
the case of protons from deuterium, the cross sections 
obtained represent averages over proton-nucleon colli- 
sions in particular ranges of relative energies and 
scattering angles, where the scattering angles are con- 
sidered measured from the direction of approach of the 
interacting nucleons in the center-of-mass system to 
the direction of observation in the laboratory system. 
The condition mentioned above concerning the cross 
sections is considered plausible since (1) interference 
effects at the scattering angles used are small, (2) the 
nucleons of the deuteron are much of the time so 
widely separated with respect to the De Broglie wave- 
length of the bombarding protons that they may act as 
independent scattering centers, (3) the ranges of 
relative nucleon energies and scattering angles men- 
tioned above are small in comparison with their mean 
values, (4) the free proton-nucleon cross sections are 
not sensitive functions of the energy at 340 Mev, and 
(5) the free proton-proton differential cross section, 
which is larger than the corresponding proton-neutron 
cross section at the scattering angles used, has a flat 
angular dependence in the c.m. system so that its 
variation in the laboratory system goes only as the 
cosine of the scattering angle. 

The data from carbon does not give information 
concerning cross sections since the entire spectra were 
not obtained. However, the extrapolated spectral curves 
indicate that the proton yields may be close to those 
predicted by the corresponding free proton-nucleon 
collision cross sections. Furthermore, the proton spec- 
trum from oxygen at 40° (see Fig. 8) is well represented 
by a curve obtained by multiplying the theoretical 
spectrum from carbon by 16/12. A 30° proton spectrum 
from oxygen was not obtained because deuterated 
paraffin was used instead of heavy water to supply 
deuterons at this angle. 

Finally, it must be stated that the theoretical spectral 
curves have been arbitrarily translated along the energy 
scale toward lower energies in the case of carbon, in 
order that they may fit the data. On the basis of the 
simple mechanical calculations, the peaks of the energy 
spectra from deuterium, carbon, and oxygen should fall 
at the peaks of the spectra from hydrogen. Figures 4 and 
5 indicate that they not only fail to coincide but also 
that the energy differences of the peaks seem to increase 
with the scattering angle. To be sure, the proton-nucleon 
cross sections favor small relative energy collisions, but 
this effect accounts for only a few Mev of the energy 


Taste I. Total differential cross sections in the laboratory system. 


p-p* X10? p-n> X108 p-d X10? 


15.7418 
128+0.6 


Scattering angle 


30° 13.2 3 
40° 1L¢ 1 


* Obtained by Chamberlain et al. (see reference 15) using 340-Mev proton 
beam 
+ Obtained by Kelly ef al. (Phys. Rev. 79, 96 (1950)) using 270-Mev 
neutron beam 
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differences observed. The greater portions of these 
energy differences are undoubtedly due to nuclear 
effects, such as the nuclear potential well and the 
binding and excitation energies, which have not been 
considered in the calculations. It is difficult to account 
for these effects in a quantitative manner, but rough 
calculations show that the energy differences observed 
should be expected. 

First, it is easily seen that the nuclear potential well 
(the negative potential energy the incident proton 
experiences in the nucleus due to the proximity of all of 
the nucleons except the nucleon with which the proton 
collides) reduces the average proton energy observed 
from the value expected from free proton-nucleon 
collisions. A proton having an initial energy Eo and 
being scattered an angle @ by a free nucleon initially 
at rest will have an energy E that is given nonrelativ- 
istically by the expression, 


E= E, cos’6. 


In the case of a proton being scattered by a nucleon 
that is bound in a nucleus, the energy Eo must be 
augmented by the average nuclear well depth Vo. 
After colliding with a nucleon and before leaving the 
nucleus, this energy Vo must be relinquished by the 
proton. The peak of the energy distribution due to this 
cause would roughly fall at an energy 


E=(Eo+ Vo) cos?@— Vo= Ep cos?6— Vo sin’é. 


The energy differences predicted (Vo sin*#) are seen to 
be dependent on the scattering angles. If Vo is taken 
to be 30 Mev, then the differences are 7.5 Mev at 30° 
and 12.4 Mev at 40°. The observed differences are 
about 12 Mev at 30° and 27 Mev at 40°. Nuclear 
rearrangements that accompany quasi-elastic processes 
are considered to account for the remainder of the 
energy differences observed. When a 340-Mev proton 
is scattered by a nucleon to an angle greater than 
about 25°, the momentum imparted to the nucleon is so 
great that it too may leave the nucleus. If both the 
proton and the nucleon escape from the nucleus with 
no further encounters, then the excitation energy of 
the nucleus would probably be small, but the binding 
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Fic. 8. Proton energy spectra at 40° from 340-Mev protons on 
carbon and oxygen. The ordinates of the theoretical curve drawn 
to the data from oxygen are greater than those of the corre- 
sponding carbon curve by a factor of 16/12. 


energy of the nucleon in the nucleus must be provided 
for the nuclear transition involved to take place. Since 
this energy must be subtracted from the nucleons 
which are to leave the nucleus, the average energy of 
the quasi-elastically scattered protons is reduced. Since 
the binding energy of a neutron in C” is as high as 20 
Mev, these considerations are probably sufficient to 
account for the observed energy differences in the 
peaks of the spectra. 
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The Scattering of Protons from Carbon* 


Peter A. WOLFF 
Radiation Laboratory, Physics Department, University of California, Berkeley, California 
(Received April 7, 1952) 


Using the impulse approximation, a formula has been derived which gives the energy spectra of protons 
scattered from carbon in terms of the nuclear momentum distribution. Estimates of the errors involved in 
this formula give values of 5-10 percent for a 340-Mev bombarding energy. A comparison is made with the 
experimental data of Cladis, and it is concluded that a Gaussian momentum distribution gives a good fit to 


his results. 


Z. 


a of fast nucleons with nuclei can be 
understood on the basis of a model proposed by 
Serber' which treats such encounters as being made up 
of a series of nucleon-nucleon interactions. In particular, 
if the target nucleus is small and the bombarding energy 
high (long mean free path), this theory predicts that 
an incoming particle will ordinarily only scatter once 
in traversing the nucleus and, therefore, that the 
over-all collision will have many of the features of a 
free nucleon-nucleon interaction. The differences be- 
tween this so-called “quasi-elastic scattering” and true 
nucleon-nucleon scattering are then determined by the 
binding of the struck particle and thus can be used to 
obtain information about nuclear structure, especially 
about the nuclear momentum distribution. Or, knowing 
the moraentum distribution, one could use data on the 
interaction of nucleons with nuclei to study funda- 
mental processes involving them. 

In the present paper we treat the particular problem 
of the quasi-elastic scattering of protons from carbon. 
This reaction has recently been studied experimentally 
by Cladis* who found that the scattering is, indeed, 
very much like that of free nucleons. Thus, the hy- 
pothesis of a two-particle collision is verified and can 
be used as a basis for understanding high energy colli- 
sions. Our aim in this work will be to use this point of 
view to obtain formulas giving the shapes and widths 
of the energy spectra of scattered protons in terms of a 
single momentum distribution of particles in the carbon 
nucleus. Comparison of these formulas with Cladis’ re- 
sults will then enable us to obtain an expression for the 
momentum distribution and, finally, will permit a 
judgment as to the degree of correctness of this type 
of approach to problems involving energetic collisions. 

Il. 

The mathematical technique for handling a scatter- 
ing problem of the type we are considering is the im- 
pulse approximation, first formulated by Fermi’ and 
elaborated by Chew.‘ This method takes advantage of 

* This work was performed under the auspices of the AEC 

1 R. Serber, Phys. Rev. 72, 1114 (1947). 

2 John Cladis, thesis, University of California (1952); Cladis, 
Hess, and Moyer, Phys. Rev. 87, 425 (1952) 

3 E. Fermi, Ricerca sci. VII-II, 13 (1936) 

‘G. F. Chew, Phys. Rev. 80, 196 (1950) 


the briefness of nucleon-nucleon interactions as com- 
pared to nuclear periods, assuming that during the 
collision the nucleus is “frozen” in the sense that no 
momentum is exchanged between the two interacting 
particles and the rest of the nuclear system. The colli- 
sion, therefore, can be looked upon as an ordinary two- 
body scattering with the exception that the target 
particle is moving at the time of impact. Thus, the 
amplitude for scattering from the particle labeled ry in 
the nucleus is 


A,=> dol RE, r2,° + Ti2)a(pko, RE: ; qéo' sé’) 
1 
X o/(re,- + -ri2)6(p+k—q—s)drdk, 


where @ is the ground state of carbon with the portion 
referring to particle one written in momentum space, 
a(ptok&1; géo’, sE:’) the amplitude for scattering of free 
nucleons of momenta p, k and spins (isotopic and real) 
fo, £ into the state labeled by q, s and &’, &:’, and ¢, 
a wave function of the residual nucleus. Of course, the 
total amplitude involves a sum of scattered waves from 
all the particles within the nucleus; hence the cross 
section contains interference terms between waves 
scattered from different nucleons. However, these are 
small for angles of scattering greater than about 
twenty degrees since they then involve high Fourier 
components of the ground-state wave function.’ Thus, 
it is sufficient for our purposes to calculate A;, square 
it, and then sum over the different particles within the 
nucleus. Furthermore, since we are principally interested 
in the energy spectrum of the outgoing particles, we 
also sum over all final states consistent with a mo- 
mentum q for the scattered proton. The cross section 
is then 


ado (-)(- (= v5 e ds | 
ee ee, SF ae oe 
dQdq h _ h? ) 1 =| (2m)3| iil 


Yi J DX o0(4+ s— péi, 2, +++ Ti) 


§o.€0’, &1’ &1 


j2 2 
— ee 
» SEr bs (ro- + +, r12)dr] s 
| (2m)8] 
’ For further discussion of this point see J. Heideman, Phys. 
Rev. 80, 171 (1950) and E. M. Henley, thesis, University of Cali- 
fornia (1951). 
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Because of the two-particle nature of the interaction 
the final states ¢; that contribute to the cross section 
are clustered in a fairly narrow energy band. This means 
we can replace EZ; in the 6-function by some average 
value E, and perform the sum over / explicitly by the 
closure principle.® The result is 


fe iM ee 2 f ds | 2M 
— —s ——— 6 f-#-—¢—- om B; 
dQdg h hp\ he ) rJ (2n)| he 


FS LX o0(q+ 8— péo, F2, 
fo.€0’1’ | & 


°° * Bus) 


2 ¢ 
x apie, a-+8— pls; abs’ sér’)| dr | ——, 
| | (2")3 


where B,;= —E,+E;. Neglecting the cross terms aris- 
ing from different orientations of £,,’ we can rewrite this 
formula as 


do 2 /M\2M ds 4 
——— 8 ( -) xf — Zz a\? 
dQdq h hp 1 (2r)8 &0.€1.0".€1’ 


xf o0(Q+ S— pre, -**T12)|*dr 


2M i 
xi p—@ 2 Bu ee 
h? 


(2r)* 


The integral $¢o(q+$8-—p, 72, °*-f12)*dr is the mo- 
mentum distribution, which henceforth will be desig- 
nated by V(q+s—p). Furthermore, it is reasonable to 
suppose that |a|* is dependent only upon the mo- 
mentum transfer p—q, which permits us to take it 
outside the integral. Therefore, letting 


|a|?=|V|? and 


| 


&0,€1,€0" .€1’ 


q+s—p=k, 


we find 


Po &wM2M x dk 
——a —F lV ‘f —N(k)x 
dQdg hhp h® 1 (2x) 


(27)? 


2M g 
i(r-e-c+ k—q)’- by) - 6) 
h? 
Since \V(k) is dependent only upon the magnitude of 
k, and not upon its direction, the angular integrations 
can be performed without putting in an explicit ex- 
pression for the momentum distribution. To do them, 
expand the 6-function to 


8 2pq cosd— 2g?—k’— (2M /h*)B,y—2k-(p—q)]  (5’) 


(@ is the angle of scattering), and measure 4;, the polar 
6 This analysis closely parallels that given by G. F. Chew and 
M. L. Goldberger, Phys. Rev. 77, 470 (1950). 
7 Strictly speaking, this is only correct if there are no tensor or 
spin-orbit forces operating in the carbon nucleus. 
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angle of k, from p—q. The integrations can now be 
done immediately to give 


da —(7) (—*)z 1 N(k)Rdk 
baa fo ty uty 

t ' R ' ’ 
dQdg fh? \h hp J 1 (2x)5 2k| p—q| 
where the factor 2k| p—q| is a Jacobian which is intro- 
duced by the integration over the delta-function. The 
limits on the final integration over & are given by the 
condition |cos@,|<1 which, combined with Eq. (5), 
gives the following equation to determine them: 


(2pq cos0— 2q*?— (2M /h*) By ,;— k’)?=4k?| p—q|*. (7) 
The solutions are 
k? = 2p?—2pq cos0+ (2M /h®)B :;+2[{ p’— pq cosd 


+(M/h*)Biz}?— (q?— pq cosd+ (M/h®)Bis}?}* (8) 
or 


k~[2p?—2pq+(2M/h*)Biz 
2M 
+ (2"- 2pq cost+—Bi) 
H2 


| (q°— pq cosd+ (M/h®) Bis P 
2[ p?— pq cos0+(M roti 





where in the last line we have made use of the fact 
that- (M/h*)B;; and g—pcosé are small for quasi- 
elastic scatterings (q—pcos@ would be zero for free 
nucleon scattering). The upper limit on & is very large 
compared to all nuclear momenta so it can be replaced 
by infinity. Denoting the lower limit by Amin, where 


kmin?=[q?— pq coso+(M/h?) Bi, P/ 
(p?— pq cos6+(M/h®)Biz], (9) 


the final expression for the cross section is 


@o 2x gM? /2M\ 1 ” N(k)d(k?) 
Bucs -_( yeiveef ——-, (10) 
dQdE h hip(2e)’\ we Jt kmin 4| p—q| 


Because of the similarity between quasi-elastic scatter- 
ing and that of free nucleons, the values of g for which 
d’o/dQ@E is large lie near p cosé. Thus, in the slowly 
varying parts of the above expression it is a good 
approximation to replace qg by pcos@ for, as will be 
seen later, the small errors made by this replacement 
are no larger than those inherent in the method of 
deriving formula (10). Thus min? becomes simply 


kmin?=([p cos0(q— p cos0)+ MB j,/h? / 
[p? sin’0+MB,,/h?], (11) 


which, if MB;;/h® is negligible, reduces to the even 
simpler formula 


kmin= (q— p cos@) coté. (12) 
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Before these formulas can be used to obtain V(k) 
we must decide what to substitute for | V|*. If g= p cos@ 
(the free scattering value) then | V |? is directly propor- 
tional to either the n—p or p—p cross section, de- 
pending upon whether the particle scattered from is a 
neutron or a proton. In the applications, therefore, we 
will replace | V|* by the appropriate free nucleon cross 
sections. This procedure is actually quite good because, 
at the angles and energies at which we will work, the 
n—p and p—p cross sections are changing slowly and 
the spectra are fairly sharp. However, the formula is 
left in the form (10) to make explicit the fact that the 
formalism can equally well handle a case where the 
basic matrix element is changing rapidly. 


Il. 


To investigate the errors inherent in formula (10) 
two types of approach were used. The first consisted in 
solving a simple problem for which the matrix ele- 
ments are known, and then comparing the result with 
that obtained by using Eq. (10). The problem chosen 
is that of the scattering of an energetic particle from 
another bound harmonically to a center of force (the 
incoming particle assumed not to interact with the oscil- 
lator potential). This is about the simplest system 
imaginable which represents, even crudely, the inter- 
action of a fast nucleon with a neutron or proton in a 
nucleus. The results of this calculation are illuminating ; 
they show that energy spectra obtained by the two 
methods are quite similar, differing only in terms of the 
order k®/p?, where k is the momentum of the harmoni- 
cally bound particle at time of collision and p that of 
the bombarding particle (here the bombarding energy is 
high so that k*/p’<<1). In particular, the positions of 
the maxima in the two spectra differ by ko’/4po cos8, 
where @ is again the angle of scattering and ky’=2Mw/h’. 
This means a percentage error of ko?/4)0° cos@. 

The other estimate of the error in (10) was found by 
rederiving this equation in a way which, though more 
cumbersome and not as physically meaningful as the 
one we used previously, permits a rough evaluation of 
some of the factors neglected in obtaining it.* This new 
derivation is carried out by taking the current of 
scattered particles 
] “ ~ || ‘ 

. -(—) E}| [ve (ri°* *Ti2) 
"hk, 


(13) 


Xe iP OY ig HY yd | 
| 


(here both wp and Wy, are wave functions of C”, and kp 
is the wave number of the outgoing proton given by 


Wk,2/2M=h*p?/2M+E,—E,), replacing E, by the 


® For an elaboration of this method see P. A. Wolff, thesis, 
University of California (1951). 
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Hamiltonian H/, of the carbon nucleus (since it operates 
on y¥,), and then expanding exp(ik,-ro) into a power 
series in H,. The first three terms in this expansion can 
be evaluated exactly by swinging H, over to operate 
on (Vyo)*, using the closure principle to do the sum 
over n, and then evaluating the resulting integrals by 
Fourier analyzing both yo and V. The result is the 
integral over q of a formula which is just the same as 
(10) except that in this case there is no term repre- 
senting the excitation formerly lumped into Bj,. Fur- 
thermore, the fourth term in the series, which is much 
too complicated to calculate exactly, can be roughly 
evaluated and gives an estimate on the error in formula 
(10) again of the order of k?/p’. 

For the scattering of protons from carbon k’ ranges 
up to values corresponding to energies over 30 Mev so 
that, with the bombarding energy of 340 Mev used by 
Cladis, we should expect the spectra, we predict to be 
in error by as much as 10 percent in the wings of the 
curves where large & values are involved. Therefore, in 
picking a momentum distribution to fit the data it 
must always be remembered that the theory can only 
differentiate between those giving spectra that differ 
by 10 percent or more. 

In connection with the estimates of error made here 
one final point is worth mentioning. As was stated, the 
first three terms in the series expansion described above 
lead directly to formula (10) after simple manipula- 
tions. On the other hand, the fourth term in this ex- 
pansion cannot be calculated at all precisely, since it is 
of quite a different type from the previous three, re- 
quiring detailed knowledge of H, and yy» for its evalua- 
tion. The conclusion which might be drawn from this 
fact is that to improve the impulse approximation one 
must have much more detailed information about nu- 
clear structure than that given merely by a momentum 
distribution and, therefore, that a formula such as (10) 
is the best that can be obtained with the present 
knowledge about the constitution of nuclei. 


IV. 


Before using Eq. (10) to determine the momentum 
distribution, there are two small points about this for- 
mula that must be considered. The first of these has 
to do with the fact that the nucleon-nucleon collision, 
instead of occurring in free space, actually takes place 
inside the nucleus which is a region of a negative po- 
tential. Therefore the wave numbers that go into Eqs. 
(1)-(12) should be those appropriate to nuclear matter 
rather than vacuum. To illustrate how this effect works 
let us consider the interaction of a fast proton with a 
stationary nucleon in the nuclear well. Letting primed 
quantities denote wave numbers inside the well, un- 
primed those outside, and D the depth of the well, we 
find the following equations relating the final to the 
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incident energy : 
q' =p’ cos@ (@=scattering angle), 
Eginai=h’g?/2M = (h’q”/2M)—D 
= (h?p” cos*0/2M)—D, 
= (h?p cos’8/2M)—D sin*é 
= Ejncident COS°9— D sin?@. (14) 


Thus, in first approximation, the effect of the nuclear 
well is to move all proton energy spectra to a lower 
energy by an amount D sin’. This effect will be taken 
into account in the calculations by assuming that 
formula (10) applies to wave numbers inside the well 
and then correcting initial and final energies by the 
well depth. The values of D used were the slightly 
energy-dependent ones calculated by Roberts and 
Jastrow.*® However, for the angles at which we worked 
a constant D of 30 Mev gives almost the same results. 

The second point concerns the quantity B;, which 
has tacitly been assumed to be a constant, independent 
of the scattering angle. In the case of pick-up deuterons 
this assumption was correct, for Chew and Goldberger’ 
found that by subtracting a fixed 25 Mev from the 
energy of the outgoing deuteron they obtained good 
agreement with experiment. Actually, however, the 
formalism given in Sec. II is inadequate for treating 
excitation effects, and it is not surprising that in the 
present case it turns out that we would have to 
choose B;, angularly dependent to make formula (10) 
fit Cladis’ data. If we did this, though, we would be 
going at the problem just backwards for, as Chew and 
Goldberger emphasize, the experiments show that the 
excitation is constant and that we should modify (10) 
instead of making B;,; a function of the scattering angle. 
Unfortunately, we have not found a way of carrying 
out this modification, nor has it been possible to con- 
struct a model, simple enough to solve, which would 
give quantitative insight as to how this excitation and 
binding energy is removed from that available to the 
scattered nucleons. Hence, in treating the data the B;, 
term will be dropped entirely from formula (10). All 
the curves will then be misplaced somewhat on the 
energy scale, but we will still be able to compare their 
shapes with experiment since a correct calculation of the 
binding and excitation effects would probably shift the 
spectra without radically altering their shape. 


¥. 


In comparing (10) with experiment there are a 
number of empirically obtained expressions for .V(k) 
that we may use. For instance, Chew and Goldberger? 
in their paper on the formation of pick-up deuterons 
in carbon use a distribution of the form 


N(k)=82a,/(ay? +h), with h'a,?/2M=18 Mev. 


*R. Jastrow and J. Roberts (unpublished). 
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Fic. 1. Energy spectrum of protons scattered from carbon 
at 30° (experimental points are those of Cladis). 


Similarly, Henley and Huddlestone" in papers on meson 
production in carbon have used a Gaussian distribution, 


N(R) = (821/08) exp(—?/a*), with h’a?/2M=16 Mev. 


Finally, there is the theoretically obtained Fermi dis- 
tribution of a degenerate nucleon gas. Figures 1 and 2 
give the comparison of the spectra, obtained by sub- 
stituting these three momentum distributions into for- 
mula (10), with Cladis’ experimental data. In each case 
the theoretical curve has been shifted down in energy 
as explained in the previous section. Furthermore, there 
is included a correction for the multiple scattering 
(assumed to be mainly double) of the proton within the 
carbon nucleus. The form of these spectra is calculated 
using the Monte Carlo method” to evaluate a compli- 
cated multiple integral that arises, and then the ratio 
of singly to multiply scattered protons is estimated 
by using values of nuclear radius and mean free path 
given by Fernbach." Typical shapes of these double 
collision spectra, which contribute about fifty percent 
of all scattered protons, are illustrated in Fig. (3). 
Fortunately, inclusion of these curves has a negligible 
effect on the forms of the quasi-elastic curves provided 
we restrict ourselves to the high energy side of the 
spectra. Thus, by using the upper half of the energy 
distributions, we are able to draw reliable conclusions 
about the momentum distribution in spite of the fact 
that the multiple collision spectra cannot be calculated 
accurately. Finally, it should be mentioned that the 
theoretical curves in Figs. 1 and 2 have been normalized. 
This should not be taken to mean that the theory does 
not predict total cross sections well for it does. How- 
ever, because of the uncertainty in the multiple collision 
spectra it is very hard to estimate the relative con- 
tribution of the quasi-elastic peak as compared to the 
long tail of lower energy protons. From the point of 

EF. M. Henley and R. H. Huddlestone, Phys. Rev. 82, 754 
(1951); also see reference 6 

2M. L..Goldberger, Phys. Rev 74, 1269 (1948), gives details 


of the application of this method to nucleon-nucleus collisions. 
‘8S. Fernbach, thesis, University of California (1951). 
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2. Energy spectrum of protons scattered from carbon 

at 40° (experimental points are those of Cladis) 
view of the theory, this means that, although we do 
not know the height of the quasi-elastic peak too well, 
its shape is determined and permits a study of mo- 
mentum distributions. 

From Figs. 1 and 2 it is clear that the only one of the 
three mcmentum distributions that is suitable is the 
Gaussian. This is in agreement with the work of Henley 
and Huddlestone who found, as we do, that the Chew- 
Goldberger and Fermi distributions have, respectively, 
too many and too few high momentum components. 
Moreover, further calculations done with values of a? 
corresponding to 12 and 20 Mev show that in neither 
of these cases can the theoretical spectra be reconciled 
with Cladis’ data. Thus, the theory, if correct, seems 
to be quite sensitive to the type of distribution used. 
Of course, agreement at two angles does not verify the 
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Fic. 3. Typical double collision spectra for @= 30° and 40°. 


theory, and it will take considerably more extensive 
data before a really critical test is obtained. What is 
needed are accurate spectra for a number of angles. 
With these one could determine .V(&), as was done here, 
from the spectrum at one angle and check it, and the 
whole theory as well, by examining the fit at other 
angles. However, until such data are available, it is 
interesting to see that the spectra at two angles can be 
understood in terms of a simple model and that this 
fit already fixes the momentum distribution to a very 
considerable extent. 

In conclusion, the author would like to express his 
thanks to Dr. Cladis for many stimulating conversa- 
tions and to Professor Robert Serber, whose guidance 
contributed materially to the 


and encouragement 


writing of this paper. 
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Search for Low Temperature Superconductivity in Graphite Compounds 
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Graphite and graphite compounds with Br, K, Ca, B, ammonium, and bisulfate have been investigated 
for superconductivity down to 1.25°K. None became superconducting. 


NVESTIGATIONS of the electrical properties of 

some graphite compounds have shown!'® that it is 
possible to vary the number of conduction electrons in 
graphite. It occurred to us that this convenient manipu- 
lation of the electron distribution might in some cases 
lead to superconductivity. Superconductivity is gener- 
ally observed only in substances*® in which the Fermi 
surface lies near the boundary of a Brillouin zone. 
Proximity of the Fermi surface and a zone boundary 
does occur in graphite and in some of its compounds. 
Furthermore, in common with many soft supercon- 
ductors and with bismuth, graphite exhibits the 
de Haas-van Alphen effect.‘ Also well established is the 
superconductivity of certain carbides (e.g., TiC, NbC, 
MoC). 

Accordingly, samples of graphite compounds were 
prepared and tested for superconductivity at low 
temperatures. Those samples which remained rigid 
during the preparation were mounted between electrical 
leads to measure the resistance at low temperatures. 
Other samples which became fragile during the reaction 
were sealed with helium into glass tubes and tested for 
appearance of the Meissner effect at low temperatures, 
using the method described by Hulm and Matthias.® 


The samples were prepared from polycrystalline arti- 
ficial graphite. The compounds were usually charac- 
terized by their room temperature resistance relative to 
unreacted graphite (Table I, column 2). Their Hall 
coefficients were obtained by interpolation from curves 
determined separately. Samples containing bisulfate 
were prepared by electrolysis in concentrated sulfuric 
acid.'! Brominated samples were prepared in bromine 
atmospheres of suitable vapor pressure; their “residue 
compounds” were obtained by allowing bromine to 
escape at room temperature. Potassium and calcium 
compounds were prepared by the reaction of graphite 
with dilute solutions of the metal in liquid ammonia; 
the ammonium compound was obtained at a graphite 
cathode by electrolysis of ammonium nitrate in liquid 
ammonia. Washing in water converted these compounds 
to residue compounds. This preparation of donor com- 
pounds of graphite in liquid ammonia will be described 
in more detail in a separate report. 

None of the samples listed in Table I showed any 
suggestion of superconductivity. The measurements do 
not exclude the possibility that superconductivity sets 
in at temperatures lower than those attained. 


TABLE I. Samples used for superconductivity tests. 








Resistance relative to 
graphite (25°C) 


Description of sample 


Hall coefficient 
(emu) at 25°C 


Test for superconductivity 





Untreated graphite 

Bisulfate residue cmpd. 

Bisulfate lamellar cmpd. 

Potassium res. cmpd. 

Bromine res. cmpd. 

Calcium res. cmpd. 

Potassium res. cmpd. 

Bromine res. cmpd. 

Bisulfate lamellar cmpd. 
Ammonium res. cmpd. 

Bromine lamellar cmpd. (saturated) 
Graphitized lampblack, containing 0.15% boron* 


-22°9°9-SeS9°0~ 
*ROSS: S2nk 


1G. Hennig, J. Chem. Phys. 19, 922 (1951). 

2 McDonnell, Pink, and Ubbelohde, J. Chem. Soc. 191 (1951). 
3M. Born and K. C. Cheng, Nature 161, 968, 1017 (1948); K. C. Cheng, Nature 163, 247 (1949). 
4D. Shoenberg, Nature 164, 225 (1949). 
5 J. K. Hulm and B. T. Matthias, Phys. Rev. 82, 273 (1951). We wish to thank Dr. Hulm and Dr. Matthias for allowing the 


graphite samples to be investigated in their apparatus. 


Resistance down to 1.3°K 
Resistance down to 1.3°K 
Resistance down to 1.3°K 
Resistance down to 1.3°K 
Resistance down to 1.3°K 
Meissner effect to 1.25°K 
Meissner effect to 1.25°K 
Meissner effect to 1.25°K 
Meissner effect to 1.25°K 
Meissner effect to 1.25°K 
Meissner effect to 1.25°K 
Meissner effect to 1.25°K 


—0.65 
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Selection Rules in Nuclear Reactions 
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R. MALVANO AND L. A. Rapicati, /stituto di Fisica del Politecnico, Torino, Italy 


(Received January 21, 1952) 


rhe symmetry properties of nuclear wave functions and Hamiltonian operators with respect to the 
symmetric permutation group are discussed in order to get selection rules for the decay of a nucleus after 
absorption of an electromagnetic or mesonic radiation. As an illustrative example of the method we have 
studied a simple case of photodisintegration of the alpha-particle 


1. INTRODUCTION 


HE customary selection rules in nuclear reactions 
follow from angular momentum and parity con- 
siderations. We, however, want to take into account the 
selection rules which result from considering the sym- 
metry of wave functions and Hamiltonian operators 
with respect to the permutations of the nucleons. These 
rules may sometimes be equivalent to the ones obtained 
in the usual way but in general will be different and 
may give us some further information. 

An attempt of this kind can be traced back to a 
paper of Goldhaber.' Recently, arguments similar to 
the ones which follow have been used by Verde? for the 
particular case of three nucleons. 

Selections rules follow by considering the matrix 
element 


fvrtteas (1) 


related to the transition probability from an initial 
state y; to a final state ¥y under the influence of the 
interaction Hamiltonian H. The transition is forbidden 
or allowed according as the matrix element (1) is zero 
or not. 

This can be seen in many cases, as we shall prove, 
without explicitly writing down the wave functions, 
but only taking into account the symmetry properties 
both of wave functions and Hamiltonian. 


2. SYMMETRY OF WAVE FUNCTIONS AND 
HAMILTONIANS 


To describe in a simple way the symmetry of wave 
functions and Hamiltonians with respect to the permu- 
tation of a set of variables, it is convenient to introduce 
the Young patterns.’ A function whose symmetry is 
described by only one pattern will be called a pure 
symmetry function and will be denoted simply with its 
pattern 

‘1M. Goldhaber, Proc. Cambridge Phil. Soc. 30, 561 (1934). 

2M. Verde, Helv. Phys. Acta 23, 453 (1950); 24, 298 (1951); 
Nuovo cimento 7, 283 (1950); 8, 152 (1951) 

3H. Weyl, Theory of Groups and Quantum Mechanics (Methuen 
and Company, Ltd., London, 1931); F. D. Murnaghan, Theory of 
Group Representations (John Hopkins University Press, Balti- 
more, 1938); D. E. Littlewood, Theory of Group Characters 
(Oxford University Press, London, 1940). 


General function of » variables are not of such simple 
type. However, one can always decompose them in 
linear combinations of pure symmetry functions, and 
thus they will be denoted as a sum of different patterns. 

In the following we shall use two kind of “ products” 
of patterns, which we call inner and outer product.‘ 

The inner product (symbol X) comes into play when 
we deal with the (ordinary) product of two pure sym- 
metry functions of the same set of variables. The 
resulting function is no more a pure symmetry function, 
and the corresponding patterns characterize the inner 
product of the two initial patterns. For instance, 


Fo x fA - Gos 


The outer product (symbol A ) comes into play when 
we deal with the (ordinary) product of two pure sym- 
metry functions of two different sets of m and n vari- 
ables, respectively. The resulting function is, in general, 
not a pure symmetry function of the m+n variables 
and the corresponding patterns characterize the outer 
product of the two initial patterns. For instance, 


Coc -CL +f erst Fe 


The wave function of a system of nucleons depends 
upon three sets of coordinates, i.e., spatial r, spin o:, 
isotopic spin 7,, which we shall always write in this 
order. 

With respect to the interchange of the variables of 
a single set the symmetry of a wave function will be 
described by one or more patterns, which we shall some- 
times symbolically indicate by ¥(R), ¥(S), ¥(T) for 
space, spin, and isotopic spin, respectively. The sym- 
metry of the entire wave function is thus characterized 


‘In the language of group theory the inner product corresponds 
to the reduction of the product of two irreducible representations 
of the same group. The outer product corresponds to the multi- 
plication of two functions belonging to two irreducible repre- 
sentations of the symmetric group II, and II,, respectively, and 
to the determination of the irreducible representations of the 
group II, ,, to which the resulting function belongs. Such products 
can easily be obtained using the characters of the representations 
(see reference 3). 
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by the inner product’ of three patterns or by a sum of 
such products. 

A restriction on the possible patterns is introduced 
because the spin and isotopic spin variables are two- 
valued. The corresponding patterns ¥(S), ¥(7) cannot 
then have more than two rows, the semidifference be- 
tween the number of squares in the first and second row 
represents, respectively, the total spin S and the total 
isotopic spin T of the system. The different patterns 
obtained from the product ¥(.S)xXy¥(T) are the Wigner 
supermultiplets.® 

Another restriction is introduced since the inner 
product ¥(R)Xy¥(S)X¥(T) must contain the antisym- 
metric pattern; this is the case only when the factors 
are dual to each other, that is when they can be ob- 
tained from each other interchanging rows with columns. 
Thus the entire wave function can be antisymmetric 
only if ¥(S)X¥(7T) contains the pattern dual to ¥(R). 
The pattern of ¥(R) cannot have, therefore, more than 
four columns. 

The interaction Hamiltonian which appears in the 
matrix element (1) is a function of operators acting on 
the variables of space, spin, and isotopic spin. With 
regard to the symmetry properties of the Hamiltonian 
all that has been said in connection with the wave 
functions can be maintained almost unaltered. The 
symmetry of the Hamiltonian is described accordingly 
by a pattern symbol H(R)X H(S)XH(T). 

The most relevant difference is that the Hamiltonian 
is symmetric while the wave function is antisymmetric. 
The inner preduct of two patterns contains the sym- 
metric patterns only if they are equal (not dual as for 
the wave functions). 


3. GENERAL PROCEDURE 


The problem which faces us is to determine the 
various symmetries with respect to the symmetric 
permutation group: (1) of the initial state yi, (2) of the 
interaction Hamiltonian H, (3) of Hy, (4) of the final 
state ¥;; each symmetry being given according to the 
above formalism by sets of three patterns. 

Since states of different symmetry are orthogonal to 
each other, the matrix element (1) will not vanish only 
if there is at least one set of patterns common to (3) 
and (4). 

We make the following remarks on each of the 
separate stages into which the problem is split: 

(1) in order to determine the patterns which corres- 
pond to the nuclear wave function y,, it is first necessary 
to make some assumption about the forces acting 
among nucleons. 

5 At first sight it may appear that this is not an inner product 
as previously defined, since the variables of the three sets are 
not the same. The word “same” must here be understood as 
referring to the particles rather than to the variables. For a more 
complete discussion see, for the instance, P. A. M. Dirac, The 
Principles of Quantum Mechanics (Oxford University Press, 


London, 1947), Chap. IX, third edition. 
* E. Wigner, Phys. Rev. 51, 106 (1937); see also A. Hund, Z. 


Physik 105, 202 (1937). 
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If there are Wigner and Maiorana forces, a well- 
determined pattern ¥(R) corresponds to the ground 
state of the nucleus. ¥(S)Xy¥(7) the Wigner super- 
multiplet is then uniquely determined. The corre- 
sponding patterns ¥(.S) and ¥(7) will be found immedi- 
ately by the methods of group theory.’ 

If by means of a particular model, such as the shell 
model, we can assign to the ground state a certain 
value L for the orbital part of the angular momentum, 
a further restriction on ¥(S) may eventually be intro- 
duced, taking into account the experimental value of 
the nuclear spin J. 

Other restrictions are possibly introduced if due 
account is taken of other information such as magnetic 
moments, quadrupoles moments, etc. 

If the forces are not of Wigner and Maiorana type, 
we cannot, in general, so restrict the patterns. The 
selection rules which we shall derive, although still 
valid, are practically not very efficient. 

We wish, however, to point out that when only 
charge independent forces are considered we have a 
situation similar to the one just outlined. In the ground 
state we have a single pattern for ¥(7) (the isotopic 
spin is a constant of the motion) and a Wigner-super- 
multiplet becomes a ‘“‘space-spin’’ supermultiplet. 
Therefore, in this case also we can restrict the possible 
patterns for y;. 

(2) Before discussing the symmetry properties of the 
interactions Hamiltonians which present the greatest 
interest from the point of view of physics, we give a 
theorem which will be needed in the following: 

Theorem: A linear function {== @1%:+2%2+ *+++ntn 
of the » variables x1, x2, ---, x, can always be expressed 
as the sum of a symmetrical function with the pattern 


2 Ae (2) 


and a function whose pattern is 


Introducing the new variables 


X,=X1+x2+-- "+2, 
(k=2, 3, ---,n) 


(nm squares) 


(n—1 squares) 
(1 square). 


X,= Xi— Xk, 


the function f becomes a linear function F of these new 
variables 
F= A 1Xi;+A 2X e+ ae + A em as 


It is now sufficient to note that X, can be obtained, 
apart from an irrelevant factor, by applying to x, the 
Young operator corresponding to the pattern 


O12) - fF) 


(mn squares) 


and X, by applying to x, the Young operator corre- 


7G. Racah, Revs. Modern Phys. 21, 494 (1949); H. A. Jahn, 
Proc. Roy. Soc. (London) A201, 516 (1950); B. H. Flowers, Proc 
Roy. Soc. (London) A210, 497 (1952). 
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TABLE I. Some Hamiltonian operators and the hata sets of patterns: * 


Nuclear splitting for absorption of acti Sy mmetry for space, spin, isotopic spin 


(00222000 -70*o07270" 

1) Electric dipole ty ) pie ae oan 
(1) ectri Ipole 2 4 "x07 7x $e SS 
 hersesgueedprenmmeanedpssmes 

(2) Magnetic dipole® ees ime ae 
SERN e Ga ee ae 
(3) Scalar negative meson Y cen ie { [Ty tim) J) oe aed 
C1°°° 0x0 °770xC1---0)” 
CTI. . Lx ---LxfF---11" 
» WE SR MBS bo ae 
(4) Pseudoscalar negative meson 2 ——*o - vy) 


| H----O*CH1-..0» al 


} 
EH “tH tr 
; () — jp ® at 
) Vector negative meson Eo, ——y,(*) same as for electric dipole 


) pa (hk) 
, —tTy — 
(6) Pseudovector negative meson a; same as for magnetic dipole 
k 





*a,8 5, «, » are coupling constants. For the mesonic case the intensities are assumed, as a first approximation, to be constant in a region of dnciiies 
dimensions. v“) is the velocity of the kth nucleon, and z is the direction of polarization. up and mn are the proton and neutron magnetic moments. 

>» These patterns are ruled out if the matrix element is evaluated in the center-of-mass system, because the spatial part of the wave function con- 
tains only the motion of the center of mass, thus securing the vanishing of the over-all products. 

¢ If the part resulting from the orbital contribution to the magnetic moment is also taken into account, one gets another term whose symmetry is the 


same as for the electric dipole 


sponding to the pattern The product H(S) X¥(S) is formally an inner product 

me arate of the same type as ¥(S) X¥(T). The only difference is 

xs) ee | (n—1 squares) that the patterns, analogous to the Wigner super- 

(1 square). multiplets, which appear in the product H(S)xy(S) 

have only two rows. The problem is then entirely 

analogous to the problem of searching for the super- 

multiplets which contain pairs (S, 7), where S is the 

spin of ¥(S) and T is the isotopic spin of a ¥(T) equal 
to H(S). 

(4) We arrive finally at the discussion of the sym- 
metry patterns of the final state yy. y, is the product of 
the wave functions ¥1, We, --- of the fragments in which 
the nucleus is split when these fragments are far apart. 

The symmetry patterns of ¥1, ¥2, --+ can be con- 
structed in a manner alike to that used in Sec. (1). The 
outer product of these patterns gives the patterns of yy. 

When we are dealing only with spin and isotopic 


Therefore, the function F contains only a symmetric 
term (4,X,) and a sum of n—1 terms (A2X2+A3X3 
+---+A,X,) with the symmetry given by the 
pattern (3). 

In Table I we summarize some of the most usual 
Hamiltonian operators. We remark that these are all 
linear in space, spin, and isotopic spin. According to the 
theorem just proved, their symmetry in each group of 
variables is given by patterns of type (2) and (3). When 
the operators belonging to a given set do not appear 
explicitly, the Hamiltonian is obviously symmetric in 
that set. After this it is easy to choose the proper com- 
binations which secure the symmetry of the total 
Hamiltonian. The last column of Table I gives the spin, we can immediately solve this problem. Suppose 
possible sets of patterns. that the product yi(S1) Av2(S2) has to be evaluated. 

(3) We can get the patterns of Hy, from those of y; Using the well-known rules ioe Serbs of angular 
by the methods of group theory. momenta, we get the possible values for the resultant 
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spin S of the system from the spin S; of the first frag- 
ment and the spin S52 of the second. If due account is 
taken of the connection between spin and wey (see 
Sec. 2), the possible patterns for (51) Awe(S2) follow 
immediately. 

4. EXAMPLE 

As an example of the application of the general 

method we study the reaction 

at+hy-D+D, 


taking into account only the electric dipole transition. 
A consistent assumption for the ground state of the 


alpha-particle is 
ot Bere 


According to the results summarized in the table, the 
symmetry of the Hamiltonian is given by 


os 


Performing the products H(R)XWa(R), H(S)XWalS), 
H(T) X(T), we see that the only allowed pattern for 
Hy; is - 


a(R) X PalS) X Pa(T) = 





H(R)XH(S)XH(T 


For a deuteron in the ground state we have 


COxCxf 


¥o(R) X vo(S) Xvo(T)= 
In order to find the patterns for the system of two 
deuterons we begin with the products 


p(R) Avp(R) = 


COACD - C11) + ff ti + HH © 


vo(S)¥Apv(S)= 


COACH = CLT) + Ho + FA 
voi) Avo(T)= FAH = [Ty (7) 


The possible pairs (S, 7) from (6) and (7) are (2,0), 
(1,0), and (0,0). We are interested in the pairs which 
are contained in all the supermultiplets with patterns 
dual to the_ones at the right-hand side of (5). We find 
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that 


contains (0, 0) 


contains (1, 0) 


contains (2, 0) 
and (0, 0). 


HH 


Therefore, the function yy will be a linear combination 
of the following sets of patterns 


Ce 
Teel goad 
HCL) HA 
CoE 

No set (8) is equal to the set (4). Therefore, the transition 


a=hy-D+D 


for electric dipole interaction is forbidden. 
With similar considerations one can see that the 
transitions 


at+hy—He*+n, at+hv-H'+p, 


are allowed for the same interaction. 

These results, previously obtained by direct calcu- 
lation,’ have been lately confirmed by experiment.® 

5. OTHER TYPES OF NUCLEAR REACTIONS 

We give finally a brief account of another type of 
problem strictly related to the one discussed before, 

e., the splitting of a nucleus bombarded by another 
one (nucleon, deuteron, alpha-particle, etc.). The 
treatment of this problem is almost the same. The main 
difference concerns the determination of the initial 
wave function y; which is given in terms of the patterns 
of the two colliding nuclei by the same procedure 
already employed in Sec. 3. (4) to find the symmetry of 
the final wave function ¥,.Hy, will simply be equal to y; 
when the collision takes place without emission of radi- 
ation. Otherwise one has to take into account the effect 
of the Hamiltonian in the usual way. 

* H. B. Flowers and F. Mandl, Proc. Roy. Soc. (London) A206, 


131 (1951); A. Gamba, Nuovo cimento 8, 605 (1951). 


°F. R. Gartner and M. L. Yaeter, Phys. Rev. 83, 146 (1951). 
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Velocities of Fragments from Fission of U***, U**’, and Pu***t 


R. B. LEACHMAN 
University of California, Los Alamos Scientific Laboratory, Los Alamos, New Mexico 
(Received April 7, 1952) 


The velocity distributions of fragments from slow neutron induced fission have been measured by a 
time-of-flight method. When compared with data from fission fragments stopped in ionization chambers 
filled with argon and carbon dioxide, these velocity data indicate that the kinetic energies of the fragments 
exceed those reported by ionization chamber measurements by 5.7 Mev for the most probable light fragment 
and by 6.7 Mev for the most probable heavy fragment. These energy differences, for the most probable light 
and heavy fragments, can be explained by energy-ionization ratios which exceed by 6 percent and 11 percent, 
respectively, the alpha-particle energy-ionization ratio on which the energies from ionization chamber 
measurements are based. The average kinetic energy of fission fragments determined from velocities is shown 
to be in good agreement with calorimeter results and the energy calculated from recent mass spectrographic 


data. 


The widths of the peaks of the directly measured velocity distribution, for which the resolution is known, 
are appreciably narrower than those calculated from ionization chamber data. These differences in width 
are used to estimate the resolution of ionization chamber measurements of fission fragment energies. 


I. INTRODUCTION 


HROUGH analyses of the ionization data obtained 

from the careful and extensive measurements of 
fission fragments by Brunton ef al.,!* and by Deutsch 
and Ramsey* with double ionization chambers filled 
with argon and a few percent of carbon dioxide, data 
have been reported on the average kinetic energy of the 
fragments, the distribution in the energy, and the dis- 
tribution in the fragment masses. However, all com- 
parisons of these results with fission fragment data 
obtained by other means have disagreed by more than 
the uncertainties in the measurements. One of these 
disagreements is a lower average kinetic energy of the 
fragments reported from measurements with ionization 
chambers than from a calorimetric measurement of the 
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Fic. 1. Schematic diagram of the time-of-flight equipment. The 
time sequence illustrates that the less frequent pulses P; from the 
fragments which travel the length of the drift tube initiate the 
oscilloscope display, the pulses Py from the complementary frag- 
ments are delayed by the maximum transit time, and the mixture 
of P; and Po are, in addition, delayed for proper oscilloscope 
presentation 


t Work done under the auspices of the AEC. 

'D. C. Brunton and G. C. Hanna, Can. J. Research A28, 190 
(1950) 

*D. C. Brunton and W. B. Thompson, Can. J. Research A28, 
498 (1950). 

*M. Deutsch and M. Ramsey, Manhattan District Declassified 
Contribution No. 945 (1946) (unpublished). 


fission energy.‘ Another disagreement which arises from 
this energy value has been pointed out by Brunton,’ 
who showed that the energy distribution from ionization 
chamber data, combined with mass spectrographic data, 
leads to a distribution in nuclear charge of the fragments 
considerably different from the observed® charge dis- 
tribution. Furthermore, a comparison’ between the 
mass distributions obtained from radio-chemical meas- 
urements and from ionization chamber data has shown 
that the peaks of the latter distribution are wider and 
are further separated, in each case by more than the 
experimental uncertainties. 

An explanation for the differences between the energy 
values was recently advanced by Knipp and Ling* by 
showing that, because of their larger ionization defects, 
fission fragments stopped in a gas may be expected to 
expend larger averages of energy per ion pair, and thus 
have higher energy-ionization ratios, than alpha-par- 
ticles stopped in the same gas. Since the energies from 
ionization chamber data were based on the relative 
ionization produced by alpha-particles of known energy 
and fission fragments stopped in the same gas, this 
difference in energy-ionization ratios leads to apparent 
values for fission fragment energies that are lower than 
actual. In addition, Knipp and Ling showed that the 
energy-ionization ratio of a heavy fragment should 
exceed that of a light fragment. This difference in the 
energy-ionization ratios of the heavy and light frag- 
ments has been used by the author’ to explain the dif- 
ferent spacings in the mass peaks. In this analysis it 
was also shown that the greater width of the mass peaks 
from ionization chamber data can be explained by an 
8-Mev half-width (full width at half-maximum) in the 

4M. C. Henderson, Phys. Rev. 58, 774 (1940). 

5D. C. Brunton, Phys. Rev. 76, 1798 (1949). 

6 Glendenin, Coryell, and Edwards, Radiochemical Studies: The 
Fission Products (McGraw-Hill Book Company, Inc., New York, 
1951), Paper No. 52, National Nuclear Energy Series, Plutonium 
Project Record, Vol. 9, Div. IV. 


7R. B. Leachman, Phys. Rev. 83, 17 (1951). 
8 J. K. Knipp and R. C. Ling, Phys. Rev. 82, 30 (1951). 
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VELOCITIES OF FRAGMENTS FROM 


resolution of fission fragment energies in ionization 
chambers. 

The present investigation was undertaken to deter- 
mine quantitatively these ionization properties of 
fission fragments by comparing directly measured dis- 
tributions in velocity with the velocity distributions 
calculated from the data from ionization chambers. In 
this comparison, the displacements in velocity between 
the peaks in the two distributions can be evaluated in 
terms of the energy-ionization ratios of fission frag- 
ments, while the relative widths of the velocity peaks 
can be used to estimate the resolution in the energy 
measurements of fission fragments in ionization 
chambers. 


Il. EQUIPMENT 


As shown schematically in Fig. 1, velocities of fission 
fragments were measured by their time of flight through 
an evacuated drift tube. The time origin of each meas- 
urement is provided by the pulse Po from the fission 
fragment traveling the 1-cm distance from the fission 
source to the nearer detector. The time of flight of the 
complementary fragment through the 343-cm drift 
distance is the time until the occurrence of P;, the pulse 
from the remote detector. Fission was induced by a 
beam of thermal neutrons from a reactor. Because the 
nearer detector subtended the larger solid angle from 
the fission source and because this detector was nearer 
the beam emitted by the reactor, its counting rate of 
the pulses from the source alpha-particles, reactor 
gamma-rays, and fission fragments was much greater 
than that of the remote detector. Since the scintillation 
detectors gave pulses not greatly different in amplitude 
for all these particles, no attempt was made to dis- 
criminate between the fission pulses and the other 
pulses. In order to decrease the number of the recorded 
data, the less frequent pulses P; from the remote de- 
tector were used to initiate the oscilloscope displays of 
the pulses. By means of a projector, photographs of 
these sweeps were analyzed for the distribution in times 
between pulses. 

In order to provide good resolution, the equipment 
was designed to give rise times of pulses small compared 
to the flight time of the fragments. The pulses obtained 
from mosaics of anthracene crystal shavings on 5819 
photomultipliers were amplified by Model 460A and 
460B Hewlett-Packard amplifiers and delayed by 
lengths of RG 7/U cable. The resulting pulse rise times 
of ~10-* sec were short compared with the 0.2 usec to 
0.5 usec flight time of fragments through the 343-cm 
drift distance. An accurate determination of the time 
resolution, as well as of the difference in the delays in 
the detectors, amplifiers, and cables of the two pulses, 
was made from the distribution in time between frag- 
ments having traveled equal 1-cm distances in a short 
drift tube. With these pulses on the same 1.6(10’) 
cm/sec oscilloscope sweep and measured in the same 
manner as for pulses from the longer drift tube, the 
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Fic. 2. Comparison of the velocity distribution of fission frag- 
ments with the distribution inferred from ionization chamber data. 
All distributions are normalized. Horizontal lines through the 
data represent half-widths of the resolutions of the velocity 
measurements. The large background in the Pu™® data is dye to 
the large alpha-activity of Pu™*. 


resolution was found to be Gaussian with a 1.0(10~*) sec 
half-width. The time scale was provided by photographs 
of a 50-Mc signal from an oscillator at frequent inter- 
vals on the film containing flight time data. 

The fission sources consisted of UO; or PuQ, on 
1.1 mg/cm? nickel backings placed so that the backing 
faced the nearer detector. Estimates of the combined 
energy loss of each fragment in the 20-yg/cm? to 
50 ug/cm? sources and the residual air in the drift tube 
are 0.9 Mev for U™*, 0.6 Mev for U™*, and 0.8 Mev for 
Pu™. 
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Tas.e I. Fission fragment quantities determined from a com- 
parison between the present data and data from ionization 
chambers. On the basis of the present data, the energy differentials 
AE, and SEy should be added to the respective energies reported 
by ionization chamber experiments.* These corrected energies 
would be obtained from ionization by the use of the most probable 
energy-ionization ratios w, and wy, rather than by wa of alpha 
particles 


Put 
5.2 Mev 
6.4 Mev 
1.05 wa 
1.10 wa 


* See references 1 and 2. 


Ill. RESULTS 


Shown by triangles in Fig. 2 are the velocity data 
including the background, which is mainly due to the 
occurrence of alpha-particle pulses P,; from 0.2 usec to 
(0.5 usec after the occurrence of alpha-particle or gamma- 
ray pulses Po. Since the probability of such events is 
constant with time, the background varies as v~*. That 
this »~* relation applies for the background from alpha- 
particles was confirmed by the use of the Pu® source 
in the absence of neutrons. When the backgrounds are 
subtracted from the data, the fission fragment velocity 
distributions of the solid lines through circles in Fig. 2 
are obtained. It is required of the total background that 
the resulting probabilities of the highest and lowest 
velocities in Fig. 2 approach zero. 

Since these velocity data are of individual fragments 
and not of fragment pairs, a correlation with fragment 
mass as required for energy determinations is not pos- 
sible without additional data. For this reason, com- 
parisons with the fragment pair data from ionization 
chambers are used for energy determinations. The data 
used for these comparisons are those of Brunton and 
Hanna' for U™* and U** and those of Brunton and 
Thompson? for Pu®®, all of which data are based on the 
energy-ionization ratio wa of alpha-particles. Shown as 
broken lines in Fig. 2 are the velocity distributions calc- 
lated from these data from double ionization chambers. 
Included in these calculations are small mass corrections 
made for the neutrons emitted per fission and energy 
corrections for these authors’ estimates of source and 
collimator losses. 

Use the subscripts L and H to refer to the light and 
heavy fragments, respectively, and we now write the 
relations between the differences in the velocity dis- 
tributions in Fig. 2 and the corresponding energy and 
mass differences. For the light fragments this relation is 


AE, E,=Am, m,+2Av, UL, (1) 


where E,;, m,, and v, are the most probable energy, 
mass, and velocity, respectively, from the ionization 
data and AF;, Amz, and Av, are the differences between 
these values and the most probable values from the 
present data. An equation relating the corresponding 
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values for the heavy fragments is obtained by their 
substitution in Eq. (1). The mass differences Am, and 
Amy in these relations are obtained from the momentum 
relations 
MiUL=MyHrH, 
(mi+Am_z)(v1+ Avr) =(myt+Amu)(vut+Avn), (2) 


where Am, = — Amy and for U** fission m_+my = 236. 

The most probable velocities indicated in Fig. 2 are 
first used in Eq. (2) to solve for the mass differentials 
for the three cases of U™*, U™*, and Pu®®. It can be 
shown that when these mass differentials are applied to 
the masses from ionization data the corrected masses are 
in reasonable agreement with the masses from radio- 
chemical data. When the mass and velocity data are 
combined in Eq. (1) and the corresponding equation for 
the heavy fragments, the energy differentials AE; and 
AE; are obtained. These energy differentials applied to 
the ionization data would result in calculated velocity 
distributions with the same most probable velocities as 
the present data. 

In Table I are these results corrected for the source 
and residual air losses discussed above. Also in Table I 
are wz and wy values calculated from 


wp=w.(E,+AE_)/Ez 


and the similar relation for wy. Since the mass and 
energy distributions of the fragments from U**, U%35, 


and Pu™*® fission are not greatly different, the values in 
Table I should be nearly the same for the three cases. 
On this basis, the variation in values between the three 
cases is a good indication of the accuracy of the results. 

Although less direct and less sensitive than the com- 
parison’ between ionization and mass distributions, 
comparisons of the widths in Fig. 2 of the velocity peaks 
with the usually wider peaks inferred from ionization 
data can be used to estimate the energy resolution of 
the latter data. The difference in widths is greater for 
the higher velocity peaks because dispersion in the 
measurements with ionization chambers broadens the 
narrower peaks of the light fragment energies more than 
that of the heavy fragments. 

Comparison of the velocity widths to obtain the 
energy resolution of the ionization chamber measure- 
ments is complicated by two other resolutions that are 
involved. One is the velocity resolutions of the present 
data which are calculated to be 0.59(10%) cm/sec and 
(0).24(10°) cm/sec half-width for the most probable 
light and heavy fragments, respectively. In addition, 
due to the use of a finite number of velocity intervals in 
the conversion of the ionization data to velocities, a 
dispersion of 0.25(10*) cm/sec half-width is present in 
the velocity data from ionization data. With allowance 
made for these dispersions, the half-widths of the energy 
resolutions of the ionization chamber data estimated by 
this velocity-ionization analysis are about 9 Mev and 
so are in rough agreement with the 8-Mev half-width 
determined from the previous mass-ionization analysis. 
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IV. DISCUSSION 


When the energy differentials found from the present 
data are applied to the ionization data, all the above 
disagreements with other data are considerably reduced. 
To illustrate these corrections the averages (AE )w=5.7 
Mev, (AEw)w=6.7 Mev, and (wz/wyH)w=0.95 of the 
quantities in Table I are used. 

With this total energy differential of (AEz )w+(AEx)w 
= 12.4 Mev added to the 154.7 Mev reported! for the 
average total kinetic energy of the fragments from U™®, 
the corrected value of 167.1 Mev is in excellent agree- 
ment with the calorimetric value* of 165+8 Mev. 

This corrected value for the total kinetic energy of 
the fragments is also confirmed by a calculation based 
on mass spectrographic data. For the most probable 
fission mode the most probable corrected energy is 168 
Mev, while this energy calculated from mass spectro- 
graphic data is 174 Mev. Based on the method of 
Brunton, this calculation of energy from spectrographic 
masses uses the equation 
Ex 931[ m( U5) — m(A Be Z1.)—m(A Hy Zn) 

—(v—1)m(n')]—vE,—E, (3) 
to obtain the kinetic energy of the fission fragments Ex 
as a function of the nuclear charges of the fragments, 
Z, and Zy. The measured distribution® in nuclear 
charges is applied to this function. The resulting 174- 
Mev value is based on the use of »=2.5+0.1 for the 
average number of neutrons emitted per fission,’ 
E,=2.0+0.1 Mew for the average energy of these 
neutrons,'® and E,=4.6+1.0 Mev" for the average 
energy of the prompt gamma-rays. The masses 
m(Az, Z1) and m(Ay, Zy) of the unstable fragments 
which have emitted their neutrons, and are in the 
ground state, are obtained by an extrapolation” from 
the spectrographic masses of the stable atoms" by the 
parabolic mass-charge relation for isobars. The masses 
of the stable atoms are known with a probable error of 
+1mMU. The mass of U™*, m(U™), is known with a 
probable error of +2 mMU from the spectrographic 
mass" of Pb? and the U**—Pb*°* mass difference.’ 
The neutron mass is represented in Eq. (3) by m/(n'). 
In regard to the uncertainties in the charge distribution, 
it is seen by Brunton’s analysis that Ex is not sensitive 
to reasonable variations from the measured distribution. 

Although the 6-Mev difference between the result of 
Ex=174 Mev from Eq. (3) and the 168+2-Mev value 
from velocities is somewhat large in view of the known 
errors of the data used in the equation, the 18-Mev 

® AEC published value. 

10 B. E. Watt, private communication. 

t Kinsey, Hanna, and Van Patter, Can. J. Research A26, 79 
(AOD Feenberg, Revs. Modern Phys. 19, 239 (1947). 

13 R. E. Halsted, Phys. Rev. 85, 726 (1951); H. E. Duckworth 
and R. S. Preston, Phys. Rev. 79, 402 (1950) ; Duckworth, Kegley, 
Olson, and Stanford, Phys. Rev. 83, 1114 (1951) ; and earlier work 
by Duckworth et al. listed in the last reference. 

4 H. E. Duckworth and R. E. Preston, Phys. Rev. 82, 468 (1951). 

5M. O. Stern, Revs. Modern Phys. 21, 316 (1949); revised to 
the value 27.07634 MU in a private communication. 
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difference between 174 Mev and the corresponding 156 
Mev reported from ionization data is far greater than 
these known errors.* 

That the results of this analysis of velocities bring 
the mass and ionization data into agreement is seen 
by the agreement of these results with those derived 
from the comparison’ of mass and ionization data. This 
latter comparison showed that if wz/wy=0.96 the 
separation of the two sets of peaks agreed and if the 
resolution of the ionization chamber measurements were 
8 Mev the widths of the peaks agreed. This is in reason- 
able agreement with the present results of (wz/wa)w 
=0.95 and a resolution of roughly 9 Mev half-width. 

The energy differentials (AE,)=5.7 Mev and 
(AEx)w=6.7 Mev do not by themselves confirm the 
respective 2.5-Mev and 4.2-Mev ionization defects cal- 
culated by Knipp and Ling* from limited data. Instead, 
the energy differentials may be wholly explained by 
linear energy-ionization relations for fission fragments 
with different slopes from that for alpha-particles, 
rather than by a nonlinear energy-ionization relation as 
required by the ionization defect theory. In addition, 
it is possible that a large part, if not the whole, of the 
energy differentials are due to such difficulties with 
ionization measurements as recombination and negative 
ion formation. 

However, in view of the close agreement in the results 
of the many’® ionization chamber measurements of 
fission fragments, experimental errors of this magnitude 
are unlikely. Because of this agreement in ionization 
data, it also is unlikely that an appreciable part of the 
estimated 8-Mev resolution in these data is due to 
instrumental! difficulties. 

These considerations make reasonable the belief that 
the energy differentials and the large dispersion are 
inherent in the ionization process. Furthermore, the 
fact that the dispersion is far greater than that antici- 
pated by the theory” of the fluctuations in the number 
of ions produced by charged fragments indicates that a 
large part of the energy differentials can be attributed 
to ionization defects. On the basis of the ionization 
defect theory, this dispersion is explained by each 
fragment losing several Mev of energy to recoiling gas 
atoms which have a reduced ionization efficiency. Fluc- 
tuations in the number of recoiling atoms and in their 
ionization efficiency would result in relatively large 
fluctuations in the number of ions produced. 

The author wishes to express his gratitude to Mr. 
D. W. Sweeney for calculations of velocity distributions 
from ionization data, to Mr. R. B. Patten for advice on 
electronic equipment, to Miss E. Pierce for assistance 
in reading data, and to Professor N. Sugarman for 
suggestions on the analysis of these data. 


* Note added in prooy.—If the mass of U** determined by Stan- 
ford, Duckworth, Hogg, and Geiger, Phys. Rev. 85, 1039 (1952) 
is used in Eq. (3), the value E,=171 Mev is obtained. This is 
in satisfactory agreement with the value from velocities. 

‘6 See reference 1 for a listing of earlier work. 

17 U. Fano, Phys. Rev. 72, 26 (1947). 
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The decay scheme and angular correlation of Pr'** have been studied with lens spectrometer and scin- 
tillation counter techniques. The beta-ray spectrum shows three groups with end points at 2.965+0.015, 
2.3+0.1, and 0.86+0.1 Mev, the first having a relative intensity of 90 percent, the others each about 
5 percent. Gamma-rays were observed by photoelectric conversion and have energies of 0.695+0,005, 


1.48+0.01, and 2.185+0.015 Mev and relative intensities of 1:0.4:1.1, respectively 
that beta-emission takes place to states in Nd™ at zero, 


The data indicate 
0.695, and 2.185 Mev. The absorption of beta-rays 


in coincidence with gamma-rays shows two components with ranges of 0.34 and 1.0 g/cm* aluminum. The 
corresponding energies and intensities of these beta-groups confirm the above decay scheme. Gamma- 
gamma coincidences are also present and their angular correlation has the form 1—0.33 cos*@, characteristic 
of either a 1-2-0 or a 1-1-0 cascade. It is suggested that the first excited state of Nd'* has spin 2 and even 
parity and the second level spin 1. Some of the features of Ce! decay are described and the usefulness of 
this fission-product isotope as a source of homogeneous photoneutrons is discussed 


INTRODUCTION 


MONG long-lived fission-product isotopes exam- 
ined'* in this laboratory, Ce (half-life 282 days*) 
in equilibrium with 17-min Pr' was found to give a 
moderate photoneutron yield from Be and a very weak 
yield from heavy water. The intensity of gamma-rays 
above the Be threshold was estimated to be about 2 
percent per beta-ray. Because of the convenient half- 
life and high fission yield of Ce (~5 percent*) this 
isotope could well be useful for photoneutron sources. 
The present investigation was undertaken initially 
to measure the gamma-ray spectrum responsible for 


yhotoneutron production. Subsequent studies were 
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External conversion electron spectrum due to Ce'— Pri 
gamma-rays taken with a 22 mg/cm? Pb converter. 


Fic. 1 


t Work performed under contract with the AEC. 

t Part of this work was done in partial fulfilment of the require 
ments for the Ph.D. degree in physics at Syracuse University. 

'M. Goldhaber and E. der Mateosian, Brookhaven National 
Laboratory Report No. 51 (S-5) (1950) 

2 Alburger, der Mateosian, Goldhaber, and Katcoff, Phys. Rev 
82, 332 (1951) f 

*R. P. Schuman and A. Camilli, Phys. Rev. 84, 158 (1951). 

‘Appendix B, Radiochemical Studies: The Fission Products 
(McGraw-Hill Book Company, Inc., New York, 1950), National 
Nuclear Energy Series, Plutonium Project Record, Vol. 9, Div. IV 


made to determine the decay scheme and to assign 
spins by means of angular correlation experiments. 

Present information’~’ indicates that the parent 
nuclide Ce decays by emission of beta-rays of about 
300 kev maximum energy. A number of soft gamma-rays 
also occur’~* as shown by low energy internal conversion 
electrons having K-L energy separations characteristic 
of praseodymium. The strongest of these correspond to 
gamma-rays of 134 kev. 

The daughter nucleus Pr'* decays 57°" mostly to 
the ground state of Nd' by emission of beta-rays 
with an end point of 3 Mev. Probable complexity of 
the beta-spectrum was first indicated by measurement? 
of hard gamma-rays which were subsequently shown by 
Mandeville and Shapiro” to be associated with 17-min 
Pr'*, The latter workers found several gamma-compo- 
nents by absorption techniques and observed coin- 
cidences between gamma-rays. In a recent investigation’ 
of Ce and Pr", Lin-sheng, John, and Kurbatov have 
found beta-ray groups with end points at 3.00+0.06 
Mev, 1.30+0.02 Mev, 605+8 kev, 4464-8 kev, and 
307+6 kev. Except for the 307-kev group the results 
on other inner beta-ray groups do not agree with those 
of the present authors'' which are reported here in 
more detail. 


EXPERIMENTAL METHODS AND RESULTS 


A lens spectrometer of the conventional type was 
used for investigations of the beta- and gamma-ray 


5V. A. Nedzel, Radiochemical Studies: The Fission Products 
(McGraw-Hill Book Company, Inc., New York, 1950), Paper 
No. 187. National Nuclear Energy Series, Plutonium Project 
Record, Vol. 9, Div. IV. 

® Peacock, Jones, and Overman, Plutonium Project Report 
Mon N-432, 56 (1947) 

7? Lin-sheng, John, and Kurbatov, Phys. Rev. 85, 487 (1952). 

§’ Emmerich, John, and Kurbatov, Phys. Rev. 82, 968 (1951). 

*H. B. Keller and J. M. Cork, Phys. Rev. 84, 1079 (1951). 

10 F. T. Porter and C. S. Cook, Phys. Rev. 85, 733 (1952). 

"DP. E. Alburger and J. J. Kraushaar, Phys. Rev. 86, 633(A) 
(1952) 

#C, E. Mandeville and E. Shapiro, Proc. Nat. Inst. Sci. India 
17, 45 (1951) 
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DECAY SCHEME AND 
spectra. This is equipped with the usual resolution and 
antiscattering baffles and in addition has a set of spiral 
baffles which further reduces the number of scattered 
beta-rays reaching the detector. 

A 25-millicurie cerium-144 source was obtained from 
Oak Ridge in the summer of 1949. For the gamma-ray 
measurements the entire amount was deposited without 
purification in a stainless steel capsule with walls 
thick enough to absorb the beta-rays. Photoelectric 
converters 6 mm in diameter were attached to the 
capsule and measurements on the electron spectrum 
were carried out at 3 percent resolution. The first 
observations were made in December, 1949, and a 
second set of data taken in December, 1950, gave the 
same results only with an intensity reduced by an 
amount consistent with the Ce half-life. The spectro- 
meter yield versus electron momentum taken with a lead 
converter 22 mg/cm* thick is shown in Fig. 1. Photo- 
electric peaks corresponding to gamma-rays of 0.695 
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Fic. 2. Electron spectrum of Ce! showing beta-rays of about 
300-kev maximum energy and conversion lines of a 135-kev 
gamma-ray. The rise at the right is due to Pr beta-rays. 


+0.005 Mev, 1.48+0.01 Mev, and 2.185+0.015 Mev 
are indicated. Calibration was made with Co® gamma- 
rays. Because of the proximity of the highest energy 
gamma-ray to the deuterium (7,”) threshold (2.23 Mev) 
a check on the energy of this line was made by a 
comparison measurement on the 2.20-Mev gamma-ray 
of radium" taken under identical geometrical conditions. 
The Pr'“ peak was slightly lower in energy than the 
radium photoelectric peak. 

The high intensity low energy line in Fig. 1 is thought 
to consist of L-shell electrons. The energy as determined 
from the extrapolated high energy edge corresponds to 
a gamma-ray of about 135 kev. 

Relative intensities of the gamma-rays were obtained 
from the K-conversion peaks by measuring the areas 
under these lines on a plot of N/Hp versus Hp and 
correcting for photoelectric conversion efficiency accord- 
ing to the empirical formula of Gray.'* The 0.695-, 

8 Way, Fano, Scott, and Thew, National Bureau of Standards 


Circular No. 499 (1950). 
4“ L. H. Gray, Proc. Cambridge Phil. Soc. 27, 103 (1931). 
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Fic. 3. Kurie plot analysis of the Pr beta-ray spectrum. 


1.48-, and 2.185-Mev lines have intensities ratios of 
1:0.4:1.1, respectively, the probable errors being about 
20 percent. 

The beta-ray spectrum was first observed using a 
source of unpurified cerium activity deposited on 0.09 
mg/cm? Nylon foil. The resulting spectrum consisted 
of a strong low energy beta-ray group, a pair of promin- 
ent K- and L-conversion electron lines and high energy 
beta-rays. The low energy portion of the spectrum is 
given in Fig. 2. This shows the presence of beta-rays 
with an end point of approximately 300 kev and conver- 
sion lines corresponding to a gamma-ray of 135 kev. 
Because of the counter window (1.7 mg/cm?) and source 
thickness, the other low energy lines known’~* to be 
present are obscured. Very weak conversion lines of 
the 230-kev gamma-ray were not evident at the 
resolution setting used. 

At first sight the high energy beta-ray distribution 
appeared to be a single group. However, the Kurie 
plot analysis in Fig. 3 shows, in addition to beta-rays 
with an end point of 2.965+0.015 Mev, two inner 
groups with end points of 2.3+0.1 Mev and 0.86+0.1 
Mev. In these computations corrections were made 
for counter dead-time, and accurate relativistic Fermi 
functions were taken from a table kindly supplied by 
I. Feister of the Bureau of Standards. From the areas 
under the plots of N/Hp versus Hp the 2.965-Mev 
group was shown to contain about 90 percent of the 
intensity while the two inner groups were each roughly 
5 percent. The intensities of the two weak components 
are accurate to only about 30 percent since subtraction 
of the main group depends upon an extrapolation from 
a relatively short region near the Kurie plot end point. 
In this subtraction the 2.965-Mev group, which is 
straight above 2.3 Mev, is assumed to have the allowed 
shape. It then follows from the fit of the 2.3-Mev 
group to a straight line Kurie plot that the beta-ray 
distribution in this transition has an experimentally 
allowed shape. 

In the experiments on the high energy beta-rays of 
Pr'“ the K-conversion line of the 135-kev Ce’ gamma- 
ray served as a convenient guide to the quality of 
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sources in regard to source thickness effects. Although 
the actual thickness of the sources was not determined, 
the experimental width of the conversion line was in 
most cases equal to the spectrometer resolution setting. 
It was felt that if the energy spread of a line at 90 kev 
were small then the effect of the source thickness on the 
high energy spectrum would be negligible. 

The beta-ray measurements just described were made 
more than two years after the source was received 
which should exclude difficulties due to short-lived 
impurities. However, the presence of long-lived fission- 
product impurities was considered possible, in particular 
Sr®’ whose daughter Y®°, has a beta-ray with an end 
point of 2.3 Mev. To check the results a portion of the 
cerium activity was purified and remeasured. Chemical 
puirfication was kindly carried out by Dr. Seymour 
Katcoff of this Laboratory. The procedure was as 
follows: 5-ml nitric acid and 20-mg Sr(NOs3)2 were 
added. The cerium was oxidized to the tetravalent 
state by adding 150 mg of sodium bromate (0.4 ml of 
saturated solution). In this form it was extracted into 
ether. The 17-min daughter Pr' was observed to 
remain behind in the aqueous phase. The ether was 
then shaken with dilute sulphurous acid solution to 
reduce the cerium to the trivalent state, thereby return- 
ing it to an aqueous phase. The above cycle was repeated 
but without the addition of Sr++. The aqueous phase 
containing the Ce was evaporated to dryness. Heating 


with an open flame was necessary to drive off a small 
amount of H,SO,. A few drops of HCl were added and 
boiled off and the activity was taken up in a small 





Niw/2) 


«g) NiO) - Nw /2) 











Fic. 4. Angular correlation of Pr' gamma-rays. Resolving 
time =0.12 wsec; angular resolution = 12°. The best fit is obtained 
with the function 1—0.33 cos’. 
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amount of water. For beta-ray measurements the 
activity was evaporated on a Zapon film (~20 ug/cm?) 
stretched on a Lucite cup as in previous experiments. 
The spectrum showed the same features as with the 
unpurified source. 

As a check on the decay scheme suggested by the 
lens spectrometer measurements the absorption of 
beta-rays in coincidence with gamma-rays was examined 
by means of two scintillation detectors. Anthracene 
was used for the beta-counter and NalI(TI) for the 
gamma-counter. The resulting coincidence yield as a 
function of aluminum absorber thickness in front of 
the beta-counter was corrected for random coincidences 
and for gamma-gamma coincidences. The corrected 
absorption curve shows clearly that two components 
are present with ranges of about 0.34 and 1.0 g/cm? Al 
and the corresponding beta-ray maximum energies, as 
obtained from the Feather relation, are 0.9 and 2.1 
Mev, respectively. Extrapolation of the individual 
curves to zero absorber thickness indicates that about 
twice as many beta-gamma coincidences are associated 
with the 0.9-Mev beta as with the 2.1-Mev beta. 
Rough confirmation of the lens spectrometer data is 
thus obtained. 

Angular correlation experiments on the gamma-rays 
of Pr' were carried out with two sodium-iodide-5819 
scintillation detectors connected in coincidence. The 
arrangement was similar to that used'® in measurements 
of the angular correlation of Rh'°® gamma-rays. Co 
gamma-rays which have a well-established angular 
correlation were used to check the apparatus. Measure- 
ments on Pr! were made with sufficiently high discrim- 
inator settings so that the low energy lines in the decay 
of Ce were not observed. Scattering from one counter 
to the other was effectively prevented by lead shielding. 

Figure 4 shows the experimentally observed angular 
correlation as well as the computed curves for 1—0.33 
cos*?@ and 1—0.33 cos‘@ distributions. The computed 
curves have been corrected for the angular resolution 
of the apparatus. The presence of annihilation radiation 
at first caused the points near 180° to be high, but this 
effect was later diminished by increasing the bias on 
one of the counters to a point where it no longer had 
an appreciable efficiency for 0.5-Mev gamma-radiation. 


DISCUSSION 


The measurements on Pr described above are 
consistent with the decay scheme given in Fig. 5. 
The 0.695- and 1.48-Mev gamma-ray transitions are 
evidently in cascade while the 2.185-Mev line is a 
cross-over. The fact that the 0.695-Mev gamma-ray is 
low is indicated by its greater intensity and by the 
observation of beta-ray transitions feeding this state. 

In the angular correlation of the gamma-rays, if 
pure dipole, quadrupole, and octapole radiation are 
considered, and if the ground state of Nd' is assumed 


6 J. J. Kraushaar, Phys. Rev. 85, 727 (1952) 
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to have spin 0, then the two computed curves are the 
only ones which bear a similarity to the experimental 
results. It is apparent that the 1—0.33 cos*@ curve, 
characteristic of a 1-2-0 or a 1-1-0 cascade, best fits 
the data. As a further argument against the 1—0.33 
cos‘@ correlation, which would require a spin of 3 for 
the second excited state, one would not expect the 
cross-over to occur with the observed intensity. Of the 
mixture possibilities only 1-2-0 (D-Q) with up to 6 
percent admixture of quadrupole radiation in the 
first transition and 6=0° satisfactorily fits all the data. 

Between the two possibilities allowed by the observed 
correlation (1-1-0 or 1-2-0) the choice of spins for 
Nd' given in Fig. 5 is based on the general rule'® that 
the first excited states of most even-even nuclei have 
spin two and even parity. The parity of the 2.185-Mev 
level cannot be assigned at present. 

The log ft value of 6.6 for the ground-state beta-ray 
would assign this transition as probably first forbidden 
according to the classification’? of Nordheim. For the 
2.3-Mev beta the log ft is perhaps a bit higher, but it 
too could be classed as first forbidden. Pr' could then 
have spin 1 or 0 and the parity of this nucleus, according 
to the shell model, might be expected'* to be odd since 
the 59th proton is probably even and the 85th proton 
odd. 

According to this scheme the 2.185-Mev line accounts 
for about 40 percent of all Pr’ gamma-rays and occurs 
in about 3 percent of the beta-decays. The latter figure 
is in agreement with estimates from the photoneutron 
data previously mentioned. A simple calculation shows 
that a source of (Ce'*—Pr') plus Be should emit 
monoenergetic photoneutrons of about 460 kev. 

In the photoneutron measurements! of Goldhaber and 
der Mateosian the ratio of yields from Be and D,O was 
650 using a Ce' source, whereas the corresponding 
ratio obtained with a radium source in the same 
geometries was 20. However, the observation of the 
weak yield from heavy water is not explained by the 
decay scheme given in Fig. 5. After assuming that an 
impurity is not responsible, there are two other possibil- 


1 M. Goldhaber and A. W. Sunyar, Phys. Rev. 83, 906 (1951). 
17 L. W. Nordheim, Phys. Rev. 78, 294 (1950) 
'§ M. Goldhaber, private communication 
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Fic. 5. Proposed decay scheme of Pr. 


ities. A level might exist in Nd" having an energy above 
the D(yn) threshold, and this could be weakly excited 
by beta-emission of Pr'“. If this is the case the direct 
gamma-ray transition to the ground state will be very 
difficult to measure by conventional methods because 
of the low intensity. The remaining alternative is the 
existence of bremsstrahlung due to the 3-Mev beta-rays. 

Since the relative number of 3-Mev betas and 
2.2-Mev gammas is about 30 to 1 on the basis of the 
proposed decay scheme and since the photoneutron 
work! indicates a ratio of approximately 650 in the 
number of gammas below 2.23 Mev to those above this 
energy (the photoneutron measurements do not give 
directly the relative numbers of gamma-rays), then 
it may be estimated that the number of gammas above 
2.23 Mev per beta-disintegration is about 5X10-°. 
Inasmuch as no allowance has been made for the relative 
(y,2) cross sections in Be and D.O above 2.3 Mev, 
the photoneutron yield observed from D,O might be 
a reasonable consequence of bremsstrahlung. 

The authors are indebted to Dr. Seymour Katcoff 
for chemical purification of the beta-source and to 
Dr. M. Goldhaber for suggestions and discussions of 
this problem. 
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Explicit expressions are obtained for all the constraints which appear in the canonical formulation of the 
field equations of general relativity and of electrodynamics. 


A. GRAVITATIONAL FIELD The Lagrangian [PS (37)] of the gravitational field 

I a previous paper’ an explicit expression was ob- #8 iven by 

tained for the Hamiltonian of the gravitational field 
of general relativity. Anderson, Bergmann, and Pen- ’ 
field? have shown that constraints are introduced by the + 97*8 "8 }BaB, Bure (2) 
equations of motion of the field and have given a full 
discussion for general types of covariant field theories. 
In this note we shall obtain these constraints explicitly aa ee or p ; 
for the gravitational and electromagnetic felds, Our 7H =4(OL/ 8G ur + OL/8G,n) =4(— 8) 2ge"ghg" 
expressions should, of course, be equivalent to [AB, Eee ae 
Eq. (7.4) ]. — Agengreg— DgargnegM+t 2ganghrget} gape. (3) 

The notation of [PS] will be used in a simplified pie 
parameterless formalism? in which the parameters u*,{ The Hamiltonian density [PS (43) ] is defined by 
are chosen to match the space-time coordinates x*, 2+. 
The following table indicates the correspondence be- 
tween various quantities in the two formulations and it 
enables us to carry over directly the results of [PS]: 


L=}(- git 2g27gheg ur grbgrrgur— 2grgr7 ghe 


The canonical momenta [PS (38) ] are 





H=n%Gas—L. (4) 


Applying the recipe (1) to the results of [PS III (B) ] 
we find‘ 

Parameter Parameterless 4 
formalism [PS ] formalism H=h+8.9’, (5) 


where @” vanishes in the weak sense, and / and @¢’ do 
not involve the velocities g,,. The Hamiltonian density 
Surs Sure H is now no longer weakly zero, but it is still weakly 
independent of the velocities.* The expressions in (5) 


667; Onv™= Luv , 
45 Jue= Bur. are given by 





O; wr" we j @s904g84__ JgatgBiges 
G7 1 — 4} (— g)8{ 2gregetg™— 2gatghtg 


1; 6,4; g* — grtgahget+ gabptigrs} 226 =0, 
¢” = (g*4)—'g28 (2g 06, 8— Zab, 0), 


h h=4(g)-"(— g)*(2gankse— Sab ur) eee 
+ (g**)- 1(2gF4qos— 2g°*924— g*472") 003 , 
* This paper is based on research conducted in part under a y44)—1(_ g) bf (paBpe:_ gags) 
contract between the Flight Research Laboratory of the U. S. +g (—8) {s es Bs 
Air Force and Carnegie Institute of Technology (egret) — ge ee 
t National Research Council of Canada Postdoctorate Overseas ae A gad pBegid mnt A gam p84 pet pint A padgbngemois 


Fellow 

iF E. Pirani and A. Schild, Phys. Rev. 79, 986 (1950) + Agangbegimpssy sailin wc. 
(This paper will be referred to as [PS]); also Bergmann, Penfield, 
Schiller, and Zatzkis, Phys. Rev. 80, 81 (1950). 

* Anderson, Bergmann, and Penfield, Phys. Rev. 82, 321 (1951) ; 4“Strong” equations (=) remain valid after performing a 
83, 1018 (1951). (The latter will be referred to as [AB]); also variation, where the “coordinates” gy», gyuv,+, the “velocities” 
F. A. E. Pirani, D. Sc. thesis, Carnegie Institute of Technology, Gy», and the “momenta” *” are varied independently—in par- 
May, 1951. Correction: In [PS], Sec. II (D), the last two sentences ticular, independently of (3). “Weak” equations (=) do not re- 
are wrong main valid after such a variation. It is important for the present 

3See reference 2, Pirani, Sec. 2.4; also R. H. Penfield, Phys. theory that the transition from (4) to (5) be in the strong sense. 
Rev. 84, 737 (1951 Pp. A. M. Dirac, Can. J. Math. 2, 129 (1950). 
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EINSTEIN'S GRAVITATIONAL 


The nonzero Poisson brackets between pairs of the 
canonical variables gas, gas,+, ™*” are 


[gas mn’ *” }=4(ba"53"+-5a’5 a"), (9) 


(gap, sy ®'*” ]=4(5a"5p’+5a’5p")5,, (10) 


where gas=gas(X), 7’ *"=4*"(x’), 
6=6(x—x’)=4(x!— x") 8(x22— x") 6(x9— x8), 


and 6,=06/dx*. The equation of motion of a function or 
functional F of the canonical field variables is 


P=[F, x], (11) 


where X is the Hamiltonian 


w= f Hx, 


and where dx=dx'dx*dx*, the integral being taken over 
the 3-surface x‘=constant. Equation (11) is the canoni- 
cal form of the classical field equations. 

Since the weak equation ¢’=0 must remain valid on 
all 3-surfaces x‘=constant, we must have 


(12) 


é=Cor,xe]= filo, h’\+[o*, 8,6"? }}dx’=0. (13) 


These equations are not satisfied identically, and so 
lead to new constraints, the x-equations of Dirac® or 
the secondary constraints of Bergmann.’ 

A direct calculation shows that 


[o’, 6 ]=0, 
and therefore 
Co’, 8,'¢*]=8,'[o", +L ¢’, 8,’ ]o’*=0, 


by (6) and (14). Thus (13) reduces to 


fier h’ \dx’ =0. 


Again, direct calculation shows that 


[o*, A’ J=x76— {a+} (—g)[e74(g2%g""— 2g2"g**) 
+ g7"(gr8ge4— 2ga4g6*) 
+ g9*(4ga4g8r— 2g%8g") |eus 2}6,’, (16) 


where use has been made of the weak equations ¢7=0. 
In (16), 5,’=06/dx’", and 
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XS — 3g) — g) Ng 2g enhiv— Sekar) Eee tee» 
+ (g*4)—1{ e##(g77g44— petgr4) 
— harr(geegt— geige) guns 
+4(—g)'{(e*)“'g**L — george 
+3 (gr8gur— 2gang8r) (gregtt+ grigst) 
+ gvig*t(2gengrr— ghrge*) 
+e ete ae 
+ grtgtt(g8sgrrt 2g8rg"*) | 
tt ee ee we ee 
+g2"(gh"g"*— 2g*g"*) J} ga. Bun.» 
+4(—g)'{ert(g"g"*— 2gerg**) 


+.g°"(2g2*g8e— p26 g*4)} paar (17) 


Integrating (16) with respect to x’, the second term 
drops out and (15) becomes 

(18) 
According to the general theory of [AB], further con- 
sistency equations x’=0 should be satisfied automati- 


cally by virtue of ¢’=0, x’=0, and should therefore 
not give additional x-equations. 


B. COMBINED GRAVITATIONAL AND 
ELECTROMAGNETIC FIELDS 


The electromagnetic field variables are the potentials 


A, and the Lagrangian is now 
L=L,—«(—g)'F F*’, (19) 


(20) 


where 
F rae ghag PF 4, ' 


pet A po As, ps 


where « is the gravitational constant, and where Z, is 
the Lagrangian (2) of the gravitational field. The 
momentum variables +*” conjugate to the g,, remain 
unchanged and are given by (3). The new momentum 


variables conjugate to the A, are 
mwh= —4x(—g)iFm, (21) 


The Hamiltonian density is obtained immediately 
by applying the recipe (1) to the results of [PS III (C)]: 


H=h+.¢"°+8¢, (22) 
where @” and 8, are still given by (6) and (7), and 
(23) 
(24) 


o=r'=0, 
B= g™"(g**) 14., 
h=hy— (8x)~"(g**)-“"(— g) Sg ager? 
+ (g**) I(ga4g?— g*4ee) 4, ‘ 
nits 2«(g**) 1(— g)i{ gt4gangim— pttpabgmn 
aah 2gr"ghtgm4+ gabgmignit gmngatgbs) 4 ‘ ia An (25) 
where h, is the expression (8) for the gravitational field. 


We demand that ¢°=0 and ¢=0. Since (14) remains 
valid and also 


[¢’*, ¢’]=0, [¢, ¢’J=0, (26) 
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these conditions reduce to (15) and 


fits, h’ |dx’ =0. (27) 


This last equation immediately gives the x-equation: 


(28) 


x=" ,=0. 


We must remember that the / in (15) is now given by 
(25). Therefore the expressions that are given by (17), 


AND SKINNER 
and which we shall now denote by x,’, do not vanish 
weakly. Instead we obtain the x-equations: 


X°S X1°+ (16x)—"(g"*)-"(— g)-tg “enn” 
+4(g*4) \(getgn4— gongss) F e™ 
— «(g**) 1(— g)ige4{ gurgrsgt4— gurgragis 
+ 2grighegr'— gergrignt— guigrig" VA yolns 


0. (29) 


According to the general theory of [AB] there should 
be no other x-equations. 
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The disintegration of Cs° (30 min) has been studied with the help of a magnetic lens spectrometer 
and a NalI(TI) scintillation spectrometer. Cs"®° decays to both Xe by positron emission and K electron 
capture and to Ba" by negatron emission. The end-point energy of the positrons is 1.97 Mev and of the 
negatrons 0.442 Mev. Since no gamma-rays other than annihilation radiation were observed, it is assumed 
that the disintegration leads to the ground state of both Xe and Ba!™®, 





I. INTRODUCTION 


HE disintegration of Cs™° was studied with a view 

of getting some additional information on the 
energy levels of Xe'°. Information exists! on the levels 
of Xe'**, Xe!’ and Xe'®° which has been obtained from 
the study of the decay by beta-ray emission of the 
appropriate iodine isotopes. The spectrum accompany- 
ing the disintegration of I'*° was investigated by 
Roberts, Elliott, Downing, Peacock, and Deutsch? from 
which the energy levels of Xe'° were obtained. The 
disintegration of I'*° gives rise to gamma-rays of energy 
0.417, 0.537, 0.667, and 0.744 Mev. The gamma-ray of 
energy 0.417 Mev was shown to arise from the two most 
highly excited levels of Xe'° but the remaining three 
gamma-rays are in cascade and, to date, it has not been 
determined which of these gamma-rays arises as a result 
of a transition from the first excited state to the ground 
state. The present work was an attempt to determine 
the energy of the first excited state of Xe'*° from a study 
of the disintegration of Cs'*° which decays, in part, by 
positron emission and orbital electron capture to Xe"*”. 
This hope was not realized since, as we shall show, the 
disintegration of Cs'*° does not lead to an excited state 
of Xe'®°. However, the present work has shown that 
Cs'° decays to Xe'° by positron emission and orbital 
electron capture on the one hand and to Ba" by 
electron emission on the other. In addition, certain 


upported by the joint program of the ONR and AEC. 

C. G. Mitchell, Revs. Modern Phys. 22, 36 (1950). 
oberts, Elliott, Downing, Peacock, and Deutsch, Phys. Rev 
64, 268 (1943). 
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conclusions concerning the configuration of Cs'*° have 
been obtained. 

Fink, Reynolds, and Templeton’ produced a caesium 
activity, whose half-life is 30 min by the bombardment 
of I’ with alpha-particles. They reported that this 
activity emits x-rays and gamma-rays of about 0.5- 
Mev energy. 


II. PREPARATION OF SOURCES 


Resublimed elemental iodine, free of bromine and 
chlorine impurities, was used as the target for bombard- 
ments. The iodine was pressed into a copper target, 
which was water-cooled, and covered by a palladium 
foil 0.0005 in. thick and was bombarded by the 23-Mev 
alpha-particle beam of the Indiana University cyclotron. 
This thickness of palladium was calculated to be such 
as to slow down the high energy alpha-particles in the 
cyclotron beam to an energy for which the a-2” reaction 
should be very improbable. The targets were bom- 
barded at low beam intensity to keep the iodine from 
overheating. 

The active caesium was separated in the following 
manner. The iodine was washed off the target with 
CCl4, and the caesium and any other soluble salts were 
separated by extracting with a small amount of 1 
normal HCI to which a small amount of caesium and 
heavy metal carrier had been added. Since some cad- 
mium and silver activities can be produced in the 
palladium cover and can be driven into the iodine target, 
cadmium was used as the heavy metal carrier. The 


* Fink, Reynolds, and Templeton, Phys. Rev. 77, 614 (1950). 
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active heavy metal was then removed by a hydrogen 
sulfide precipitation. The solution was filtered and 
evaporated. The evaporated portion contained the 
caesium activity from which sources were prepared. 
The period of the resulting activity was measured 
repeatedly and was found to be 30+1 min. There was 
no long-lived activity of any appreciable magnitude 
thus showing that Cs"° (31 hr) from an a-2n reaction 
was not produced in the process. Incidentally, since 
no Cs!*° is formed from an a-2n reaction, it is clear that 
no Cs"8, whose half-life is reputed to be approximately 
30 min,’ could have been formed from an a-3n reaction. 


Ill. THE BETA-RAY SPECTRUM 


The beta-ray spectrum was investigated with the 
help of a magnetic lens spectrometer. In the first series 
of experiments the lens was not equipped with any 
device to separate electrons from positrons. The counter 
was supplied with a thin Zapon window which would 
transmit positrons or electrons of energy 15 kev or 
greater. The sources were quite thin, being essentially 
carrier free, and were deposited on thin Zapon. 

Owing to the short half-life of Cs!°, it was found to be 
impossible to go over the whole range of the particle 
spectrum with one source. Sources from several different 
bombardments were used and separate regions of the 
spectrum were investigated with each source. There 
was enough overlap between the regions investigated 
so that it was possible to form a composite diagram 
covering the whole extent of the spectrum. 

A Fermi analysis of the data was made and the results 
are shown in Fig. 1. It will be seen that there is a high 
energy group of positrons, the energy of whose end 
point is 1.97 Mev. In addition there is a low energy 
group of particles causing a bending away from the 
high energy positron group at about 0.44 Mev. If a 
Fermi plot is made of this low energy group, using 
values of F(Z, W) appropriate to positrons, no reason- 
able straight line could be obtained. If functions ap- 
propriate to electrons were used, however, the straight 
line labeled e~ in Fig. 1 was obtained. The energy of the 
end point of the negatron group is 0.442 Mev. 

In order to prove that the high energy group consists 
of positrons and the low energy group of negatrons, a 
spiral baffle was inserted in the lens. This cut down the 
intensity of the radiations reaching the counter to an 
considerable extent, but the experiments were good 
enough to confirm the fact that the high energy group 
consists of positrons and the low energy one of negatrons. 

Finally an experiment was performed in which the 
counter was fitted with a thin Zapon window, supported 
on a grid, and capable of transmitting electrons of 5 
kev or greater. These experiments showed the K-2L 
Auger line of xenon appearing at 24 kev, showing that 
Cs'*° decays to Xe'®° by K electron capture. In addition, 
the experiments with the 5-kev window were carried 
far enough up on the continuous distribution so that 
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Fic. 1. Fermi plot of disintegration particles from Cs™. 


the whole spectrum could be plotted. The results are 
shown in Fig. 2. 

The relative abundances of the positron and negatron 
groups, the values of logff, and the ratio of Auger 
electrons to positrons are shown in Table I. Owing 
to the short life of Cs'*° the experiments are not suitable 
for determining the value of K/e*. 


IV. MEASUREMENT OF GAMMA-RAYS 


The intensity of the sources was not strong enough 
to permit one to determine the energy of the gamma- 
rays in the magnetic lens spectrometer. The gamma- 
rays were therefore studied with the help of a scintilla- 
tion counter. The apparatus consisted of a NalI(TI) 
crystal, linear amplifier, and differential pulse-height 
discriminator. A typical experiment is shown in Fig. 3 in 
which the number of counts per minute corrected for 
decay is plotted against the discriminator setting. In 
these experiments the window opening of the discrim- 
inator was 1.5 volts. In order to calibrate the apparatus 
a similar curve to Fig. 3 was taken using the 0.663-Mev 
line of Cs'*? with identical gain settings. 

Referring to Fig. 3, the peak at discriminator setting 
34 div. corresponds to a photoelectric peak for annihila- 
tion radiation. The peak at B comes at the place to be 
expected for the “backscattered peak” of the Compton 
effect for annihilation radiation. The arrows indicate 
the peaks to be expected for the gamma-rays of energies 
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Fic. 2. Particle spectrum of Cs” 
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>. 3. Pulse-height distribution for gamma-rays 
from Cs" using scintillation counter. 


0.774, 0.667, 0.537, and 0.417 Mev reported from a 
measurement of the spectrum of I'*° by Roberts e¢ al. 
It will be seen that the lines at 0.667 and 0.744 Mev are 
not seen, their intensity being less than 3 percent of that 
of the annihilation radiation. The line at 0.537 Mev 
would not be resolved from the annihilation radiation 
and the line at 0.417 Mev would be seen if it had 10 
percent of the intensity of that of the annihilation 
radiation. 

In order to show that decay by K electron capture is 
taking place, the gain on the amplifier was changed 
and the low energy region was searched. A line was 
found corresponding to an x-ray of 29.5 kev, arising 
from the Ka radiation of xenon. 


V. DISCUSSION 


The experiments have shown that Cs! decays in 
two ways— (a) by positron emission and orbital electron 
capture to Xe'*° and (b) by negatron emission to Ba'°. 
The lines at 0.744,0.677, and 0.417 Mev seen in the corre- 
sponding decay of I'*°-+Xe'*° are entirely absent, and 
it does not appear likely that the line at 0.537 Mev is 
excited either. It is, therefore, to be assumed that the 
decay of Cs'*° to Xe" goes to the ground state of the 
latter. 

Aside from the failure to find gamma-rays there 
are convincing arguments in favor of this point of view. 
Cs'*° goes to both Ba™® and Xe'®° and both of these 
nuclei are even-even nuclei with, presumably, zero 
spin and even parity. Referring to Table I, it will be 
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seen that both the negatron and positron transitions 
have a value of logft of 5, which corresponds to an 
allowed transition. This would indicate that the spin 
of the ground state of Cs"° is 1 and that it has even 
parity. The transitions to the higher excited states of 
Xe", while possible from energy considerations, are 
forbidden, presumably, on account of spin change. 

It is interesting to compare the results of this experi- 
ment with predictions based on the shell model. Since 
ssCs° has 55 protons, the shell model would predict 
that the proton configuration would be either g7,2 or 
dsj. These two states have approximately the same 
energy. The configuration appropriate to 75 neutrons 
is d3/2. Since Cs'*° goes to the ground states of both 
Xe'*” and Ba'*° (spin 0, even parity) by means of 
allowed transitions, Cs'*° probably has even parity 
and spin 1. The configuration (d5/2, d3;2) would give 
even parity and spin 1, in agreement with the results 
of this experiment. The other possible assignment, 
namely (g7/2, d3/2) would imply a spin of 2 which these 
experiments rule out. 

In this connection it is instructive to compare the 
configurations corresponding to 55 protons for several 
caesium isotopes for which the spin has been measured 


Taste I. Characteristics of the decay of Cs. 


Auger 
positrons 


45 


Percent 
abundance 
96.5 

3.5 


log ft 


5.08 
4.96 


Energy Mey 


1.97 
0.442 


Cs'°—+Xe!40(e+) 
Cs°— Ba!99(B~) 


or for which the configuration can be deduced from 
arguments similar to those given above. These con- 
figurations are as follows: Cs75'°°(d52— 3/2), Csze!*"(d5)2),* 
Cs73'8(g7 2—),é Csgo!*(g7 ye 19 and Csgo!*?(g7 2—).§ The 
first two are derived from measurements of log ft and 
the last three from actual measurements of spin. The 
influence of the increase in neutrons seems to be that 
below neutron number .V=78 the ds5;2 state for the 
fifty-fifth proton lies lower and from V=78 on the 
£7/2 state lies lower. 

The present experiments clearly allow one to compute 
the mass differences between the stable isobars Ba'*° 
and Xe. Thus 


Cs!8°= Ba"®°+0.442 Mev; 
Cs!°= Xe!°+ 1.974 Ime’; 
or Ba™™°= Xe!*+2.53 Mev (2.72 10-8 MU). 


The authors are indebted to Dr. M. B. Sampson and 
the cyclotron group for making the bombardments 
and to Mr. A. E. Lessor for carrying through the 
chemical separations. 

4R. Canada and A. C. G. Mitchell, Phys. Rev. 83, 76 (1951) 

5 See, for example, National Bureau of Standards, Circular No 


499 (1950). 
* Davis, Nagle, and Zacharias, Phys. Rev. 76, 1068 (1949) 
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The Hall effect has been measured as a function of temperature, between 400°K and 800°K, in single 
crystals of barium oxide using an ac system. Conduction was predominantly N-type. The value of (42— jx*) / 
(e+ a) was about 3 cm*/volt sec between 600°K and 700°K and varied only slightly with temperature over 
the entire range studied. yu, is thought to lie between 3 and 9 cm*/volt sec. There was some evidence that 
conduction was intrinsic at the higher temperatures in the samples studied. 


I. INTRODUCTION 


ARIUM oxide has long been a substance of special 
interest to the physicist.' This interest has led to 
attempts to determine the type of conduction mech- 
anism and the mobility of the current carriers by 
measuring the Hall effect. Hall effect measurements on 
powders have been reported.? The thermoelectric effect 
in powder specimens, which gives some of the same 
information, has also been reported.’ 

The present experiment measures the Hall effect in 
single crystals of barium oxide; it is only by using such 
specimens that one can be certain he is measuring true 
bulk properties. The Hall angle and the conductivity 
have been found as a.function of temperature, the 
Hall angle being preferred to the Hall constant because 
of the strong temperature dependence of the latter in 
semiconductors. 


II. DESCRIPTION OF APPARATUS 


The ac system used for Hall effect measurements has 
been described elsewhere.’ Use of ac minimizes electro- 
lytic effects and transverse voltages caused by thermo- 
electric effects. Conductivities were measured on an ac 
bridge at 12 cps, the low frequency permitting measure- 
ments to very low conductivities before being limited 
by the shunt capacitance of the crystal. 

The crystal holder, Fig. 1, was machined from solid 
molybdenum, with MgO insulation to prevent electrical 
leakage. It was mounted between the poles of a magnet 
in a flattened portion of a glass, mercury-pump vacuum 
system, and it could be withdrawn through a lead- 
gasket seal for insertion of the crystal. Hall data were 
recorded with a vacuum of about 5X 10-* mm of Hg. 

All crystals were cleaved to dimensions of about 
0.35 in.X0.20 in., and they ranged in thickness from 
0.007 in. to 0.050 in. Except for crystal No. 4, they 


* This work has received support from the ONR and the 
Research Corporation. 

t Now at General Electric Research Laboratory, The Knolls, 
Schenectady, New York. 

' See, for example, W. W. Tyler and R. L. Sproull, Phys. Rev. 
83, 548 (19 

?D. A. Wight, Nature 164, 714 (1949); and Semiconductors 
(Methuen, London, 1950), p. 71. 

3J. R. Young (Washington 1951), Phys. Rev. 85, 388 (1952). 

‘K. Noga, J. Phys. Soc. Japan 6, 124 (1951) 

5 E. M. Pell and R. L. Sproull, Rev. Sci. er (to be published). 


were mounted on the MgO substrate, about 0.05 in. 
thick, on which they were grown. Descriptions of the 
individual crystals are given in Appendix I. 


Ill. CALIBRATION OF SYSTEM AND 
PRELIMINARY TESTS 


The mobility in cm?/volt sec, neglecting the factor 
3/8, is given by the expression 


= (El/vHdk) X 10%, 


where E is the MKS voltage between Hall probes; V, 
the MKS voltage between the current electrodes; H, 
the magnetic field strength in oersteds; d, the crystal 
width; /, the crystal length; and k, a geometry correc- 
tion factor. This assumes a uniform electric field in the 
crystal. The experimental determinations of these 
factors were as follows: 

kd/l: d/l was measured with an estimated error of 
about 1 percent. The geometry correction factor & has 
been calculated as a function of d/I,* and has been 
experimentally confirmed for tellurium’ and for german- 
ium. For our d/l of 3, it is 0.93. 

H: The magnetic field was calibrated with a ballistic 
galvanometer and a flip coil, within an accuracy of a 
few percent. 

E/V: The method of calibrating the amplifier was 
such that the output was given directly in terms of 
E/V. This calibration was made after every five or 
six reversals of the magnetic field and included the 
entire electronic system with the exception of the 
electrometer stage, which was separately calibrated 
at less frequent intervals. The maximum estimated 
error in E/V is 10 percent. 

Temperature: The mobility was determined as a 
function of temperature. Problems of geometry resulted 
in an oven in which the crystal temperature could not 
be determined directly in each run but could be found 
indirectly by applying a correction factor to the oven 
temperature. The method for determining this correc- 
tion factor, and also for correcting temperature gradi- 
ents along the crystal, is described in Appendix II, 
and the magnitude of the resulting correction to the 


® Isenberg, Russell, and Greene, Rev. Sci. Instr. 19, 685 (1948). 


7 W. W. Scanlon, Purdue Signal Corps Report, January, 1948 


ere 
W. C. Dunlap, Phys. Rev. 79, 286 (1950). 
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SECTION A-A 


Fic. 1. Crystal holder. a—tungsten heaters; b—Pt-Pt 10% Rh 
thermocouple; c—sliding molybdenum cover; d—crystal hold- 
down spring, molybdenum, spot-welded to c; e—MgO crystal 
substrate; f—BaO crystal; g—platinum current contacts; 4— 
MgO insulators; i—molybdenum thermionic emission shield; k— 
platinum hall contact; m—heat shields, with holes for electrical 


leads; m—platinum contacts sputtered on crystal; p—tungsten 


springs. 


oven temperature data is indicated in Fig. 3. The 
correction factor is estimated to be accurate to within 
+15 percent. 

Preliminary Tests: Tests with Aquadag and cesium- 
antimony films checked the polarity of the Hall 
apparatus and gave reasonable values of u. 

To minimize thermionic electron currents, Hall data 
were taken with the crystal biased 45 volts positive 
respect to the oven and thermionic emission 
shield. Probe measurements and considerations of 
geometry lead to an estimated thermionic current to 
the probes not exceeding } percent of the conduction 
current, with the crystal at 900°K. By varying the ther- 
mionic current with the crystal bias to introduce 
deliberate and known errors, it was concluded that 
errors caused by thermionic emission were less than 
5 percent at ali temperatures. 

A dependence of the Hall voltage upon the Hall probe 
size has been reported.* Subsidiary experiments using an 
electrolytic-tank model of our crystal geometry indi- 
cated that such an effect could not be caused by geomet- 
rical factors, even with probe diameters as large as 
one-third of the probe spacing. As a further check, the 
probe size in the actual experiment was reduced by a 
factor of two with no change in the measured uy. 

To check for thermoelectric effects, the frequency of 
the current source was varied from 17 to 400 cps, with 
no change in the measured yu. Calculations indicate 
that transverse voltages from thermoelectric effects 


with 
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should not be present at any frequency greater than 
about 0.01 cps. 

A thin, high resistance surface layer under the Hall 
current contacts would cause an abnormally low Hall 
voltage since most of the applied voltage would be lost 
in the JR drop across this barrier. Potentiometric 
measurements, using a special electrode configuration 
sputtered on the crystal, indicated that there were no 
such barriers in crystals No. 1 through No. 4 but that 
a serious barrier existed in crystal No. 5; visual evidence 
indicated the presence of a similar barrier in crystal 
No. 6 and suggested that these barriers were produced 
by bleaching of the colored crystals proceeding inwards 
from the surface. Because of these barriers this appara- 
tus was unable to give mobility data for crystals 
No. 5 and No. 6. 

It would also be possible for the crystal to possess a 
high conductivity surface coating, which would prevent 
Hall effect measurements by shunting the crystal. 
Reproducible conductivity data in four runs with the 
same crystal, and the fact that almost identical con- 
ductivities were measured for two crystals of very 
different thicknesses and surface-to-volume ratios but 
the same composition, indicate that such coatings 
were not present. 

The measured Hall voltage was directly proportional 
to the magnetic field, within 3 percent, for fields up to 
13,000 gauss, as would be expected from the low yu 
observed; and it was directly proportional to the 
applied voltage, within 6 percent, for voltages from 
0.25 to 9.6 volts. 

At low temperatures the resistance of the crystal 
becomes very high and eventually exceeds the reactance 
of the shunt input capacitance to the electrometer 
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Fic. 2. Mobility data for four single crystals of BaO. The data 
have not been corrected for shunt capacitance nor for temperature 
gradients in the crystal. 





HALL EFFECT 
stage. Below this temperature, the measured Hall 
voltage should vary inversely with the resistance of 
the crystal. This was checked experimentally with the 
electrolytic-tank model, varying the resistance-reactance 
ratio by changing the frequency. Sufficient confidence 
in this relation was obtained to justify using it as a 
means for extending the data in the low temperature 
region. 

Since potentiometric methods were not used, it was 
necessary to prove that significant rectification did not 
occur at the current contacts. Direct measurement 
indicated a rectified signal between the crystal and 
either probe whose peak value was about 0.2 percent 
of the peak-to-peak value of the voltage across the 
crystal. This is negligible in conductivity measurements, 
and it does not affect the Hall measurements because 
it is not affected by the magnetic field. 

The ac conductivity bridge permitted measuring 
conductivities as low as 10-'° ohm™ cm™. The range 
was extended in the case of one crystal by using de, 
relying on the overlap of the two sets of data as evidence 
that polarization effects were not serious.’ 


IV. EXPERIMENTAL RESULTS AND DISCUSSION 
1. Mobility 


The mobility of the current carriers in BaO is the 
principal resuJt to be obtained from this experiment. 
Mobility data, uncorrected for shunt capacitance and 
temperature gradients in the crystal, and neglecting 
the factor 37/8 in the formula for Hall angle,!° are 
presented for crystals No. 1 through No. 4 in Fig. 2. 
All data indicated .V-type semiconduction throughout 
the temperature range studied." Fluctuations in the 
data are larger than the estimated experimental errors 
and are presumed to be caused by the crystals them- 
selves and the contacts to the crystals. 

In Fig. 3, the mobility data for crystal No. 4 has been 
corrected for shunt capacitance and temperature 
gradients. The dashed region of the curve is uncertain 
because of the lack of reliable conductivity data in this 
region; the available data do, however, indicate the 
lack of any large sudden changes in mobility in this 
range. 

Because of the above-mentioned possible errors in 
the conductivity data, the slope of mobility versus 
temperature cannot be found with sufficient accuracy 
to calculate a value for the characteristic temperature. 
Such a calculation would assume that the mobility is 


* The possibility of error in the conductivity data arising from 
electrical leakage across insulators was checked by substituting 
an MgO crystal for the BaO. At the highest temperature used, the 
conductivity measured using the MgO crystal was lower by a 
factor of 1000 than any conductivity measured on a BaO crystal 
at the same temperature. 

1 W. Shockley, Electrons and Holes in Semiconductors (D. Van 
Nostrand and Company, Inc., 1950), p. 278. 

" Recent experiments by J. R. Young on the thermoelectric 
effect in powder samples of BaO also gave N-type semiconduction 
consistently (see reference 3). 
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Fic. 3. Mobility and conductivity, crystal No. 4. The mobility 
has been corrected for the shunt capacitance effect and for the 


temperature gradient in the crystal; the magnitude of the correc- 
tions is indicated. 
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limited by lattice scattering, which seems reasonable 
because the mobility was substantially the same for all 
four crystals despite the fact that crystal No. 4 had a 
larger concentration of the same impurities as the 
others. Estimates of @ for the longitudinal optical mode 
based on specific heat data obtained by Anderson” 
indicate that 6 probably lies near 700°-800°K for BaO. 

The sign of rectification at the current contacts was 
observed to correspond to that observed for V-type 
semiconduction in other materials,’ for crystals Nos. 
1, 2, 3, 4, and 6 (no results were obtained for crystal 
No. 5). 

The conductivity may have been intrinsic over the 
high temperature range (see discussion of conductivity). 
The data then give (u.?—ux?)/(u.+ ur)!” instead of u,. 
Over the low temperature range, however, the data 
probably represent impurity semiconduction.™ Since 
there was no jump in the observed » when impurity 
conduction began (it is thought that a jump by a factor 
of three would certeinly have been observed), it seems 
probable from the above expression for observed yu 


C. T. Anderson, J."Am. Chem. Soc. 57, 429 (1935). See also 
V. L. Stout, Phys. Rev. 85, 390 (1952); Stout analyzed lumines- 
cence data on BaO to give a 6=430°K. 

N. F. Mott and R. W. Gurney, Electronic Processes in Ionic 
Crystals (Oxford University Press, London, 1940), p. 178. 

Tt may also be ionic conduction. Diffusion data by Redington 
on quenched crystals made from the same raw material indicate 
that ionic conductivity was 10-7? ohm™ cm™ at 550°K, with a 
slope of 0.2 to 0.4 ev. This is in the range of our data. The crystals 
used in the present experiment were annealed, however, and for 
annealed crystals Redington found no measurable ionic:mobility. 
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for the intrinsic and the impurity regions that u,<0.6y-. 
The fact that the observed y» does not change greatly 
over a factor of two in T is further evidence for yu, 
differing appreciably from y,, for since uw, and ya are 
both temperature dependent—(and probably differently 
temperature dependent to some extent)—it is unlikely 
that the difference, u2/(uet+ur)—un?/ (met ua), would 
remain so nearly constant over this T range if it were the 
difference between two large numbers of nearly equal 
magnitude. Since y» is proportional to m* exp(—3/2) in 
lattice scattering, the above also implies that m,* 

> 1.3m,*, where m,* and m,* are the effective masses 
of holes and electrons, respectively. 

The observed rise in » at high temperatures remains 
unexplained. The magnitude of the rise is within the 
sum of the estimated experimental errors, but these 
errors appear to be incapable of creating a spurious rise 
in uw. If us is fairly large, even though less than 0.6 ue, 
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Fic. 4. Conductivity. 


a slight increase in p, relative to u, could account for 
the rise. 

Using data! for the photoconductivity in BaO, it is 
possible to set a lower limit for the product of drift 
mobility and mean lifetime of a hole-electron pair. 
By assuming 100 percent quantum efficiency in produc- 
ing hole-electron pairs a lower limit is obtained for 
ur of about 5X 10-* cm?/volt. J. A. Krumhansl reports'® 
that a qualitative experiment on bombardment-induced 
conductivity in BaO gives a value of about 10-7 for 
ur, but with considerable uncertainty. 


2. Conductivity 


Although experimental conditions were chosen to 
favor mobility determinations over conductivity, the 
conductivity data were found to be reproducible, and 
typical data are presented in Figs. 3 and 4. Data points 


4% Private communication. 


PELL 


were found to be independent of temperature history ; 
if diffusion rates measured by Redington" are typical 
of the diffusion rates of the donors, it is unlikely that 
donor populations had time to adjust themselves to 
new equilibria between readings. 

The fact that the slopes and magnitudes of conductiv- 
ity are all about the same at high temperatures for 
crystals of presumably different impurity content"? 
indicates that this may be the region of intrinsic 
semiconduction. To test this hypothesis further the 
number of donor centers was calculated'* on the 
assumption that conductivity was intrinsic, using 
Muan for waritt (trapping should be small at these tem- 
peratures) and the slope of o vs log 1/T for E/2kT 
(assumes that E does not vary appreciably with 7). 
The resulting values for V (see Fig. 4) are within the 
experimental error of the number of barium ions per 
ce in BaO. 

The conductivity slopes observed for crystals No. 5 
and No. 6 before prolonged heat treatment, and for 
crystal No. 4 at low temperatures, are not inconsistent 
with earlier data obtained by Sproull and Tyler'® on less 
pure single crystals. 

The activation energy, as defined by } in o=Ce~>/*7, 
is also indicated in Fig. 4. The significance of this value 
is open to some doubt, for if the activation energy is 
temperature dependent, the slope of o will give not 
Er but Eo, the value of E obtained by extrapolating 
the slope of E vs T to T=0. Since these measurements 
were made at high 7°, Ey could be quite different from 
Er. On the other hand, the preceding paragraph has 
indicated that the observed slope of o gives a value for 
V that is consistent with the other evidence for intrinsic 
semiconduction ; however, this is not strong evidence. 

We now consider briefly whether the above thermal 
activation energies for intrinsic semiconduction would 
be consistent with the energy-band model for BaO 
which has been proposed” on the basis of previous 
experiments. This model suggests that the 3.8-volt 
optical excitation energy' corresponds to production of 
a bound exciton which may produce photoconductivity 
upon dissociation or by giving its energy to F-center 
electrons. In the previously mentioned model,'* the 
thermal activation energy 6 in o=Ce~*? corresponds 
to E/2,so that our data would give a thermal E of 2.2 
to 2.6 ev. If the holes are bound so that the lattice can 
relax about the bound charge, this thermal E corre- 
sponds to a much higher optical £; if the holes are 
free, the two energies are the same. Since our thermal 


% R. W. Redington (to be published). 

17 After heat treatment, crystals No. 5 and No. 6 gave conduc 
tivity slopes about the same as those in Fig. 4. At the start of 
the heat treatment, the slope was about half as large. 

18N. F. Mott and R. W. Gurney, Electronic Processes in Loni 
Crystals (Oxford University Press, London, 1920), p. 157. 

19R. L. Sproull and W. W. Tyler, Semiconducting Materials, 
(Butterworths Scientific Publications, London, 1951). 

20 J. A. Krumhansl, Cornell Navy Report No. 3, Cont. N6-ori 
91, Task 11, Dec. 1950; E. Steele, Cornell University Thesis 
(1951). : 
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E would not be much smaller than the optical E, the 
holes would apparently not be immobile. The slight 
difference between the two E’s would not necessarily 
be caused by lattice relaxation; the optical transition 
could be between two states each with wave vector of 
zero, and these do not lie at the edge of the forbidden 
band in BaO*® (k=0 would be down about 1} volts in 
the filled band on the basis of the above data). It must 
be emphasized that this experiment cannot be taken 
as proof that the thermal activation energy for intrinsic 
semiconduction is 2.2 to 2.6 ev; the above argument 
merely indicates that such a value would not contradict 
previous knowledge. 
V. CONCLUSIONS 

1. In the BaO single crystals studied, conduction is 
predominantly .V-type. This is true in the high tempera- 
ture region of steep conductivity slope and also in the 
low temperature region between 400°K and 450°K, 
where the slope of log o vs 1/T is small because of either 
impurity or ionic conduction. 

2. The value of (u2—p,?)/(uetua) is 
cm*/volt sec between 600°K and 700°K. 

3. At lower temperatures, down to 400°K, the data 
do not contradict a model of mobility limited by lattice 
scattering by the longitudinal polarization modes. 
Evidence indicates it is not caused by impurity scatter- 
ing. At higher temperatures there is an observed rise in 
the mobility to about five at 800°K. This has not been 
explained. 

4. There is some evidence, not conclusive, that the 
crystals were intrinsic semiconductors in the high 
temperature region. The conductivity slopes correspond 
to a thermal activation energy (6 in o=Ce~*/*") of 
1.1 to 1.3 ev. If intrinsic, this corresponds to an energy 
gap for thermal transitions of about 2.5 volts. At lower 
temperatures, slopes corresponding to activation 
energies of roughly 0.50.2 ev were measured. 

5. If the slope corresponding to 0.5 ev is caused by 
impurity semiconduction, and the higher slope of 
about 1.2 ev is caused by intrinsic semiconduction, then 
m),*>1.3m,.*, and yu, lies between 3 and 9 cm?/volt sec. 
If the low slope is caused by ionic conduction, this 
conclusion is invalid. If the steep slope is caused by 
impurity semiconduction, then », is about 3 cm*/volt 


about 3 


sec. 

6. Analysis of available data on photoconductivity 
in BaO, combined with an extrapolated value for the 
mobility of about 4 at 100°C, indicates that the mean 
lifetime of an electron in the conduction band is > 10-% 
second. 
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APPENDIX I. DESCRIPTION OF CRYSTALS 


Crystals Nos. 1, 2, and 3: These were high purity 
crystals grown by W. C. Dash” from BaO containing a 
few hundredths percent of calcium and strontium and 
less than 0.01 percent of all other metallic impurities. 
The crystallization process resulted in some further 
purification. Crystals No. 1 and No. 2 were single 
crystals free from visible flaws; crystal No. 3 contained 
visible flaws. Similar samples have given x-ray diffrac- 
tion pictures typical of single crystals. All three crystals 
cleaved along orthogonal planes. 

Crystal No. 4: This was a clear crystal made from 
less pure BaO containing tenths of a percent of silicon, 
iron, and alkaline earth impurities. This crystal con- 
tained many visible flaws. 

Crystal No. 5: This was a red crystal grown in 
molten barium by G. Libowitz, using a method sug- 
gested by the work of Schriel.” Spectrographic analysis 
of a sample crystal gives 1-5 percent strontium, of the 
order of 0.1 percent calcium, and less than 0.01 percent 
of any other metal. There is some evidence that the 
red color may be caused by F centers or interstitial 
atoms produced by excess barium.” If so, optical 
absorption measurements indicate a 0.02 percent 
barium excess; chemical analysis by G. Libowitz 
indicates <0.1 percent barium excess. This crystal 
was very brittle and fractured at irregular angles, 
indicating very imperfect crystal structure. 

Crystal No. 6: This was a blue crystal produced by 
heating crystal No. 3 for 15 hours at about 1000°C in 
an atmosphere of barium inside a cylinder of compressed 
BaO. The cause of the blue color is not known, but it 
is felt that it arises because of the presence of the 
excess barium. 

All crystals were polished with emery in a dry-box 
using BaO for a desiccant. Platinum contacts were 
sputtered on in an atmosphere of dry hydrogen. 
Mounting of the crystals in the oven was done in the 
dry-box. Although the total exposure of the crystal to 
room atmosphere during these transfers was less than 
a minute, a small amount of barium hydroxide inevit- 
ably formed on the surface. This was reduced to the 
oxide by heat treatment previous to taking Hall data. 
Examination of the crystal surface after a data run 
indicated little deterioration. Hall and conductivity 
data were found to be closely repeatable when using 
the same crystal in separate runs. 

APPENDIX II. TEMPERATURE CALIBRATION 

In the temperature range used, the crystal tempera- 
ture was determined chiefly by the difference between 
conduction heating through the oven structure and 
conduction losses through the electrical leads. Since it 


% Sproull, Dash, Tyler, and Moore, Rev. Sci. Instr. 22, 410 
(1951). 
2M. Schriel, Z. anorg. u. allgem. Chem. 231, 313 (1937). 

% E. O. Kane, J. Appl. Phys. 22, 1214 (1951). 
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was impractical to imbed thermocouples in the crystals 
for each run, the oven temperature was monitored, and 
later a calibration curve of crystal temperature versus 
oven temperature was obtained. Although this pro- 
duces some uncertainty, the reproducibility of the data 
indicates that changes in thermal contacts were small 
and had little effect upon the data. 

The thermocouple imbedded in the oven, which was 
of Pt vs Pt 10 percent Rh, was checked against a Leeds 
and Northrup optical pyrometer at 960°C. Using an 
emissivity of 0.37 for molybdenum and an estimated 
glass transmission factor of 90 percent, the two readings 
differed by only 4°C. 
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In the calibration experiments, the crystal tempera- 
ture was found both by imbedding 4-mil thermocouples 
in holes in the crystal and also by using small platinum 
plates, in thermal contact with the crystal, to transfer 
heat to the thermocouples; the two methods gave 
similar results. The temperature gradient along the 
crystal was measured by two thermocouples, one at 
the end and one in the middle of the crystal. This 
gradient will produce an exponential conductivity 
gradient along the crystal, and the electric field in the 
crystal will hence be non-uniform, thus affecting the 
Hall voltage. An appropriate correction factor has been 
calculated and is plotted in Fig. 3. 
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The Coherent Neutron Scattering Cross Sections of Nitrogen and Vanadium* 


S. W. PETERSON AND Henri A. Levy 
Chemistry Division, Oak Ridge National Laboratory, Oak Ridge, Tennessee 
(Received April 16, 1952) 


Neutron diffraction measurements on vanadium nitride, vanadium carbide, and potassium azide show 
the coherent neutron scattering cross section of nitrogen to be 11.1+ 0.3 barns, positive phase and that of 


vanadium to be 0.029+0.01 barn, negative phase. 


HE coherent neutron scattering cross sections of 

nitrogen and vanadium have been evaluated from 
neutron diffraction patterns of vanadium nitride VN 
and confirmed by similar data from potassium azide 
KN; and vanadium carbide VC. Vanadium nitride was 
prepared by the reaction of pure V0; with NH; gas at 
1100°C for 6 to 8 hours. Neutron diffraction patterns 
with neutron wavelength 1.16A were obtained from 
samples sealed in aluminum cells shortly after prepara- 
tion. The technique for making neutron diffraction 
measurements will be described elsewhere. 





Fic. 1. A plot of observed neutron diffraction values of F?/16 
against sin’@ for vanadium nitride and vanadium carbide. The 
vertical lines indicate the estimated precision of the individual 
values. 


* This work was performed for the AEC, 


VN crystallizes with the rocksalt structure, for 
which structure factors are of two types, corresponding 
to even-index and odd-index reflections. Integrated 
reflections of three odd-index and four even-index reflec- 
tions were measured and converted to absolute struc- 
ture-factor values by comparison with the (111) reflec- 
tion from nickel powder, for which the coherent cross 
section was taken as 13.4 barns.! The (311) reflection 
was corrected for contamination by (222) by com- 
puting the intensity of the latter from its interpolated 
structure factor. The resulting values of F?/16 are 
plotted in Fig. 1 against sin?@. Extrapolation of each 
family to zero angle yields values proportional to the 
squares of the structure factors corrected for the effect 
of temperature and zero-point motion in the crystal 
and equal, respectively, to the sum (even reflections) 
and difference (odd reflections) of the scattering ampli- 
tudes of V and N. It is immediately apparent that the 
amplitude of vanadium is of negative sign, opposite 
to that of nitrogen which is known to be positive.! 
Values of the coherent amplitudes f and cross sections 
ao yielded by the data are the following: 

For nitrogen: 
fu=0.940+0.015, ov=11.1+0.3 barns. 
For vanadium: 
fy=—0.048+0.010, oy=0.029+0.01 barn. 


1C. G. Shull and E. O. Wollan, Phys. Rev. 81, 527 (1951). 
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Experimental uncertainties indicated are rough probable 
error estimates taking into consideration the statistical 
error in counting and the uncertainties in estimating 
the diffuse background, converting to absolute F? values, 
and extrapolation to zero angle, but not allowing for 
uncertaiaty in the nickel value used as standard. 

The accuracy of the above values, particularly those 
for N, is of course dependent on the purity of the VN 
preparation. Spectrographic examination showed the 
absence of all but faint traces of common impurities, 
and similar examination of a rare-earth concentrate co- 
precipitated with yttrium showed that these elements, 
if present, total less than 0.02 percent by weight. An 
x-ray diffraction pattern from the sample immediately 
after preparation showed only the lines of VN. A 
straight-forward chemical analysis for vanadium yielded 
the theoretical content. Since, however, VN prepara- 
tions are capable of containing VO in isomorphous 
solid solution, attempts were made to establish the 
nitrogen content directly. This proved to be difficult 
and only partially satisfactory because of the extremely 
slow rate of solution of VN in suitable reagents. A 
modified Kjeldahl analysis gave a nitrogen content 
95 percent of theoretical; this is regarded as only a lower 
limit because of the possibility of incomplete solution 
and loss of nitrogen by oxidation during the long diges- 
tion of the sample with concentrated H2SO,. Further, 
this analysis was carried out about 3 weeks after prepa- 
ration, and it was later found that VN samples exposed 
to air slowly take up oxygen with the formation of 
V.03. Perhaps the best evidence for purity is the follow- 
ing: (1) The value found for oy is essentially the maxi- 
mum value consisterit with the total scattering, cross 
section for nitrogen, 10-11 barns.4? (2) The x-ray 
spacing of 4.129+0.001A requires a VN content 
greater than 98 percent, based on previously deter- 
mined spacings’ of VN and VO and Vegard’s rule. (3) 
The method of preparation is reported to yield VN of 
at least 99 percent purity.‘ The values of the scattering 
amplitudes and cross sections reported above assume 
a purity of 100 percent. 

The sign and magnitude of fy were confirmed by 
examination of the neutron pattern from a sample of 
VC. These data, shown also in Fig. 1 and treated 
similarly to those of VN, yielded fy= —0.046 in satis- 
factory agreement. The corresponding value of ¢¢ is 
5.05 barns, in reasonable agreement with previous 
measurements at this Laboratory.' Since the origin 
and purity of the VC samples are not known, these 
values are regarded as less trustworthy than those 
from VN. 

Confirmation of the nitrogen value was obtained by 


2 Nuclear Data, National Bureau of Standards Circular No. 
499 (1950). 

+R. W. G. Wyckoff, Crystal Structures (Interscience Publishers, 
Inc., New York, 1951), Vol. I, Chapter III, Table, page 14a. 

*V. Epelbaum and A. K. Breger, Acta Physicochim. U.R.S.S. 
13, 595 (1940). 
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® The quantities listed are the square of the structure factor multiplied 
by the multiplicity of the reflection, /F?. The parameters involved in the 
calculated values are: <=0.35, fy =0.940, xy =0.133, Be =1.25A%, 
By =1.4A?! (for all N), and By’ =1.0 (for end N). For a detailed description 
of the model see reference 6, 


examination of diffraction pattern of KN;. The crystal 
structure is well known and involves one structural 
parameter xy whose value has been given from x-ray 
studies’ as 0.133; it is isotypic with KHF: which has 
recently received a detailed neutron diffraction study 
with single crystals.* Table I presents a comparison of 
observed and calculated structure factors. To achieve 
satisfactory agreement, it was found necessary to 
assign separate temperature factors to K and N and to 
assign an asymmetric component of temperature motion 
to the two end nitrogen atoms of the N;~ group. The 
same treatment was necessary in KHF:. Like KHF2, 
KN; powder samples displayed a strong tendency 
toward preferential orientation with the c axes aligned; 
this difficulty was overcome for the final data by 
packing the sample loosely in a rectangular type cell 
and shaking for some time before the diffraction 
measurements. 

The value 11.1 barns for nitrogen finds confirmation 
also in a single-crystal neutron diffraction study of the 
crystal structure of NH,Cl, which has been reported 
separately.” The value is appreciably larger than one 
of 9.1 barns given by previous neutron diffraction work* 
on zirconium nitride ZrN, and also by preliminary ex- 
amination! of KN; at this Laboratory in which tem- 
perature corrections were neglected; however, it is in 
better agreernent with recently reported® values ob- 
tained by neutron refraction in nitrogen gas (11 and 
9.7 barns). 

The negative sign found for the amplitude of vana- 
dium is in conflict with observations of total reflection 
of neutrons from vanadium." A probable source of the 
discrepancy is an impurity with positive amplitude in 
the vanadium mirror, possibly an oxide film. A Breit- 
Wigner type calculation by Hamermesh and Muebl- 
hause" from data on the scattering resonance in vana- 
dium at ~2700 ev yields a thermal neutron scattering 
amplitude of negative sign in good agreement with 
our value. 


5L. K. Frevel, J. Am. Chem. Soc. 58, 779 (1936). 

°S. W. Peterson and H. A. Levy, J. Chem. Phys. 20, 704 (1952). 

7H. A. Levy and S. W. Peterson, Phys. Rev. 86, 766 (1952). 

* G. H. Goldschmidt and D. G. Hurst, Phys. Rev. 83, 88 (1951). 

* A. W. McReynolds, Phys. Rev. 84, 969 (1951). 

10 A. W. McReynolds and R. J. Weiss, Phys. Rev. 83, 171 (1951). 
(1950). Hamermesh and C. O. Muehlhause, Phys. Rev. 78, 175 
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The Disintegration of Ce'** and Pr'**+ 


Frep T. PorTER anp C. SHarP Cook 
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(Received April 16, 1952) 


The radiations from the radioactive chain Ce'“—»Pr'*—+Nd"™ have been investigated, using chemically 
purified sources. Ce (295-day half-life) decays to the ground state of Pr through a 70 percent abundant 
beta-group having a maximum energy of 304+2 kev. Conversion electrons have been observed which 
indicate that within the praseodymium nucleus there are transitions having energies 33.7, 53.5, 80.7, 100.3, 
and 134.2 kev. The predominant number of the Pr beta-transitions go directly to the ground state of Nd! 
through a 2.97+0.01 Mev beta-group. Conversion electrons from a weak 60.3-kev transition in neodymium 
have been observed. Very weak gamma-radiation having energies 0.696, 1.5, and 2.185 Mev have been 
observed. The beta-spectrum indicates that less than 2 percent of the beta-transitions go to excited states 
of neodymium at 0.696 and 2.185 Mev. Using the evidence available a disintegration scheme has been 


proposed. 


I. INTRODUCTION 


ADIOACTIVE cerium, having a_ half-life! of 

approximately 300 days and a mass? number 144, 
has been observed to decay through beta-emission to 
Pr'**, which in turn decays by beta-emission® to stable 
Nd'**, the half-life of this isotope being reported as 17.5 
minutes. 

The most recent works‘~’ involving these isotopes 
indicate gamma-ray transitions of low intensity to be 
associated with the decay of both. There still seems to 
be no general agreement*~ as to the relative intensities 
of the beta- and gamma-radiations associated with this 
radioactive chain. 

It seems, however, to be generally conceded that the 
great majority of beta-transitions are of the ground- 
state to ground-state type for both isotopes. Since both 
Ce'* and Nd! are even-even nuclei, it would seem 
plausible that both should have a spin zero. Therefore, 
it would appear that the comparative half-lives of the 
ground-state to ground-state transitions of both these 
beta-transitions might be expected to be approximately 
equal one to the other. This is not the case at present.’ 

This unsettled state of knowledge concerning the 
radioactive chain Ce'—Pr'#*-+Nd'* seems sufficient 
reason to investigate its radiations. 


II. APPARATUS 
The chief piece of apparatus used in the investigation 
of the beta-spectra has been the semi-circular uniform 
field magnetic spectrometer having a radius of curva- 


+ Supported by the joint program of the ONR and AEC. 

'R. P. Schuman and A. Camilli, Phys. Rev. 84, 158 (1951). 

2 R. J. Hayden, Phys. Rev. 74, 650 (1948). 

’ Newton, Kant, and Hein, The Transuranium Elements: 
Research Papers (McGraw-Hill Book Company, Inc., New York, 
1950), Paper No. 185, National Nuclear Energy Series, Plu- 
tonium Project Record, Vol. 14B, Div. IV. 

4H. B. Keller and J. M. Cork, Phys. Rev. 84, 1079 (1951). 

5 Alburger, der Mateosian, Goldhaber, and Katcoff, Phys. Rev. 
82, 332 (1951), and private communication at New York Meeting, 
1952 

*L. M. Langer and R. D. Moffat, private communication. 

7F. T. Porter and C. S. Cook, Phys. Rev. 85, 733 (1952). 

8 Chen, John, and Kurbatov, Phys. Rev. 85, 487 (1952). 

A.M. Feingold, Revs. Modern Phys. 23, 10 (1951). 


ture of 14 cm." A new baffle system has been built into 
the spectrometer, this system incorporating the results 
of the information found earlier regarding spectrometer 
baffle systems. To further reduce scattering at the 
source a fork type source holder has replaced the former 
ring type holder. 

The source was deposited onto an aluminum ribbon 
having a surface density of 1.5 mg/cm? and was defined 
by a prior deposition of insulin in the customary 
manner.” The surface density of the source was ap- 
proximately 0.5 mg/cm’. 


III. RESULTS 


The lower energy portion (below 300 kev) of the 
electron spectrum is shown in Fig. 1. The underlying 
beta-spectrum is primarily that of Ce'*. In addition, 
there are several prominent internal conversion lines 
which are summarized in Table I. The energies and K/L 
conversion ratios are used in the discussion to prepare a 
tentative disintegration scheme. 

In studying the beta-spectrum four sets of data were 
obtained from a single source; each set was completed 
within a period of less than three days, such that any 
uncertainty in half-life of Ce'** contributed negligible 
error. The four sets were distributed over a period of 
70 days. Incidentally, our data are consistent with a 
half-life of 295 days. An F-K analysis of that set of 
data showing the largest positive deviation from a 
straight line is given by Fig. 2. It is not difficult to 
draw a straight line which apparently fits the experi- 
mental data between 500 kev and the end-point energy 
at 2.97 Mev. However, Alburger ef al.> have reported 
beta-groups at 2.3 and 0.86 Mev, and Langer and 
Moffat® at 0.78 Mev. To obtain an unbiased result, a 
least-square fit was made of our F-K analysis data 
between 2.3 Mev and the end-point energy. When the 
line so obtained is extended toward lower energies, 
three of the four aforementioned observations show a 


10 Ter-Pogossian, Cook, Porter, Morganstern, and Hudis, Phys. 
Rev. 80, 360 (1950). 

u G. E. Owen and C. S. Cook, Rev. Sci. Instr. 20, 768 (1949). 
2L. M. Langer, Rev. Sci. Instr. 20, 216 (1949). 
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DISINTEGRATION 


slight excess of beta-particles below 2.3 Mev. However, 
one set of experimental results actually falls below the 
least-squares line in the energy region below 2.3 Mev. 
At least 10,000 real counts were taken for each experi- 
mental point so that the statistical error will always be 
less than one percent. 

If it is assumed that the two groups reported by 
Alburger ef al. are actually present in the decay of Pr'**, 
our data indicate that the maximum possible abundance 
of the 2.3-Mev group relative to the 2.97-Mev group 
is 1.0 percent and the maximum possible relative 
abundance of the 0.78-Mev group is also 1.0 percent. 
These are considerably lower than the values of ap- 
proximately 5 percent for each quoted by Alburger,° 
especially when it is considered that the values we quote 
are the maximum values our data will allow. Without 
the prior determinations by Alburger we would probably 
consider them as nonexistent. 

In view of the fact that the energies of the proposed 
weak beta-groups are quite close to those of the decay 
chain Sr®—Y"-—>Zr™, a special chemical search was 
made for us by Dr. Wahl and Mr. Mills of the radio- 
chemistry laboratory. Their results indicate less than 
one part in 10* of radioactive strontium to radioactive 
cerium in the final source material. 

The 300-kev beta-group, associated with the decay 


TaBLe I. Internal conversion electrons in the beta-spectrum of 
Cel4— Pri4#Nqm 
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* Binding energies of the praseodymium and neodymium shells were 
taken from “A Table of Critical X-ray Absorption Edges" by Lewis Slack 
of the Naval Research Laboratory (private communication 

b The relative abundance referred to in this case is the ratio of intensity 
of all internal conversion electrons of the appropriate transition to the 
intensity of the 2.97-Mev beta-ray group. 

¢ Presumably in praseodymium—appropriate electron lines not suf- 
ficiently distinct to distinguish between Pr or Nd. 

4 Greater than 0.25 percent. The lines are too near the spectrometer 
window cut-off energy to allow an accurate measurement 

¢The M line of this transition is masked by the L of the 60.3-kev transi 
tion. The slightly greater width at half-maximum of the L-conversion line 
of the 60.3-kev transition, however, indicates its presence. 
version line is too near the cut-off ene rey of the spectrometer 
w to give an accurate estimate of either of these 
alues probably slightly low because of effect of diminution in 
intensity by ounter window 

+ line masked by K line of 134.2-kev transition 
are 0. 25 percent and 3, respectively. 
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Fic. 1. The electron spectrum below 300 kev. The arrows 
indicate the expected position of the internal conversion electrons 
from the indicated shells for the indicated transition energies. In 
all cases the L; and M, energies have been used. All energies are 
in kev. 


of Ce'*, is found to be 70 percent as abundant as the 
2.97 Mev group. Its F-K plot is linear down to an energy 
of about 170 kev. However, a measure of the relative 
abundance of the 170-kev group and any other lower 
energy groups is impossible because of masking by the 
extensive number of internal conversion electrons at 
the lower energies. 

A photoelectron spectrum from a uranium radiator 
clearly shows the Z and M lines of the 134.2-kev gamma- 
ray and the K-lines of the 0.696 and 2.185-Mev gamma- 
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Fic. 2. F-K analysis of that set of data showing the largest 
excess of electrons in the region between 300 kev and 2.3 Mev. 
rhe initial straight line was obtained by a least squares fit on the 
experimental points between 2.3 Mev and the end-point energy 
(2.97 Mev). The solid circles are the experimental points; the 
open circles are the first extrapolation (2.3-Mev group); the 
are the second extrapolation (0.780-Mev group); the 
triangles are the third extrapolation (0.304-Mev group). In order 
that it can be shown on the same diagram, the ordinate for the 
abundant 0.304-Mev group in Ce! has been reduced by a factor 
of 4. The statistical errors for the closed circles and the triangles 
are of the order of magnitude of the size of the symbols. Samples 
of the statistical errors for the open circles and crosses are as 
indicated. The end-point energies for the 0.780- and 2.3-Mev 
groups were determined in accordance with the available gamma- 
ray information 


crosses 


rays. The reported 1.48-Mev radiation’s photoelectron 
lines were not distinctly visible. To obtain these results 
required a source of several millicuries and to improve 
significantly the results would have required con- 
siderably stronger sources. Since the chemical procedure 
deemed adequate resulted in a yield of about 20 percent, 
the amount of initial radioactive material required 
(greater than 100 mC) is more than we are prepared to 
handle at present. However, a scintillation spectrometer 
has confirmed the existence of the 0.7, 1.5, and 2.2-Mev 
gamma-rays in all our sources. 


IV. DISCUSSION 


The large variety of results which have been reported 
in the literature for the decay chain Ce'*—Pr!**->Nd!"# 
makes it appear that one of the most important items 
which must be considered is that of possible impurities 
within the source. A first source was prepared and 
underwent a rather extensive chemical separation. The 
results obtained from it have been reported’ briefly at 
the 1951 Chicago meeting. Because of discrepancies in 
results between the various groups who had at that 
time being examining this chain, a new source was 
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prepared which underwent several more steps in the 
chemistry than did the first source. All beta-spectral 
results reported here were obtained from the second 
source. The photoelectron spectrum, however, was from 
the first source. 

The procedure for the second chemistry, as performed 
for us by Dr. A. C. Wahl and Mr. R. Mills of the radio- 
chemistry laboratory, follows: 

To the original solution of Ce(Cl)3, 3 mg of Ce(IID, 
10 mg of La(III), and 20 mg of Sr(II) were added. The 
hydroxides of Ce and La were precipitated, the Sr 
acting as a holdback carrier. The hydroxides were dis- 
solved in HBr and 10 mg Te(VI) and 20 mg Sr(II) 
carriers were added. The fluorides were precipitated 
with Sr and Te remaining in solution. The fluorides 
were dissolved in HCIO, and 5 mg Ru(III) added. 
RuO, was fumed off. The solution was diluted, Sr 
holdback carrier added and the hydroxides again pre- 
cipitated. 

The foregoing was repeated except that no additional 
Ce or La carrier was added. 

The hydroxides were dissolved in HNO; and 5 mg 
Zr(IV) added. Zirconium iodate was precipitated with 
HIO; from an approximately 4 M acid solution. In 
addition to Zr(IO3)4, Th(1O;)4 should be carried with 
this precipitation. This precipitation was repeated with 
an additional 5 mg of Zr(IV). 

The hydroxides were precipitated, dissolved in 
HNO; and the Ce(III) oxidized to Ce(IV) with BrO;-. 
Ce(IO;)4 was precipitated with HIO, in approximately 
4.5 M acid solution, leaving La and the rare earths in 
in solution. The precipitate was redissolved in HCl, 
reduced to Ce(III) with H.O., more La carrier added, 
Ce(III) reoxidized with BrO;~, and again Ce(IO;), pre- 
cipitated. The sequence of the previous sentence was 
carried out four times. 

The final Ce(IO;), precipitate was redissolved, 
reduced to Ce(III) with HSO,;~ and reprecipitated as 
the hydroxide, which was then dissolved in a few drops 
of dilute HNO;. The spectrometer source was prepared 
from this solution. 

The beta-groups reported here have all been reported 
at some prior time by some other groups of inves- 
tigators. However, our maximum possible abundance 
for the 0.8-Mev and 2.3-Mev groups are distinctly less 
than the equivalent percentages reported by Alburger 
et al.5 In fact, had the 0.7-, 1.5-, and 2.2-Mev gamma- 
radiation not been observed by means of a scintillation 
spectrometer in this laboratory, we would have had 
considerable doubt as to the real existance of such 
beta-groups. However, it now appears that they do 
exist, but with an abundance in each case of the order 
of one percent or less of the 2.97-Mev group. With this 
interpretation of the F-K plot we no longer observe the 
450-kev beta-group, reported at the Chicago meeting.’ 
Also, it is not possible from our data to obtain the 
intermediate groups of the intensity or have the energies 
reported by Cheng, John, and Kurbatov.* 





DISINTEGRATION OF Ce!** AND Pris 


With regard to gamma-radiation, we can find no 
indication, whatsoever, of the 231-kev group reported 
by the Ohio State group.’ A careful and thorough study 
of the region in which the internal conversion lines of 
this group should appear reveals nothing but the con- 
tinuous beta-spectrum, as illustrated in Fig. 1. 

We are also unable to find any conclusive evidence 
for a 95-kev group reported by Keller and Cork.‘ The 
K-conversion electrons from a 95-kev transition in 
praseodymium would occur at an energy differing by 
only 0.1 kev from the L-conversion line of the 60.3-kev 
transition. However, Z-conversion electrons from this 
95-kev transition would have an energy differing by 
4 kev from the K-conversion electrons of the 134.2-kev 
transition. We detect no fine structure in the 134.2-kev 
line. Also, we find no evidence for a 46.8-kev transition‘ 
and assign the electron line at 34.0 kev to the K-L-M 
Auger electrons rather than to the Z of a 41.3-kev 
transition. 

The electron line whose energy is slightly greater 
than 58 kev may logically be assigned as a combination 
of the K of the 100.3-kev transition and the M of the 
60.3-kev transition, since its intensity is larger than 
would be expected if it were only the M of the 60.3-kev 
transition. 

Making use of the information available the disin- 
tegration scheme of Fig. 3 seems plausible. The arrange- 
ment and approximate abundances of the chief beta- 
groups has been explained earlier. The assignment of 
the gamma-rays, however, requires some explanation. 

The 134.2-kev gamma-ray transition appears com- 
paratively strong both in the photoelectron and in the 
internal conversion spectra. Its experimentally deter- 
mined K/L internal conversion intensity ratio is 8.8. 
Using the empirically determined values of Goldhaber 
and Sunyar,'* this ratio would lead to the supposition 
that the 134.2-kev radiation is magnetic dipole. Gold- 
haber and Sunyar give 7.8 for the M1 type of transition. 
Following the example of Goldhaber and Sunyar an 
extrapolation to lower energies of Rose’s values for the 
K-conversion coefficient for Pr (Z=59) gives ~0.5 at 
134.2 kev for an M1 transition. Considering the definite 
appearance of the 134.2-kev group in the photon 
spectrum in some strength makes this value reasonable. 
For no other type transition does Goldhaber’s empiri- 
cally determined K/L ratio and Rose’s theoretically 
determined K-conversion coefficient give values which 
fit so well with our experimental observations. It, 
therefore, seems consistent with known facts to consider 
the 134.2-kev transition to be of the magnetic dipole 
type. With the K-conversion peak being 5.8 percent as 
abundant as the Pr'#* 2.97-Mev beta-group, these 
values would give the 134.2-kev transition an abundance 
of approximately 18 percent, with an error of several 
percent. 

On the other hand, the 80.7-kev transition appears to 


13 M. Goldhaber and A. W. Sunyar, Phys. Rev. 83, 906 (1951). 
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Fic. 3. Proposed decay scheme. The order of emission of the 
33.7- and 100.3-kev gamma-rays in praseodymium is arbitrary. 
The weak 60.3-kev transition is assigned to neodymium, but its 
position in the disintegration scheme is very tentative. 


be quite highly converted. Its measured K/L ratio is 
3.5, which, if anything, is slightly small because of the 
approach of its K line toward the low energy cutoff of 
the spectrometer counter window. The best fit for this 
transition is an M2 type whose extrapolated K con- 
version coefficient would be expected to be about 10 and 
whose empirical K/L internal conversion ratio is 5.0. 
The E1 type whose K/L ratio is closz to the experi- 
mental value has too low a K-conversion coefficient. 
The K/L-conversion coefficient ratios of the other 
gamma-transitions have not been determined suffi- 
ciently well at this date to establish their transition type. 
This information is, however, sufficient to assign 
spins and parities to two of the Pr'* excited states. 
The assignment of 0 (even) to the ground state of Ce! 
and Nd'* is based upon the fact that they are even-even 
nuclei. The assignment of 0 (odd) to the ground state of 
Pr'*4 is made from considerations of Nordheim’s em- 
pirical rules for the beta-disintegration of even A 
nuclei. With this assignment, the magnetic dipole 
character of the 134.2-kev transition and the magnetic 
quadrupole character of the 80.7-kev transition makes 
assignment of 2 (even) and 1 (odd) to the 80.7- and 
134.2-levels, respectively, appear rather obvious. This 
makes the Ce'* beta-transition to the 134.2-kev level 
first-forbidden, as well as the Ce!“ transition, to the 
Pr'“4 ground state, such that they may have abundances 
of the same order of magnitude. A transition from Ce 
to the 80.7-kev level must, however, be second-forbidden 
and would not be expected to‘be observed. Nothing can 
be said at present about the 33.7-kev level (or the 


4 L. W. Nordheim, Phys. Rev. 78, 294 (1950); Revs. Modern 
Phys. 23, 332 (1951). 
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100.3-kev level if their order of decay is reversed) 
because of the uncertain state of knowledge concerning 
the K/L internal conversion intensity ratio for the 
100.3-kev transition or the conversion coefficients of 
either transition, 

The fact that the 60.3-kev transition belongs to Nd", 
as proposed by Keller and Cork,‘ is verified by our 
results. The observed intensity, however, appears insuf- 
ficient for it to follow a large fraction of the Pr'** betas. 
[t is, however, possible for it to represent a transition 
to the ground state of Nd!'*4 from a level 60 kev above 
the ground state level without changing the shape of 
our spectra. A calculation of the F-K plots resulting 
from the addition of two spectra whose end-point 
energies are 2.97 and 2.91 Mev, respectively, shows no 
distinct change from a straight line except in the region 
in the immediate vicinity of the end-point energy. This 
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is the result regardless of the relative abundance of the 
two groups. Our investigations of the beta-spectra, 
therefore, are not inconsistent with such a scheme. 

The present investigations indicate that the difference 
in ft values for ground-state to ground-state transitions 
is real. For the disintegration scheme proposed here the 
values are such that logff=7.43 for the Ce'* ground- 
state transition (assuming 70 percent abundance), 
logft>7.03 for Ce!** decay to the 134.2-kev excited 
state of Pr'*4 (assuming < 30 percent abundance), and 
logft=6.53 for the Pr'** decay (assuming 98 percent 
ground-state to ground-state transition). The 60-kev 
transition does not appear to have sufficient total 
intensity to alter the latter value appreciably. 

The authors wish to thank Mr. O. H. Zinke and Mr. 
J. A. Whalen for making the scintillation spectrometer 
measurements. 
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The Electrical Conductivity in the Solar Atmosphere 


Donatp E. OsteRBROCK* 
Yerkes Observatory, Williams Bay, Wisconsin 
(Received April 14, 1952) 


The electrical conductivity in the solar atmosphere is computed from the physical properties of the solar 
material. It is shown that as a consequence of the high abundance of hydrogen the mean free paths of the 
free electrons are determined by collisions with neutral hydrogen atoms and not by collisions with the much 
less abundant ions. Furthermore, for magnetic fields less than about 750 gauss the curvature of the trajec 
tories of the free electrons is smal! enough for the ordinary Ohm’s law to be a good approximation. 


HE conditions under which convection can begin 

in a thermally unstable fluid that is a good elec- 
trical conductor have recently been studied by Chan- 
drasekhar.' He finds that the presence of a magnetic 
field has a large effect in inhibiting the onset of con- 
vection and that the higher the electrical conductivity 
of the fluid is, the larger this effect is. One of the 
proposed applications of this theory is to the sun and to 
sunspots, and in this connection values of the electrical 
conductivity of the solar atmosphere are needed. The 
present paper contains calculations of these values. 

It is well known that the electrons in a gas consisting 
of a mixture of electrons, ions, and neutral atoms, are 
responsible, on account of their small masses and con- 
sequently large velocities, for carrying practically all 
the current. Thus in finding the electrical conductivity 
of such a gas one is essentially finding the mean free 
paths of the electrons.Values of the conductivity of the 
solar atmosphere have been computed in the past by 
using the formulas derived for the case of an ionized 
gas, in which the mean free path of the electrons is set 
by the Coulomb scattering cross section of the positive 


* AEC Predoctoral Fellow in astrophysics. 
1S, Chandresekhar, Phil. Mag. (to be published). 


ions. Now in the solar atmosphere the number of 
positive ions is relatively small, but the number of 
neutral hydrogen atoms is very large, so that in spite of 
the very large Coulomb cross sections of the ions, the 
effect of scattering by neutral hydrogen atoms may be 
expected to be of some importance. The elastic scat- 
tering cross section of a hydrogen atom is rather large 
at the low velocities of importance in the solar atmos- 
phere and in fact the calculations summarized below 
show that the neutral hydrogen atoms reduce the mean 
free path of the electrons and hence the electrical con- 
ductivity by a factor of at least ten from the case in 
which only Coulomb scattering is taken into account. 

To compute the electrical conductivity for electrons 
scattered by neutral hydrogen atoms, we shall use the 
formalism developed by Chapman and Cowling.’ Col- 
lecting the formulas from their book (the notation is 
somewhat simplified here), we can reduce the calculation 
of the conductivity o in the first approximation to the 


2S. Chapman and T. G. Cowling, The Mathematical Theory of 
Non-uniform Gases (Cambridge University Press, Cambridge, 
1939). The expression for the conductivity is given in Eq. 18.11, 5 of 
this book and all the other equations may be found by tracing the 
definitions of the various symbols in this equation. 





ELECTRICAL 
following equations: 


a= 3n,e"/2na, (1) 


a =8(r)'m f exp(— g*)g‘odg, (2) 
0 


o- f (1—cosx)a(v, x) sinydx. (3) 
0 


Here n, is the number of electrons per unit volume; 1, 
the number of neutral atoms; e and m, the charge and 
mass of the electron, respectively ; g= (m/2kT)!v, where 
v is the velocity of an electron being scattered; and x 
is the polar angle measured from the original direction 
of motion of the electron. The function a(v, x) is a 
weighting factor over the angle of scattering and has 
the form 


a(v, x) = (2/47?) |S (21+ 1) (e?*'— 1) Pi(cosx)|*, (4) 
0 


where j=2mmv/h and 6; is the phase shift of the /th 
partial spherical wave. In these equations and through- 
out this paper, the motion of the atoms is neglected in 
comparison with the motion of the electrons; that is, 
the approximation 1+-m/M ~ 1 ismade, where M = mass 
of a proton or hydrogen atom. 

Now the kinetic energies of the electrons which are 
appropriate for conditions in the solar atmosphere are 
very low in comparison with the energy of the bound 
electron, and so we are interested only in the low energy 
limit of the cross section. The mean speeds of the elec- 
trons at temperatures of 4000°K and 7000°K, respec- 
tively, are 3.94107 cm/sec and 5.4310’ cm/sec, 
which correspond to values of jap of 0.18 and 0.25 
(ao= Bohr radius of the hydrogen atom). Less than 2 
percent of the electrons have speeds greater than twice 
the mean speed, so the only values of jao of interest are 
those smaller than 0.5. 

At these low energies only the s wave scattering (/=0) 
is of importance and in this case 


a(v, x)=(v/7*) sindo=(v/4r)Qo, (5) 


where (Qs is the elastic scattering cross section, due only 
to s wave scattering at low energies. Substituting this 
value in the integral (3), we obtain 


o= (v 2m)Qo; (6) 
and hence, from Eq. (2), 


ao 


a= 4(2ambr) f exp(— g”)g*Qodg. (7) 


0 


Now it must be remembered that Qo, the elastic 
scattering cross section of a neutral hydrogen atom for 
electrons, is a function of v, the relative velocity of the 
electron with respect to the atom. Naturally this cross 
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Fic. 1. The scattering cross section of a neutral hydrogen atom 
for electrons as a function of electron momentum, both expressed 
in atomic units. The circles are values computed by Massey and 
Moiseiwitsch; the straight line is the interpolation formula used 
in the present paper. 


section has not been measured experimentally, but 
theoretically calculated values have been published by 
Massey and Moiseiwitsch* and the values used in the 
present paper are those recommended by these authors 
for the low energy range, namely those given in Table 
III, column (4) of their paper. They are the cross 
sections as calculated from the exchange-polarization 
approximation and averaged properly over the two 
possible orientations of electron spin. 

These values are plotted on a semilogarithmic scale in 
Fig. 1 and it can be seen that for the low energy range 
in which we are interested the cross sections may be 
represented very well by the empirical equation 


Qo= 244a¢7e—* 78720, (8) 


If we change the independent variable from j to g, this 
becomes 
Qo= Ae~*2, (9) 
with 
A=244a,’, 


B=[(3.76)(137)/c](2kT/m)}. (10) 


Therefore we have 


a= 4(2nmir)'4 f exp(— g?— Bg)g*dg 
0 


=4(24rmkT)'A exp(8? of exp[ — (g+ 8/2)? ]g*dg. 
; (11) 
This integral has been evaluated from the tables of 
Hh;(x), tabulated in the British Association tables.‘ 


3H. S. W. Massey and B. L. Moiseiwitsch, Proc. Roy. Soc. 
(London) A205, 483 (1951). 

4 Mathematical Tables, Volume I (London: Office of the British 
Association, 1931). 
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TaBce I. Electrical conductivity. 


Scattering by 
ions alone 


Scattering by 


Temperature H alone 





4000 
5000 
6000 
7000 


3.94 10" sec 
5.92 10" sec 
8.36 10" sec 
1.13 10" sec™ 





The conductivities for the solar atmosphere can 
immediately be computed once the values of @ are 
known. In this paper the ratio of number of electrons 
to number of neutral hydrogen atoms has been taken 
for purposes of computation as n,./n=10-*7=2X 10-4, 
which is a representative value for the solar atmosphere® 
around the mean optical depth +=0.6. Computed 
values are given in Table I for T=4000° to T=8000° 
and for this value of ,./n; the conductivity is of course 
simply proportional to m,/n. 

The conductivity resulting from the scattering of 
electrons by ions may easily be computed numerically 
from the formulas given by Cohen, Spitzer, and Routly.® 
This conductivity depends only weakly on the number 
of electrons per unit volume, logarithmically through 
the cut-off parameter but not directly on n./n. The 
values of p, given in Miinch’s model solar atmosphere® 
with logA = 3.8 have been used to find », and hence the 
logarithmic factor for each temperature separately. The 
computed values of the conductivity are collected in 
Table I. 

In the actual solar atmosphere both positive ions and 
hydrogen atoms scatter the electrons and the contribu- 
tions of both effects must be taken into account in 
computing the electrical conductivity. The net con- 
ductivity ¢ is given by the relation’ 


1/o=1/0,+1 ‘02, (12) 
where o; and o2 are the conductivities as computed for 
the cases of scattering by H alone and by the ions alone, 
respectively. In the region in which only the metals are 
ionized the scattering by hydrogen atoms determines the 
conductivity entirely. It is only when the regions are 
reached in which hydrogen is 1 percent or more ionized, 
so that »,/n>10~, that the scattering by ions begins 
to predominate. Of course, in the region in the sum 
where convection is strong, the hydrogen convection 
zone, hydrogen is appreciably ionized and the scattering 
by ions is the main effect, but in the outer solar at- 
mosphere and in particular in the visible portions of 
sunspots, the neutral hydrogen atoms are responsible 
for limiting the conductivity. 


§ The model solar atmosphere used is that given by G. Miinch, 
Astrophys. J. 106, 217 (1947). 

* Cohen, Spitzer, and Routly, Phys. Rev. 80, 230 (1950). 

7 See, for example, reference 8, page 465 in the limit H=0. 
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According to the analysis by Cowling® of the con- 
ductivity of a gas in a magnetic field, the electric current 
density is not given by the ordinary Ohm’s law 


j=cE, (13) 


but rather by an expression of the form 


j=o'E+o"(HXE)/|H|, (14) 


if a magnetic H is imposed. The direct and transverse 
conductivities are given in the case in which only the 
electrons contribute appreciably to carrying the current 
by the expression 


o'+iol=¢/(1—iwr). (15) 
Here i=(—1)!, w=eH/mc=Larmor precession fre- 
quency of an electron, where e is the absolute value of 
the electronic charge and 7 is the mean time between 
collisions of an electron, defined by the relation 


r=(m/n.e)c. (16) 


For the case of the solar atmosphere adopting n=10" 
cm~* as a representative value of the number of 
hydrogen atoms, we find r~7.5X10-" sec over the 
whole range in which the conductivity is fixed by 
hydrogen. Accordingly, the effects of the magnetic field 
on the conductivity are small if H 760 gauss, since for 
fields this small wr=1. However, for the larger fields 
that occur in strong sunspots, this effect must be taken 
into account. 

The electrical conductivity of interstellar matter is 
also of interest in connection with problems of inter- 
stellar magnetic fields. In HII regions in which 
hydrogen is ionized, the electrical conductivity is of 
course given by the standard Coulomb formula. One 
might expect, however, that in H I regions the scattering 
by neutral hydrogen atoms might reduce the elec- 
trical conductivity below the value given by this for- 
mula, for only the less abundant elements with ioniza- 
tion potential below that of hydrogen are ionized. 
Numerical calculation shows, however, that even in the 
most favorable case in which all the hydrogen is in the 
atomic form and the temperature has its maximum 
value’ of 200°, the effect of the ions far outweighs that 
of the atoms. The reason of course is that the ions have 
very large scattering cross sections at these low tem- 
peratures. 

I wish to thank Professor §. Chandrasekhar for his 
constant encouragement and many stimulating dis- 
cussions during the course of preparation of this paper. 


8 T. G. Cowling, Proc. Roy. Soc. (London) A183, 453 (1945). The 
equation given as (8) below is on page 465 of this paper, expressed 
there in electromagnetic units 

*L. Spitzer, Jr., and M. Savedoff, Astrophys. J. 111, 593 (1950). 
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A Note On “Irreversibility and Generalized Noise’’* 


Juuius L. Jackson 
Applied Physics Laboratory, Johns Hopkins University, Silver Spring, Maryland 
(Received April 17, 1952) 


The response of a dissipative system to a generalized driving force is calculated and an expression for the 
admittance is obtained. The expression for the conductance is in agreement with the expression obtained 
by Callen and Welton and a new expression for the out-of-phase component of the admittance is obtained. 





N a recent paper by Callen and Welton! a “fluctua- 

tion-dissipation” theorem is derived. This theorem 
relates the spontaneous equilibrium fluctuations in a 
thermodynamic system to the parameter (the “re- 
sistance”) which characterizes the irreversible response 
of the system to a driving force, and constitutes a 
generalization of the Nyquist electrical noise theorem.” 
The authors consider a system with a Hamiltonian 


H=Ho(-++q Devs )EV(OO(- + Gers + pers). (1) 


Here Ho(---qx:--px) is the Hamiltonian of the unper- 
turbed system. The term V(t)Q( '**per:) is the 
interaction between the unperturbed system and an 
externally applied generalized driving force, V(t). The 
function Q(---ge-+:pe:::) depends only upon the 
canonical coordinates of the system. 

The authors show that a system will be dissipative 
and linear (and will therefore be describable by an 
admittance function) if it possesses a dense energy 
eigenvalue spectrum and if the applied perturbations 
are small. Under these assumptiors the real part of the 
admittance function, g(w)(=R(w)/|Z(w)|*) is calcu- 
lated in terms of the expression for the power dissipated 
in the presence of a driving force, V(t)= Vo sinwt. 

Here, a direct calculation will be made of the com- 
plex admittance function by explicit consideration of 
the response of the driven system. The expression for the 
conductance, g(w), obtained by Callen and Welton is 
thereby corroborated‘and a new expression for the out- 
of-phase component of the admittance of dissipative 
systems is obtained. 

Following the notation of reference 1, the average 
value of Q is calculated in the presence of a driving 
force, Vosinwt. To do this, the expectation of Q is 
calculated for a state ®,, which is the perturbed state 
corresponding to the eigenstate, y,, exp(iE,t/h), of the 
unperturbed Hamiltonian. The average value of 
for the system is obtained by averaging over all states, 
weighting each in accordance with the canonical dis- 
tribution function [here designated by f(E,) ]. 

The perturbed states are written 


&,= Wn Exp(iEnt/h)+> mbam(t)¥m exp(iEmt/h). (2) 
Following the procedure of first-order perturbation 
* Supported by the Bureau of Ordnance, U. S. Nav 


1H. B. Callen and T. A. Welton, Phys. Rev. 83, 34 Tiost). 
? H. Nyquist, Phys. Rev. 32, 110 (1928). 


theory, one obtains for the coefficients 
2ibam(t) -_ V(Em| QO} E,) 
(= n—Emthw)/hj— *) 
x 


ead Ent he 
(= n— Em—hw)/h]—1 


E,—En—lw 


The expectation of Q in the state ®, is then 


(On/Q| ®,)= (Wa exp(iE nt/h)|Q| Wn exp(iEnt/h)) 
+H(E mo nm¥m exp(iEmt/h)|Q| bn exp(iEnt/h)) 
+(Wn exp(iEnt/h)|Q| Eo mOam¥m exp(iEmt/h)) 


+(higher order terms). (4) 


Using Q=(i h)(QH—HQ), the first term in the above 


is seen to be zero and the first-order contribution is 


Vo exp(iwt)— expli(Em—En)t/h ] 
(,/Q|®, -| y ( ) ee tr i 

2h\ m E,—Enthw 
exp(— iwt)—exp[i(En—E,)t/h] 


En—Em—hw 


— 
m 


X(Eq—E,)|(EalQlEw)*| 


(5) 


The final expression for the average value of Q for the 


system is 
@=f@ | 


where p(£,) is the density of states per unit energy and 
f(E,) is the statistical weighting factor. Further, the 
sum over m in Eq. (5) is replaced by an integral over 
the energy spectrum. The first integral in the resulting 
expression is then 


V, 
pi f f p(Em)p(En) (En) (Em 
2h 


xp(iut)—expli(En—E,)i/(h 
i ces exp[i( )t/( =) dbl 
En— Ent hw 


+ {complex conjugate}. 


| ®n)p(En) f(En)dEn, (6) 


—E,)|(En|Q| En)|? 
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For large times the expression in parentheses approaches a 6-function at E,= E,,—hw. In addition, there remains 
the integral over the rest of the energy range, wherein one must take the principle value at the singularity 
E,,= Em—hw. The result is 


Sim V ow exp(iat) f dFmp(Em)p(Em— a) f(Em— he) |(En— hs) |Q! E,)|? 
f(En)p(Em)p(En)(Em— En) | (En|Q| Em) |? 
+43(Vo/h) expliat) ff dznde: ———— 
E,—Emthw 


Combining the results of the integrals one finally gets 


| 


(Q)= Vo sinat| mw f o(E) (EC (E+ hel 0 E)|*p(E+hw)— | (E—hw| | E)|?p(E—hw) dE 


+ Vo coswt 20 f f 1. )p(En)p(Em)(En— Em) |(En|Q| Em)|?/[(En— Em)?— (hw)? dE ndE,, }. 


The expression multiplying —Vosinwt is the conduc- decrease in order to reduce the value of the perturbing 

tance, in agreement with reference 1 and the term’ energy term V(t)O(-+-qu:+*px-**). 

multiplying Vo coswé is the susceptance. The extension of the fluctuation-dissipation theorem 
It may be noted that the negative sign preceding the _ to several variables will be given in a subsequent paper 

n-phase response is to be expected, as Q will tend to by H. B. Callen, M. Barasch, and J. L. Jackson. 
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Variational Methods for Periodic Lattices* 


W. Konunt 
Carnegie Institute of Technology, Pittsburgh, Pennsylvania, and Institute for Theoretical Physics, Copenhagen, Denmark 
(Received April 21, 1952) 


The problem of finding the propagating solutions of the Schrédinger equation in periodic lattices is 
formulated as a variational principle. This may be used as a starting point to establish the general properties 
of bands. Furthermore it is shown that by introducing various approximations into the variational principle, 
the chief existing approximation methods can all be derived from it. Improvements of these methods are 
suggested. Numerical illustrations are presented and the possibilities of the variational method for more 
accurate calculations of the energy bands of solids are discussed. 


1. INTRODUCTION in other physical situations, has found no extensive 
application to the case of periodic lattices. To our 
knowledge, only the work of Slepian,!' to which we shall 
come back in Sec. 2, represents a notable exception. 

In the present paper a more general approach than 
that of Slepian will be presented which serves a fourfold 
purpose : 


N studying the motion of electrons in a crystal, one 
adopts as a starting point a picture analogous to 
the Hartree model for atoms. Thus to a first approxi- 
mation each electron is considered as moving inde- 
pendently in the potential produced by the nuclei and 
the charge distribution of all the other electrons. Since 
the nuclear lattice imposes its regularity also on the (1) It may be used as a starting point for a demon- 
electronic charge distribution, this potential has the _ stration of the general properties of bands. 
same periodicity as the lattice. (2) It represents the analogon, for periodic poten- 
In general, the wave equation in such a periodic tials, of the variational principles governing bound 
potential cannot be solved exactly. For this reason — state and scattering problems. 
various approximate methods have been devised which (3) It unifies the chief approximation methods used 
apply especially to this type of potential. The varia- up to now for the periodic case. All of these may be 
tional method, however, which has been so widely shown to be derivable from the variational principle 
employed for the solution of the Schrédinger equation by introducing appropriate restrictions or approxi- 
mations. 
* Supported in part by the ONR. wal 
t Postdoctoral N.R.C. Fellow, 1950-1951 
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(4) It provides a new tool for the approximate 
solution of the Schrédinger equation in periodic lattices 
which suggests improvements of existing methods of 
calculation and may be hoped to serve as a basis for 
future developments. 


In Part I of the present paper the variational principle 
is developed and applied in detail to one-dimensional 
lattices. The extension to three dimensions is carried 
out in Part II which deals also with the relationship of 
the existing approximation methods to the present one. 
Simple numerical calculations are presented in both 
parts, but applications to the energy bands of actual 
solids have not yet been made. 


I. ONE-DIMENSIONAL LATTICES 
2. Derivation and Discussion of the 
Variational Principle 


In a one-dimensional lattice the Schrédinger equation 
takes the form 
Hy= Ey, 


H=—(#/dx2)+V(x), (2.1) 


where the potential V(x) is periodic, with a period 
denoted by 2a: 
V(x+a)=V(x—a). (2.2) 
We look for so-called propagating solutions of (2.1). 
By definition these have the quasi-periodic property 
¥(x+a) = e**Y(x—a), (2.3) 


where & is some real number, which without loss of 
generality may be chosen between —/2a and +7/2a. 

The quasi-periodic property (2.3) may be replaced 
by the boundary conditions 


¥(a)=e**y(—a), 
Vv (a)=e**4y'(—a). 


(2.4a) 
(2.4b) 


It is quite clear that these equations follow from (2.3) 
and one may also verify without difficulty that con- 
versely (2.3) follows from (2.4a) and (2.4b). Therefore 
we can restrict ourselves to a solution of the boundary 
value problem (2.1), (2.4) in the interval (—a, a). 

To establish an equivalent variational principle it is 
natural to study the functional 


(2.5) 


r=f ¥*(H— E) dx; 


for such functionals are known to lead to stationary 
expressions for the energy levels of bound states as well 
as for the phase shifts of scattering problems.?? In 
evaluating the first variation of J we use the Schrédinger 
equation (2.1) which is satisfied by both y and ¥* and 


2 L. Hulthén, Arkiv Mat. Astr. Fys. 35A, No. 25 (1948). 
3 W. Kohn, Phys. Rev. 74, 1763 (1948). 
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« dy* Pip 
sJ= f (#—- y* )as 
dx? dx? 


= [by —p*oy'}*0. 


Thus we see that just as in the case of scattering 
problems, J is not stationary with respect to arbitrary 
variations of y but that on taking the first variation 
boundary terms are left over.’ 

Slepian' has based his work on the observation that 
if dy satisfies the same periodic boundary conditions 
(2.4) as y, the boundary terms vanish through cancel- 
lation of the contributions from the two limits of 
integration. He therefore limits his trial functions to 
those which satisfy the boundary conditions (2.4) and 
uses the variational principle 5/(y, E) =0 to determine 
E and w as function of . 

We shall now develop a more general variational 
principle in which the admissible trial functions are not 
subject to the boundary conditions. This is a practical 
advantage since, apart from plane waves, it is not easy 
to find simple functions which satisfy these conditions. 
Furthermore we shall see later (Sec. 6) how the methods 
of Wigner-Seitz-Bardeen and Slater can be deduced 
from the general form of the variational principle. 

We aim to write the boundary terms in (2.6) as the 
first variation of a quantity, — K, say, which involves 
the wave function only at the boundary. This can be 
done by using the boundary conditions (2.4) satisfied 
by y and the corresponding boundary conditions satis- 
fied by y*. Thus, from (2.6) and (2.4) one obtains 


51=[¥* (a)by(a)—y"(—a)5y(—a) ] 
—[*(a)6y/(a)—y*(—a)6y/(—a) ] 
= {y* (a) [6y(a) — dy (—a)e***] 
—y*(a)[ by (a) — dy (—a)e****]} 
= 6{y*’ (a) [y(a) -—y(—a)e**] 
—y*(a)[v/(a)-—W/(—a)e**]} 
(2.7) 


obtain 


(2.6) 


a alma 6K, 
where K, can also be written as 


K,=—y (a)e**[y(a)e—**#— y(—a)e**] 
+yY*(a)e*4[y'(a)e**—y/(—a)e**]. 


Thus we have the variational principle 6(/+K,)=0 
which, however, suffers from the blemish of not being 
symmetrical in the points a and —a. However, a 
derivation exactly similar to the above gives the 
alternative result 


(2.8) 


61 = —85K2, (2.9) 


where 
K.=—y*(—a)e**[y(a)e—**#—y(—a)e—**] 
+y*(—a)e~*4L yp (a)e—**@—y/(—a)e***]. 


Hence we can write down the following symmetrical 


(2.10) 
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Fic. 1. A typical energy band diagram. 


variational principle: 
J(¥, k, E)=I+4(Ki+K2)=stationary. (2.11) 

For the correct y, k, and £, J clearly has the value 0. 

We have shown that the solution of the boundary 
value problem (2.1), (2.4) satisfies the variational 
principle (2.11). We shall now prove, conversely, that 
a function satisfying the variational principle is also a 
solution of the boundary value problem. This will 
establish the complete equivalence of (2.11) with (2.1) 
and (2.4). 

We consider first a variation dy which is zero except 
near an arbitrary point «’ in the interior of the interval 
(—a, a). Then 6X,;=6K2=0 and we find from (2.11) 


0=6J=6. 


= 1 {oy*(H— E)y+y*(H—E) dy} dx 


= f {6y*(H— E)y+ 6y(H— E)y*}dx 


a 
=2 Re f by*(H— E)ydx, (2.12) 
-a 
where we have performed an integration by parts and 
discarded the boundary terms because of the assumed 
vanishing of 6y at the boundary. By choosing éy to be 
real and imaginary in turn, we find that both the real 
and imaginary parts of (H—E)y vanish at every 
interior point x’. This proves (2.1). 
Next we consider an arbitrary variation 6y. Using 
the already established Eq. (2.1) we find 
51 =[dp(x)p* (x) — by’ (x) Y*(x) ]2 0. (2.13) 
When this is combined with 6}(K,+Kz2) and conveni- 
ently grouped, one obtains 
8J = Ref (dy(a)e***-+ dy (— a)e***) (y*’(a)ei*# 
—y*' (—a)e***) — (6p (a)e—***+ by (—a)e***) 


X (*(a)e**—y*(—a)e***) ]. (2.14) 
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Since 6y and éy’ are entirely arbitrary, it is possible to 
make the first factor of the first term vanish, while 
giving the first factor of the second term real and 
imaginary values in turn. The condition 6J=0 then 
shows that the real and imaginary parts of ~*(a)e*** 
—y*(—a)e~—*** vanish, which establishes the boundary 
condition (2.4a). Similarly one can show that y must 
satisfy the other boundary condition (2.4b) which 
completes our proof. 

It should be noted that the functional J is real for 
arbitrary y. For 


a a a 
Imt=4(r—1*)=3 f (v v9 )as 
—e\ dx* dx? 
( 


=i —y*y')_0* 2.15) 
and this may be seen to cancel Im}(Ki+K;2). It follows 
that E, evaluated from the equation J =0, will correctly 
be real, no matter what y is used in the construction 
of J. 

Since the imaginary part of J vanishes identically in 
y, (2.11) may be written in the equivalent form 


J(y, k, yard ff yu E Nas 


+ (ay ()e#*— Yaw (—a)e*)| 


=stationary, (2.16) 
which is more compact and convenient for practical 
applications. 

Finally it should be remarked that approximate 
values of E obtained from the variational principle 
(2.11) or (2.16) do not in general represent upper or 
lower bounds to the true energy, as may be seen from 
the numerical example worked out in Sec. 4. 


3. General Properties of Bands Deduced from the 
Variational Principle 

In periodic lattices every value of k together with 
the Schrédinger equation constitutes a boundary value 
problem with an energy spectrum £,(k). Basing his 
investigations on the differential equation (2.1), 
Kramers‘ has shown that the £,(%) curves have the 
general features indicated in Fig. 1. It is of some 
interest to see how these features may also be deduced 
from the variational principle. 

We begin with two very simple propositions : 


Periodicity 

If (k, E) is a point on the £,(k)-curves, so is 

(k+22/2a, E). Proof: Let ¥ be the wave function corre- 
sponding to (k, EZ). Then 

0=6/ (yp, k, E)=6)(p, k+2/2a, E), 


4H. A. Kramers, Physica 2, 483 (1935). 


(3.1) 
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since J, Eq. (2.16), is invariant under the transforma- 
tion k-+k+22/2a. Hence y is also a solution corre- 
sponding to (k+22/2a, E). 


Symmetry 


If (k, E) is a point on the (&, E) curves, so is (—k, £). 
Proof: Again let y correspond to (k, EZ). Then 


0=d/(y, k, E)=sJ(y*, —k, E), 


since J is invariant under the transformation y—y*, 
k—»— k. Hence y* is a solution corresponding to (—&, £). 

Next we turn to the most interesting property, 
namely, allowed and forbidden energy ranges. 


(3.2) 


Allowed and Forbidden Energy Ranges 


Propagating wave functions exist only in those so- 
called allowed energy ranges in which a certain in- 
equality is satisfied. (Energy ranges in which no 
propagating solutions exist are called forbidden.) 

Proof: We consider a given E and examine under 
what conditions there are propagating solutions corre- 
sponding to this value of E. Now every solution of the 
Schrédinger equation (2.1) must be a linear combination 
of a pair of two linearly independent solutions ¢; and 
¢2 which we choose real for convenience: 


V=Cigitcege,, co=air+id;. 
We shall try to determine & and ¢1, cz from the condition 


J(W, k, E)=0, (3.4a) 


(3.3) 


where we consider only variations of the coefficients c; 
and ¢a, i.e., 


by= 66191 + dC2¢2. (3.4b) 


If there is no real k for which (3.4) can be satisfied, 
then evidently there exist no propagating solutions 
corresponding to the given E, which is therefore 
forbidden. 

On the other hand, if (3.4) can be satisfied with a real 
k, then E is allowed. This statement, however, requires 
special justification since (3.4) shows the stationary 
character of J only under the limited variations (3.4b). 

Suppose then that a real & and corresponding c; have 
been determined from (3.4). Then 6/ is given by (2.14), 
where only the differential equation (2.1) has been 
assumed which is satisfied by our y. Let us denote the 
four parentheses in (2.14) by 6;, B; and 62, Bs, respec- 
tively. We may now choose a dy of the type (3.4b) 
which makes 6,=0. If it also makes 62=0 then this dy 
satisfies not only the Schrédinger equation (2.1) but 
also periodic boundary conditions of the type (2.4) 
with k’=k+7/2a, which are represented by the equa- 
tions 6,=0, 6.=0. Thus E is allowed in this case. If, 
however, 42+0 the condition 6J=0 implies B,=0 
which is just the boundary condition (2.4b). Similarly, 
unless there is a dy for which both 6; and 62 are zero, 
we can prove (2.4b). Thus we see that if (3.4) is satisfied 
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with a real &, E is allowed, aud there exists a propagating 
solution corresponding either to & or to k+x/2a. 

The problem of ascertaining under which conditions 
(3.4) leads to real k’s is quite straightforward. We form 
the quantity J, Eq. (2.16), with the function (3.3) 
which by construction satisfies the Schrédinger equation 
(2.1). Hence 


J=Re(V(—a)y(a)e**—Y(a)y"(—a)e-*9). (3.5) 


The conditions 0//da;= 0J/db;=0 lead to four homo- 
geneous linear equations for the a; and 6; which are 
compatible only if the determinant of the coefficients 
vanishes. This condition is found to be 
tan?2ka= (Ey E2n— E)?*) /F 22, (3.6) 


where 
Eyj= Ced(— a) ¢; (a) = ¢i(a) ¢/(—a) ]+ fiz] 
Fius=[ed—a)¢/(a)+ ¢(a)¢/(—a)]—[y]_ (3.7) 


(the symbol i= indicates an interchange of i and j). 
We see that (3. 8 leads to real k’s if and only if 


Evy, En— E,? 20, (3.8) 


which is the required condition for the allowed energies. 
It is easy to verify that this condition is equivalent to 
Kramers’ conditions.°® 


4. Practical Use of the Variational Method 


As in the case of bound state and scattering problems 
the variational method may be used to obtain approxi- 
mate solutions of the boundary value problem (2.1) 
and (2.4). 

In the first place, if an approximate wave function 
¢ for (2.1), (2.4) has been obtained in some independent 
way (by analogy, ingenious guess-work, etc.), this 
function may be substituted into the stationary 
equation 


J(¢, k, E)=0, (4.1) 


which relates E and & with high accuracy, the error 
being of the order of (error of ¢)’ 

Secondly, (2.16) can be used for the systematic 
construction of the solution, most conveniently by the 
method of Rayleigh and Ritz.® We shall not discuss 
this well known method in detail here, but only remark 
on some points specific to the present problem. 

One takes as an approximate solution 


c;=real, (4.2) 


rom > CiPiy 


i=] 


where, to obtain good answers, the g; must be judi- 
ciously chosen. One now substitutes this y in (2.16) and 
satisfies the stationary property approximately by 

5 See reference 4, conditions (2) and (3), pp. 484-485. 

* W. Ritz, J. reine angew. Math. 135, 1 1909) ; for application 
to wave mechanics, see, e.g., L. Pauling and E. B. Wilson, [ntro- 
duction to Quantum Mechanics (McGraw-Hill Book Company, 
Inc., New York, 1935). 
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TaBLe I. Numerical results for E(k) for Kronig-Penney potential. 


2ka =2/2 


2ka =O 


Lowest band 
0.25 
0.24 

3 0.24 


Exact functions 0.23 


Second band 


11.20 
9.88 


Number of trial functions 


8.43 
6.33 

5 5.85 
Exact functions 9.87 5.80 





demanding that 


0J/dc;=0, 1=1,2, ---n, (4.3) 


which gives n linear homogeneous equations for the c;. 
The corresponding compatibility equation has the form 


A,(k, E)=0 (4.4) 


and defines an approximate (real) E-spectrum for a 
given k or approximate k’s for a given E. The stationary 
property of (4.4) implies that the error of (4.4) is of 
the order of (6y)?. If the g; are a set of differentiable 
functions, complete in the sense that any continuous 
function on (—a, a) can be arbitrarily approximated 
by a suitable linear combination, then as n—~, Eq. 
(4.4) represents the complete band structure of the 
lattice. Once (4.4) is solved one can substitute a & and 
the corresponding E in (4.3) and solve for the c;, thus 
obtaining an approximate wave function. 

It should again be remarked that in contrast to the 
usual case of bound state problems \‘he lowest, second- 
lowest, etc., values of E calculated from (4.4) for a 
given k do not necessarily represent upper bounds to 
the true eigenvalues E;, Eo, etc. (see the second entry 
of 0.25 in Table I). This is due to the fact that in 
(2.16) we admit variations of y which do not satisfy 
the boundary conditions. 

As a concrete illustration we consider the simple case 
originally discussed by Kronig and Penney’ where the 
potential has the form 


V(x)=V dX 8(x—2na). 


n=—2 


(4.5) 


Fic. 2. Conjugate 
boundary points. 


“TR. deL. Kronig and W. G. Penney, Proc. Roy. Soc. (London) 
130, 499 (1931). 
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We set V=} and a= 1 and use trial functions of the form 
vi(x) = (cot+cox?+ rom \+i(eyxt+eg+ ie -). (4.6) 


The c; are real, for whenever V(x)=V(—x), then 
¥.(—x) =y_.(x) =y.*(x) so that Rey,=even, Imy, 
=odd. It is now quite easy to express J as a quadratic 
form in the c; and to determine E£ asa function of k from 
the usual secular equation coming from the conditions 
0J/dc;=0. The approximate results obtained for the 
lowest two bands with an increasing number of trial 
functions as well as the exact values of E are given in 
Table I. (For 2ka=0 or 7, the true wave functions are 
either even or odd, so that we have used only even or 
odd trial functions.) 

The convergence may be considered satisfactory. It 
is relatively slowest at 2ka= 7/2, since the correspond- 
ing wave functions are complex and therefore require 
a larger number of parameters for accurate fitting. 


Il. THREE-DIMENSIONAL LATTICES 
5. The Variational Principle 


The ideas of the preceding paragraphs can be easily 
generalized to three dimensions. Here one surrounds 
each nucleus by identically shaped polyhedra, as 
illustrated schematically in Fig. 2. Selecting anyone of 
these for our further considerations, we note that to 
every boundary point r there corresponds a conjugate 
point r’, also on the boundary, such that r’—r is a 
fundamental translation vector ¢,. It will be seen that 
*, is constant on each face and that t,-= —‘. 

We now state the boundary value problem which we 
wish to formulate as a variational principle: 


[-V?+V(r)—EW(r) =0 


for all r inside the polyhedron, (5.1) 


V(r’) =exp(ike,)y(r) 


for all r on the surface of the polyhedron, (5.2a) 


OY (r’) /dn= —exp(ike,)dy(r)/dn 


for all r on the surface of the polyhedron. (5.2b) 


Here k is the wave vector and 0/dn denotes differ- 
entiation along the outward normal at the point in 
question. The minus sign in (5.2b) is due to the fact 
that the outward normals at r and r’ have opposite 
directions. 

To obtain an equivalent variational principle, we 
consider the functional 


(5.3) 


Fes f v4[-V+V (1) —EWde, 
2 


where Q denotes the interior of the polyhedron. Its 
first variation can, with the aid of (5.1), be written as 
an integral over the bounding surface S of the poly- 


hedron: 
0 0 
at~ f (a y*—y* av )as. (5.4) 
s on on 
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By proceeding in analogy with our treatment of the one- 
dimensional problem (Sec. 2), with pairs of conjugate 
faces corresponding to our previous end points +a, 
we could transform the right-hand side of (5.4) into 
the first variation of a surface integral. This would 
lead to the form of the variational principle corre- 
sponding to (2.11). However, instead of repeating this 
rather lengthy process a second time we shall derive 
directly the form of the variational principle corre- 
sponding to (2.16). 

For this purpose, we consider the real part of /, 
which we aim to write as the first variation of a surface 
integral. Beginning with the first term on the right- 
hand side of (5.4) we make the following transforma- 
tions: 


0 
Re f avr) y*(r)dS 
s on 
a) 
= Re f v(r)dy*(r)dS 
son 


0 
=Re y(n’ )dy*(r’)dS 


gon 
C7) 
=Re f - —yp(r)dy*(r’) exp(ike,)dS, (5.5) 
s On 


where the last step involves the boundary condition 
(5.2b). The second term of (5.4) can, in virtue of 
(5.2a), be written as 


r) 
Re f - —by(r)y*(r)dS 
8 


on 
ta] 
== Re f - —éy(r)y*(r’) exp(ike,)dS. (5.6) 
s on 
Combining (5.5) and (5.6) we thus obtain 
a — 
6(Re J)=— i Re —y(r)y*(r’) explike, as (5.7) 
on 


The desired variational principle can now be written 
in the following form: 


IW, k, Byard fv—v+ V—E)¥dw 


oy (r) 
+f Y*(r) exp(ike a5 |=stationary, (5.8) 
s 0 


n 


which may be compared with (2.16). Clearly, for the 
correct y, k, and E, the functional J vanishes. 

The proof that a solution of (5.8) also solves the 
boundary value problem (5.1), (5.2) is exactly analogous 
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to that given for one dimension and therefore need not 
be repeated here. 

Finally we may note two special forms of (5.8). If 
the admitted trial functions all satisfy the boundary 
conditions (5.2), we have 


l= foc V°+V—E)~dw=stationary (5.9) 
2 


(see reference 1), while if the trial functions satisfy the 
wave equation (5.1) we obtain 


Oy (r) 
K=Re | ——/*(r) exp(ike,)=stationary. (5.10) 


s On 


6. The Approximate Methods of Wigner-Seitz- 
Bardeen, Kuhn-Van Vleck, and Slater 


It is a gratifying feature of the variational approach 
that it serves as common basis for the various approxi- 
mation procedures which have been used in the past. 
In addition, the variational formulation suggests ways 
in which these methods may be further developed. 


The Method of Wigner-Seitz-Bardeen** 

In their classical work on metallic sodium and 
lithium Wigner and Seitz,’ in order to simplify their 
calculations, replaced the actual polyhedron, in which 
the boundary value problem (5.1) and (5.2) was to be 
solved, by a sphere of equal volume. Thus they ad- 
dressed themselves to the solution of the following 
simpler problem, 


(-V?-+V—E)y(r)=0, 
¥(r)=e*(—r), 


Oy(r) /dr= —e~*'**dy(—r)/dr, 


(6.1) 
(6.2a) 
(6.2b) 


r<Prs, 
T=T., 
=P, 


where r= |r| and r, is the radius of the equivalent 
sphere. Even these simplified equations could be only 
approximately solved. A particularly attractive method 
was given by Bardeen’ who obtained a solution of (6.1), 
(6.2) in the form of a power series in k. Bardeen’s original 
derivation is somewhat lengthy and can be simplified 
with the aid of the variational theory which also suggests 
further developments. 

The problem (6.1), (6.2) is equivalent to the varia- 
tional problem 


J Ay, k, E)= rd f ¥*(-V?+V—E)-dw 
a, 


oy (r) . 
+ f ~"v(—neas | stationary, (6.3) 
8, Or 


where the subscript s refers to the equivalent sphere. 
8 E. Wigner and F. Seitz, Phys. Rev. 43, 804 (1933) ; E. Wigner, 

Phys. Rev. 46, 1002 (1934); F. Seitz, Phys. Rev. 47, 400 (1935). 
* J. Bardeen, J. Chem. Phys. 6, 367 (1938). 
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This is in complete analogy with our previous varia- 
tional principle (5.8). 

Since V(r) has spherical symmetry, the direction of 
k is immaterial and we may for convenience choose it 
along the z axis. The solution of (6.3) has axial sym- 
metry and hence, for a given E may be expanded in 
spherical harmonics as 


W=apR)(r; E)+ia,Ri(r; E) Pi(cos6) 


+a.R(r; E)P2(cosé)+---. (6.4) 


Here @ is the polar angle and the successive terms are 
the solutions of the Schrédinger equation (6.1) corre- 
sponding to angular momenta 0, 1, 2, etc. If V is 
given, these solutions can be easily calculated by 
numerical methods. 

For k=0, the solution of (6.1) and (6.2) is spherically 
symmetrical and must satisfy the boundary condition 


[ORo(r; E)/Or ]rmr, =0, (6.5) 
which determines the ground-state energy E= Ep. 

Next we calculate E for small values of k. Symmetry 
considerations show that if aa~1, then ay~k, ao~k’, 
etc., that the a; are real and that 


E=Eot+ E.k?+ Eyki+-->. (6.6) 
Hence a wave function correct to order & inclusive is 


y= coRo(r (6.7) 


where the c; and R; are independent of k. Substitution 
of this function into the variational principle (6.3) 
must give E correct to order k?. Now when we reject 
terms of higher order, we find that 


; Eo) +ikeRi(r; Eo) P1(cos6), 


OR, 
J =k | cot af Rede doer tRe— 


or 


4nr OR; 
Ce — —| (6.8) 
3 or 


where the common argument E= Ep has been sup- 
pressed and in the second and third terms r=r, is 
understood. The corresponding determinantal equation, 


| dr OR;| 
_ Ef Redw r ®Ro—| 
2 3 


a 
OR, 4a 
r,®Ro = — rR) = 
i 3 or 3 or 


gives at once Bardeen’s result 


Re? 


E.= __—_—___— 


4r R, 
i Ryde fs ped 


OR,/ dr 


(6.10) 
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The coefficients Ey, Es, etc., in (6.6) can be calculated 
in an analogous way.!° 

Finally, it may be remarked that trial-functions up 
to a certain angular momentum, of the form (6.4), can 
be used in the variational principle (6.3), without 
expansion in powers of k. It should be observed that 
the volume integral in (6.3) vanishes for these functions. 
Since the R,(r,; E) may be normalized to 1, it is clear 
that the result of making (6.3) stationary with respect 
to variations of the a; in (6.4) can depend only on the 
logarithmic derivatives of the R; at the surface. We 
illustrate this by considering, for simplicity, only S and 
P functions corresponding to energy E; this gives 


Ro ORo 
“Ralotown( Ret Re “Yr 


or or 


0 
J.=2e{ a 


or 


OR, 
—a; “Ril, (6.11) 
or 
where 


r= f e~2ikrs 0088 singd@=sin(2kr,)/ (kre), 
0 


(6.12) 
1 0 
——I,.. 
2i a(kr,) 
The corresponding compatibility equation can be 
written as follows: 


L(R;) /L(Ro)+ L(Ro) /I(R;) = 4IoI./Te— 2, (6.13) 


where we have used the notation 

OR,(r; E)/dr| 
L(R)=————_} 
R; |r=re (6.14) 


for the logarithmic derivative at r=r,. Equation (6.13) 
has the form /(£)=g(k), whose solution gives the 
required dependence of E on k. 


The Method of Kuhn and Van Vleck" 


In the spherical approximation, the energy of the 
ground state of metallic electrons is defined by Eq. 
(6.5), which may also be written as Z(Ro)=0. Kuhn 
and Van Vleck have now made the interesting observa- 
tion that the experimental term values of the valence 
electron in the metallic atom allow one to obtain L as 
a function of E by means of inter- and extrapolation. 
Thus they are able to find the energy Ey where L=0, 
without requiring a knowledge of the potential or the 
wave function inside the ion. 

In the expression (6.10) for E2, {(0R,/dr)/Ri} e=2, 
can similarly be found by extrapolation. The square 
bracket which has the value 1 for a constant wave 


%R. Silverman and W. Kohn, Phys. Rev. 
R. Silverman, Phys. Rev. 85, 227 (1952). 
4 T. S. Kuhn and J. H. Van Vleck, Phys. Rev. 79, 382 (1950). 


80, 912 (1950); 
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function, differs only slightly from 1 for the alkalis 
and can be rather accurately estimated without re- 
quiring a very exact knowledge of V(r). Apart from 
this slight incompleteness, both Ey and E: are thus 
directly obtained from the atomic spectra. 

Let us now discuss these ideas from the point of 
view of the variational principle (6.3). We note that if 
we admit only trial functions of the type (6.4) which 
satisfy the Schrédinger equation (5.1), the volume 
integral in (6.3) vanishes and we have, corresponding 
to (5.10), the variational principle 


pave) ; 
Ks f ——y*(—ne-t cou stationary. 
Ss 


S, Or 


(6.15) 


Thus the values and radial derivatives of the R; are 
required only at the boundary r=r,. Since as remarked 
before one may arbitrarily normalize the functions 
such that R,(r,;Z)=1, the only quantities really 
needed in (6.15) are the logarithmic derivatives L(R,), 
and these are at least in principle obtainable from the 
atomic spectra. 

Why then does an integral over the interior occur in 
Eq. (6.10) used by Kuhn and Van Vleck? To resolve 
this apparent contradiction we expand (6.13), in which 
only logarithmic derivatives at the boundary occur, in 
powers of &. This gives 


d 
B= —472L(R») /|—L1Ro)| ’ (6.16) 
dE E=E 9 


which involves only surface quantities and which is 
equivalent with (6.9) if the equation 


d 
trr|—1(Ro)| =— f Rédo/Re (6.17) 
dE Qs 


4 E=E 9 


holds. The truth of this equation follows by Green’s 
theorem from the Schrédinger equation 


(—V°-+V—E)Ro(r; E)=0, (6.18) 


which is satisfied identically in E, and its derivative 
with respect to E. Thus we see that the volume integral 
occurring in (6.9) can in fact be expressed as a boundary 
term. It remains to be seen, however, whether 
(d/dE)L(Ro) can be obtained with sufficient accuracy 
from the atomic spectra to make the calculation of E2 
from (6.16) practical. 

It will be obvious how the method of Kuhn and Van 
Vleck can be extended by means of (6,15) to include also 
higher angular momenta. It should again be remarked 
that the expansion in powers of k can be avoided by 
introducing the exact solutions of the Schrédinger 
equation into (6.15) [see Eq. (6.13) ]. 

Another possible extension should also be noted, 
which consists of the removal of the spherical approxi- 
mation used by Kuhn and Van Vleck. We return to the 
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boundary value problem (5.1) and (5.2) in the actual 
polyhedron and consider the solution y corresponding to 
a certain k and £. Within the inscribed sphere of 
the polyhedron, ¥ can be expanded in a series of spherical 


harmonics, 


Y=LidlmCreVim; (6.19) 
where each W;, » is a solution of the Schrédinger equation 
(5.1) corresponding to the energy E. There is no 
guarantee that this series will also converge in the 
space between the inscribed sphere and the boundary 
of the polyhedron. However, one may hope that the 
true wave function can at least be well approximated 
by a series of this kind in the entire polyhedron.” 

For a given energy, let us then take a finite series of 
the type (6.19) as approximation to the true wave 
function. Since each term satisfies the Schrédinger 
equation, the appropriate variational principle is (5.10), 
which requires the wave functions ;, m and their normal 
derivatives only at the boundary of the polyhedron. 

Calling the radial part of ¥:,m, Ri, the procedure of 
Kuhn and Van Vleck will give us the logarithmic 
derivative of R; at a point r=a such that the sphere 
r<a contains essentially the entire metal ion. This 
method further presupposes that this sphere lies inside 
the polyhedron. For r>a, the potential is hydrogenic 
so that there R; is that radial hydrogenic function 
whose logarithmic derivative at r=a has the given 
value. In this way R; and hence also ~;m=R:¥ 1" are 
obtained at and near the surface of the polyhedron 
entirely from information derived from the atomic 
spectra. 

Using these yz, m in (5.10) leads to homogeneous linear 
equations for the coefficients ¢;, which are compatible 
only for certain vectors k. Thus the desired relationship 
between & and E is established. 


The Method of Slater" 


Much information about the band structure of metals 
has been obtained by means of a method due to Slater 
which, unlike that of Wigner and Seitz, takes into 
account the actual (nonspherical) shape of the crystal 
polyhedra. 

Briefly, the idea of this method is as follows: Since 
the potential in each cell may be taken to be spherical, 
the Schrédinger equation (5.1) has, for a given E, the 
spherical solutions ¥;,»,(r). Once the potential is known, 
these functions are easily obtained by numerical 
integration of the radial equation. 

As approximate solution y of the boundary value 
problem (5.1), (5.2), Slater uses a linear combination, 
of the type (6.19), of a finite number of ¥z,. This ¥ 
satisfies the Schrédinger equation (5.1) exactly and 
can be made to comply with the boundary conditions 


“Tt is reassuring that for the plane wave solutions, corre- 
sponding to V =0, the expansion (6.19) is valid everywhere. 
13 J. C. Slater, Phys. Rev. 45, 794 (1934). 
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(5.2) at a finite number of conjugate points: 


¥(r,’) =exp(ike,)Y(r;) (6.20a) 


dY(r,’)/On=—expl(ike,)dp(r,)/dn, (6.20b) 


there +; is the translation vector at the point r,. 

Each pair of conjugate boundary points leads to two 
complex linear equations, involving the unknown vector 
k, for the coefficients ¢i,m. Now if the total number of 
independent real linear equations is less than the num- 
ber of real coefficients in (6.21), these equations can be 
satisfied for all k, if greater they cannot be satisfied for 
any k. However, if the number of equations equals the 
number of unknown coefficients, a solution will exist if 
and only if the determinant of the set of equations 
vanishes. This condition has the form of an equation 
restricting the vector k to lie on a surface in k space, 
which may be taken to be an approximation to the 
correct k surface belonging to the given E. 

The fact that Slater’s method leads to a compatibility 
equation strongly suggests that it may be derivable 
from our variational principle (5.8). This will now be 
shown 

We use as trial function corresponding to energy £, 
the expression (6.19), which satisfies the Schrédinger 
equation so that the relevant fourm of the variational 
principle is again (5.10). This leads to the equation 


0 
0=6K= Re f| by (r)y*(r’) 
sl On 


0 
+ vinevie)| exp(ike,)dS 
on 


| 0 0 
- f by (r)] —p*(r)+—}*(r’) exp(ike,) 
« on on 


Oo 
by(r) [—Y* (1) +Y¥*(2’) exp(tke,)] las, (6.21) 


on 


where in passing to the last line we have added two 
terms which cancel one another in virtue of Green’s 
theorem and the Schrédinger equation satisfied by dy 
and y¥*. If we substitute for y* from (6.19) and use 
by = 5c), mWi,m We get a set of linear equations leading 
to a compatibility equation which defines a surface in 
k space corresponding to the given E. 
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This is not quite Slater’s surface. The latter is 
obtained only after making the further approximation 
of replacing (6.21) by 


te 0 
0= Real iv(ed| —v*(n)+ —y*(r;’) exp(ike) 
i on on 


a 
+—iv(r,) [—v*(r) +¥*(r,) exp(ike,)] , (6.21) 


On 


where the a; are numerical weight-factors and the r; 
are the points at which Slater satisfies the boundary 
conditions. For it is clear that Slater’s solutions, which 
satisfy (6.20) also satisfy the approximate variational 
principle (6.21’). 

Now the transition from (6.21) to (6.21’) is just the 
usual procedure of numerical integration, where the 
integrand is evaluated at a finite number of points and 
summed with appropriate weight-factors. It should be 
noted, however, that in (6.21’), which is equivalent to 
Slater’s procedure, the number of points used in the 
numerical integration is limited by the number of trial 
functions, whereas to take full advantage of the accu- 
racy offered by (5.10) or the equivalent (6.21), enough 
points should be taken to make the error of the numer- 
ical integration negligible. 

In the next section we shall, in a numerical example, 
examine the difference between the results obtained by 
Slater’s method and the more accurate variational 
principle (5.10). 


7. The Variational Method as a New Tool for the 
Calculation of Energy Bands 


From a practical point of view the variational 
principle (5.8) can be regarded as a framework, within 
which judiciously selected wave functions are to be 
employed. 

At present, it may be said that a completely satis- 
factory way of determining the solutions of the Schréd- 
inger equation in three-dimensional periodic lattices 
is not yet known. The methods of Wigner-Seitz-~Bardeen 
and Kuhn-Van Vleck approximate the actual poly- 
hedron by a spherical cell, which must be expected to 
lead to appreciable errors near the top of the zones. 
On the other hand, the method of Slater which takes 
the actual shape of the polyhedron into account has 
been found to be rather slowly convergent. Further- 
more, it assumes implicitly that due to the spherical 
symmetry of the potential, the wave function can be 
expanded in spherical harmonics inside the entire 
polyhedron. However, we have already noted that such 
an expansion may not converge outside the inscribed 
sphere of the polyhedron. 

In addition, since all the above mentioned methods 
use expansions in spherical harmonics, they are very 


4 W. Shockley, Phys. Rev. 52, 866 (1937). 
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slowly convergent and hence not practical for high- 
lying bands. For this reason other ways of approxi- 
mating the wave function should be investigated. 

For problems of this kind the variational principle 
(5.8) may be expected to be a useful aid but no such 
analysis is attempted in the present paper. We shall 
merely describe a very simple, exploratory application 
of the variational method to a_three-dimensional 
problem. 

We consider a body-centered cubic lattice, of funda- 
mental cube edge=2, whose cell is shown in Fig. 3. 
We take the potential to vanish everywhere, in which 
case the solutions of the boundary value problem 
(5.1), (4.2) are known to be plane waves with E=k’. 
In this case one knows further that an expansion in 
spherical harmonics is possible. Following Shockley," 
we shall first check the accuracy of Slater’s method 
against the exact result by using as approximate func- 
tion a linear combination of the S and P solutions of 
the wave equation. Next we shall use the same trial 
functions in the variational principle (5.10), which is 
the special form of (5.8) for trial functions which satisfy 
the wave equation. This will give us an opportunity to 
compare our results both with those obtained by 
Slater’s method and with the exact results. 

We shall look for E as a function of k, where for 
simplicity we take & to lie along the line BB’ of Fig. 3. 
We chose this line as polar axis and write 

Y= Cojo( Er) +101 j1(E'r) cosé, (7.1) 
where symmetry considerations show that co and ¢ 
can be taken as real. 

Following the method of Slater, we can satisfy the 
boundary conditions (6.20) with the function (7.1) at 
any pair of conjugate points (and all other pairs which 
for symmetry reasons are equivalent to it), but only 
for a particular value of k. This gives us a relationship 
between E and &. If the pair of points is chosen as AA’, 
located at the centers of two conjugate hexagons in 
Fig. 3, one obtains the curve labeled AA’. For small &, 
this is seen to be in good agreement with the exact 
relation, E=k’, but for & near the zone boundary, the 
error becomes quite serious. If the pair of points is 
chosen less favorably, namely, as BB’ or CC’, Fig. 4 
shows that the results are quite meaningless. 

The same wave function (7.1), substituted in the 
variational principle (5.10) gives the curve labeled 
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Fic. 4.. The variational and Slater’s method compared for the 
case of an “empty”’ lattice. 


“Variational.” This is seen to be a significant improve- 
ment over the best curve obtained by Slater’s method. 
Furthermore, the arbitrariness which, in Slater’s 
approach, is connected with the choice of boundary 
points is here avoided. It should be remarked, however, 
that for the same trial function the application of the 
variational principle which involves the evaluation of 
the surface integrals in (5.10) is more laborious than 
Slater’s method. In the latter the surface integrals are 


effectively replaced by the sum of the integrands at the 
usually small number of chosen boundary points (see 
Sec. 6). 


CONCLUSION 


We have attempted, in this paper, to survey the 
possibilities offered by the variational method for the 
solution of the Schrédinger equation in periodic lattices. 
It is hoped that with the aid of this method, which has 
been so useful in many other fields of wave mechanics, 
more accurate calculations of the band structures of 
solids will become possible. 

This paper was begun at the Carnegie Institute of 
Technology in Pittsburgh and completed at the Insti- 
tute for Theoretical Physics in Copenhagen. It is a 
great pleasure to thank the National Research Council 
for the award of a postdoctoral fellowship and Professor 
Niels Bohr and the staff of his institute for their kind 
hospitality. I am also grateful to Professor H. Brooks 
for some valuable comments. 
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Theory of Grain Boundary Diffusion* 
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The previously proposed dependence of the structure of grain boundaries upon the angle of disorientation 
of the two grains is used as a basis of a quantitative consideration of diffusion along grain boundaries and in 
particular of the apparent activation energies. At small angles in the dislocation range the diffusion is con- 
trolled by volume diffusion mechanism. At high angles near 45° the model of a uniform grain boundary is 
applicable. In the intermediate range an array of rod-like areas of distorted lattice leads to low or even nega- 
tive apparent activation energies. The theory is in good agreement with experiment. 





N the basis of an experimental study of grain 

boundary diffusion Achter and the author have 
suggested' the following sequence of structures of a 
grain boundary: At small angles of disorientation 6 of 
the two grains the grain boundary can be described as 
an array of single dislocations as proposed by Burgers? 
and quantitatively discussed by Read and Shockley.’ 
With increasing @ the dislocations increase rapidly in 
density and collect in bunches which are properly 
described as areas of highly distorted lattice rather than 
in terms of individual dislocations. The critical angle 
6, at which this occurs depends upon grain orientation, 
crystal structure, elastic characteristics of the material, 
etc. For copper, with grains having one cubic direction 
in common, the angle @z is in the proximity of 15 de- 
grees which for a face-centered cubic lattice corresponds 
to an average distance between dislocations of about 
two lattice constants. The rod-like regions of highly dis- 
torted crystalline lattice are separated by relatively 
undistorted areas. With further increase in 6@ their 
density increases and finally at #5 they coalesce into 
flat areas perhaps several tens or hundreds of atoms 
broad. This corresponds to the “island” model pro- 
posed by Mott.‘ Figure 1(a) illustrates schematically 
the structure of the grain boundary for the three differ- 
ent ranges of orientation of the grains. 

This structure of grain boundaries explains in a quali- 
tative manner the absence of a preferential, rapid grain 
boundary diffusion at small angles where the average 
number of neighbors and the space available for the 
diffusing atom in the grain boundary are not much 
different from the conditions inside of the grain charac- 
teristic of volume diffusion. In that connection it seems 
certain that the various discrepancies in experimental 
volume diffusion data’ cannot be blamed on diffusion 
along mosaic block boundaries since there the disorienta- 
tion angle is much smaller than one degree. Only high 
angle grain boundaries could act as “short circuits.” 

* This research has been supported by an AEC contract. 

1M. R. Achter and R. Smoluchowski, Phys. Rev. 76, 470 
(1949); Proc. Natl. Research Council Conference, Pocono Manor, 
October, 1950; and J. Appl. Phys. 22, 1260 (1951) 

2 J. M. Burgers, Proc. Phys. Soc. (London) 52, 23 (1940). 

3 W. T. Read and W. Shockley, Phys. Rev. 78, 275 (1950). 

4N. F. Mott, Proc. Phys. Soc. (London) 60, 391 (1948). 

5 A. S. Nowick, J. Appl. Phys. 22, 1182 (1951). 


Grain boundary diffusion becomes observable at an 
angle @¢ [Fig. 1(b)], when the rods of bunched-up 
dislocations provide a sufficient volume of disordered 
crystal and the flux of the diffusing material is big 
enough to compensate sufficiently for its loss from the 
grain boundary by volume diffusion into the two neigh- 
boring grains. The maximum grain boundary diffusion 
is reached at 45 degrees. As pointed out elsewhere! this 
structure of grain boundaries is also in agreement with 
the numerous measurements® of grain boundary energy 
[ Fig. 1(c)] and with the observed anisotropy of diffu- 
sion in a given boundary.’ The purpose of this paper is 
to deduce from this picture a quantitative description 
of the grain boundary diffusion process and in particular 
to evaluate the activation energies and their dependence 
on orientation. We assume that the highly distorted 
areas possess a diffusion coefficient and an activation 
energy independent of orientation. The variation of the 
depth of diffusion and of the apparent activation energy 
with angle will follow from the influence of orientation 
of the grains upon the structure of the grain boundary 
itself. 


THE DIFFUSION EQUATION 


As yet no general solution of the diffusion equation 
for diffusion along grain boundaries has been obtained. 
Fisher® derived an approximate solution assuming that 
(a) the grain boundary is a zone of uniform width 6 
across which the concentration does not vary and (b) 
the material diffusing along a grain boundary (direc- 
tion y) is being lost into the two grains by volume 
diffusion in a direction perpendicular to the grain 
boundary only (direction x). The second assumption 
eliminates the possibility of calculating the shape of the 
well-known “cusp” for small y, i.e., in the proximity of 
the intersection of the grain boundary with the original 
interface, since there the concentration gradient (and 
the direction of diffusion) is approximately perpendicu- 
lar to the outline of the cusp. This may seriously affect 
the various attempts to estimate the ratio of the volume 


§ See, for instance, Dunn, Daniels, and Bolton, Trans. Am. Inst. 
Mining Met. Engrs. 188, 1245 (1950) or K. T. Aust and B. 
Chalmers, Proc. Roy. Soc. (London) 204, 359 (1950). 

7™M. R. Achter and R. Smoluchowski, Phys. Rev. 83, 163 (1951). 

8 J. C. Fisher, J. Appl. Phys. 22, 74 (1951). 
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diffusion coefficient to the grain boundary diffusion 
coefficient from the angle of the cusp.° Besides this 
theoretical difficulty there is also the question of an 
unambiguous determination of the cusp angle as well 
as the problem of anisotropy of etching, which foiled 
the original efforts in that direction on the copper- 
silver system.! 

Fisher’s approximation is satisfactory whenever the 
grain boundary diffusion coefficient Dg is much greater 
than the volume diffusion coefficient Dy. It can be 
easily shown that it is also self-consistent since the calcu- 
lated concentration gradient in the grain and the 
direction normal to the grain boundary make an angle 
5/ye, where yg is the average depth of penetration 
along the grain boundary.'® For experimental reasons, 
yp is usually greater than 10-* cm while 4 is of the order 
10-° cm. 


(a) Uniform Grain Boundary 


The assumption that the grain boundary is a uniform 
slab of material of high diffusivity is applicable only 
at 0>6s, where the distance f between the areas of 
misfit is small compared to their size 6 as shown in 
Fig. 1(a). The average concentration C(y) in a grain 
boundary at a distance y from the original interface is 
then equal to C(y)b/(b+/f), where C(y) is the concen- 
tration in the region of misfit. The latter can be ob- 
tained from the equation 


dc/dt= Dpec /dy+ (2/5) Dy(dc/dx) mmo (1) 
in the grain boundary and the equation 
0c/dt= Dy Ac/ dx? (2) 


in the grains. Fisher has shown that this can be done in 
an analytical manner because his original assumptions 
mentioned above lead to the following additional 
simplifications: (c) In calculating the volume diffusion 
into the grains the concentration in the grain boundary 
can be assumed constant and equal to its value at time 
t and (d) it can be assumed that dc/d/=0 in the grain 
boundary at time ¢. The solution is then of the form 


C= (y, Y(x, 4), (3) 
which with the boundary condition C=1 at y=0 gives 
‘=exp(—2!Dyty/rt5'!Dgit') erfc(x/2Dy't'). (4) 


It is easily seen that condition (d) is extremely strong 
and makes a solution in this form not applicable when 
Dy is zero since then (4) should go over into 


C=erfe(y/2Dp'#'). (5) 


However, for most experimental conditions for which 
9A. D. Le Claire, Phil. Mag. (7), 42, 468 (1951). 
10 Similar to xy™2(Dy#)* for volume diffusion. 
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Fic. 1. Structure and properties of grain boundaries as a function 
of the angle of disorientation. 


both yg and xy are measurable it is probably the best 
solution now available. 


(b) Widely Spaced Rods of Misfit 


If the grain boundary consisted of an array of very 
widely spaced rods of misfit (such as shown in region 2 
of Fig. 1(a), for large L), then we could consider diffu- 
sion along an isolated rod, diameter 2a, and neglect the 
influence of neighboring rods. Instead of Eqs. (1) and 
(2) we would have then 


dc ec 0c 
te 6 
Ot; dy? or; ry=1 


in the rod, and 


@ 128 dc 
in rans 
rT; or; or; 


outside of the rod, in which 
and y:=y/(a@’*Dp/Dy)* (8) 


are dimensionless. The simplifying assumptions and the 
boundary conditions are analogous to those for the 
uniform grain boundary. Equation (7) is transformed 
by C=» exp(—f,) into a Bessel equation of zero order, 
which for the boundary conditions C=0 at r,>1 for 


mn=r/a, t=tDy/a 
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t;=0 and C=1 at r,;=1 for all ¢; gives" 


2 2 
C(n, t:)=1+- ij exp(— w*t;) 
wo 


Jo(urs) Vo(u)— Yo(urs)Jo(u) du 
x ——-—_-____—-—- ——, (9) 
JP (u)+ ¥o?(u) u 


where J) and Yo are Bessel functions of first and second 
kind, respectively. Similarly to (3) we put 


C= ¢(y1, hin, t1), (10) 


in which ¥(n, t:)=C(n, t1:) as given by (9). Condition 
(d) is expressed now as 


0c ‘dye+ 20¢ ‘dr,=0 at n= ‘. (11) 


which with (9) and (10) gives 


ia) x 
—— (8 ~) f exp(— 4*t;) 
dy; 0 

u 


d 
X (Joer(u)+Vor(u))—=0 (12) 
u 


as an equation for ¢. Since ¢, is of the order (xy/a)? 
which in most experiments is very large (10°—10!”), we 
can use the corresponding series expansion" of the 
integral in (12) and obtain 


0'o/ dy~- 4qf | log4t; = 2y)7 
—¥ (log4t—2y)?+ --- ]=0, 


-. Retaining only 


(13) 
where y is Euler’s constant 0.577-- 
the first term we have 
¢=exp[—2y, (log4t;—2y)-*], 
or finally 
(2yDy} ‘aD 3') 
X [log (4Dyt/a*)— 2y 4} W(n, 1). 


If in (12) we expand the integral in a series" valid 
we obtain 


C=exp{ 


(14) 


for small 4, 


o/dye— o[ 2(xt;) 14+1— (ty lg) i+ oes J=0, (15) 
and 


o=exp{ —yi[2(mt;)-*+1—--- }}, (16) 


which, retaining only the first term and putting 6 for a 
in relations (8), are identical with Fisher’s equations; 
in particular (16) becomes the first factor of (4). This is 
satisfactory since small 4; corresponds to a large a 
which should approximate a uniform, flat boundary. 


(c) Intermediate Case 


It is clear that the assumption of a negligible influence 
of neighboring rods on diffusion is not tenable when the 
distance between rods L is small compared to the aver- 


 H. S. Carslaw and J. C. Jaeger, Conduction of Heat in Solids 
(Clarendon Press, Oxford, 1947). 
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age depth of volume diffusion away from the rods. 
Then the concentration of the diffusing material in the 
areas between the rods increases so rapidly that soon 
the majority of the flux from the rods is in the direction 
perpendicular to the grain boundary rather than radial. 
This concentration ridge between rods will be built up 
by a volume diffusion process since in the grain bound- 
ary the dislocations will then be perpendicular to the 
direction of diffusion.’ The amount of this volume pene- 
tration depends of course on the concentration at the 
grain boundary and will be large for small y and small 
for large y. The character of grain boundary diffusion 
will therefore change from that of a uniform boundary, 
near the original interface, to that typical of rod diffu- 
sion for large y. It follows also that for a particular y 
with increasing time the diffusion will approach that of 
a uniform boundary. A complete solution of the diffu- 
sion equation in the case of such an array of parallel, 
equally spaced rods is obtainable but is very compli- 
cated. It seemed therefore more advisable to obtain an 
approximate solution which would lend itself to.an 
intuitive interpretation. 

The solution is obtained by putting for the gradient 
(dc/dr;)r; =1 in Eq. (11) a linear combination of the 
gradients for a single rod and for a uniform boundary. 
We obtain then from Eqs. (13) and (15) 


&/dy2— 2g[ 2g(log4t:— 27)-!+ (1—q) (at) ]J=0. (17) 


On the basis of the preceding discussion the parameter q¢ 
should be, in general, a function of ¢(y), however, as it 
will appear later, a constant g (i.e., some sort of an 
average over y) leads to satisfactory results. We have 
thus from (17) 


o=exp{—yil4q (log4é;— 2y)-!+ 2(1—q) (ts) 4}, (18) 


where g varies from 0 for a uniform boundary to 1 for a 
single rod. A theoretical interpretation of the parameter 
q is given in a later section. 


THE APPARENT ACTIVATION ENERGY 


It is reasonable to suppose that the diffusion coeffi- 
cients in the grain boundary material and in the volume 
of the grain obey the usual exponential law at least in 
the relatively narrow range of temperatures in which 
measurements of diffusion along individual grain 
boundaries are feasible. We have thus 


Dg=Dapo exp( —Qp 'RT) 
and 


Dy =Dvo exp(—Qv/RT). (19) 


With increasing temperature both Dz and Dy increase; 
however, since Qy>Qz, the increase of Dy is more 
rapid. This has the following important consequence: 
With increasing temperature the rate of loss of the 
diffusing material from the grain boundary into the two 
grains increases more rapidly than the increase of its 
flux in the grain boundary itself. The apparent activa- 
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tion energy for grain boundary diffusion Qu, i.e., the 
activation energy of the flux along the grain boundary 
is therefore lower than Qg and may even become nega- 
tive. This, as we will see, depends upon the structure of 
the grain boundary as a function of the angle @. 

The only experimental data which are suitable for 
comparison with theory were obtained by observing the 
depth of penetration along individual boundaries” at 
various temperatures. The experimental technique indi- 
cates the limit yz beyond which the concentration is 
lower than a certain well reproducible, though only 
approximately known, critical value. The apparent 
activation energy is then conveniently defined by 


y2=f(t, T) exp(—Qa/RT), 

where /(/, 7) is a slowly varying function of T or inde- 

pendent of it. For volume diffusion we have, of course, 

yy’= kt exp(—Qy/RT), (21) 

where & is a constant. For a “uniform” grain boundary 

or “slabs” at high @, i.e., when the islands are wide and 

thin, we put x=0 in (4) and the exponent equal to a 
constant. We have then, using (19), 

ys’= kt} exp[—(Qs—43Qv)/RT]. (22) 

For a grain boundary described in terms of widely 


separated rods we put r;=r/a=1 in (14) (thus ¥(n, 4) 
=1) and equate the exponent to a constant. This gives 


(20) 


yr’ = k[log(4Dyt/a?)—2y] expl—(Qs—Qv)/RT], (23) 


in which the influence of temperature on the first 
factor is negligible compared to the exponential. 
Finally in the intermediate case we have from (18) 


y?=kt'DgDy~‘Llog(4Dyt/a?)— 2y ] 


X {2qr'(Dyt)!+ (1—q)aLlog(4Dyt/a*?)—2y]}-', (24) 


which cannot be put in form (20) valid at all tempera- 
tures. However, grain boundary diffusion experiments 
usually can be made only over a rather narrow range of 
temperatures, and thus in proximity of a particular 
temperature 7’ an approximate expression is obtain- 
able from (24), 


yr=(yr’)? exp{[(Qs—30v) +94 (Qs—Ov) ] 
x[R(1+gA)11/T'-1/T)}, (25) 
where 
A= (4nDy’'t)'a“[log(4Dy't/a?) —2y }? 


and the prime indicates values at 7”. 

Equations (21), (22), (23), and (25) give thus the 
apparent activation energies expressed in terms of 
Qz and Qy, Table I, for various ranges of @ correspond- 
ing to grain boundaries made up of individual disloca- 
tions, rods, and slabs of distorted crystal lattice. The 
low apparent activation energy for an array of rods and 
especially for a single rod is due to the fact that the 

2R. Flanagan and R. Smoluchowski, Bull. Am. Phys. Soc. 
27, 23 (1952) and J. Appl. Phys. (to be published) 
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concentration gradient at a convex surface is greater 
than at a flat surface. It follows that the loss of the 
diffusing material from the grain boundary into the 
grains will be more rapid for an array of rods than for a 
uniform grain boundary, and thus an increase of tem- 
perature will be more effective in lowering the concen- 
tration and the apparent activation energy at a bound- 
ary made up of rods than at one made up of flat slabs. 
If Qy>2Qz, there will be only negative apparent acti- 
vation energies, except of course, at small angles where 
only the usual volume diffusion occurs. Even for 
Qvy<2Qe negative apparent activation energies may 
occur at low T near @pz. It should be noted, however, 
that 0g>6c, and that below @¢ no characteristic grain 
boundary diffusion is observable. 

Negative apparent activation energies in diffusion 
processes have been found in other instances. Barrer" 
studying the flow of gases through zeolites which pro- 
vide a whole network of capillary channels of molecular 
size found that in certain cases an increase in tempera- 
ture actually reduced the flux. This is explained as an 
overcompensation of the increase of mobility of gas 
molecules in the channels by a decrease of the inter- 
stitial density and thus by a decrease of the concentra- 
TABLE J. Apparent activation energies. 





Angle 


0<0<06z 


Structure 
Dislocations 
O~OR Single rods Qs—Qv 
O0r<0<6s Array of rods [(0s—4$Qv)+gA(Qsa—Qyv) )(1+gA)™ 
05<0<45° Slabs Qs—40v 


tion gradient of sorbate molecules. In grain boundaries 
this decrease is due to an increased loss into the neigh- 
boring grains. 


COMPARISON WITH EXPERIMENT 


As mentioned before, experimental data suitable for 
comparison with theory have been recently obtained” 
on grain boundary diffusion of zinc in copper. They are 
reproduced schematically in Fig. 1(b) in which the 
depth of penetration along grain boundaries is plotted 
against angle @ for various temperatures assuming that 
the times of diffusion were so adjusted as to give the 
same depth of penetration at 45°. Using Eqs. (21)-(25) 
we can calculate the experimental apparent activation 
energies. For small 0, that is the region of simple volume 
diffusion, one obtains 04=Qy=34,000 cal/mole. At 
45° the ratio of the penetration depths Eq. (22) gives 
Q4=Qs—40v=7500 cal/mole or 0g= 24,500 cal/mole. 
In the intermediate range, that is for 9g<0@<6s where 
the rodlike structure predominates, we obtain g as a 
function of 6 from the ratio of penetrations as given by 
Eq. (24). The effective diameter of the rod was put equal 
to 10-§ cm. From these experimental values of g one 


RR. M. Barrer, Trans. Faraday Soc. 45, 358 (1949). 
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TABLE II. Apparent activation energy Qa, distance between rods L, 
and parameter g for various angles of disorientation. 


Angle @ 25° 3 35° 40° 45° 





g(exp) X 106 14 . 0.2 0 
Qa(exp) cal/mole 1960 7210 7500 
L(exp) A 16 é. 5.2 
L(th) A 10 A 5.1 
q(th) x 10° 12.5 ‘ 0.2 0 
Qa(th) cal/mole 2160 7200 7 7500 








can calculate now (with 7’=600°C) the apparent 
activation energies from the corresponding formula in 
Table I. The results are given in Table II. It appears 
thus that in accord with expectations the apparent 
activation energy begins to drop as soon as there is not 
enough distorted material available along the grain 
boundary to form more or less continuous slabs. This 
occurs around 35 degrees. The apparent activation 
energy is measurable until it drops to such low values 
at #=@¢ that the volume diffusion overshadows any 
preferential grain boundary penetration. It is important 
to note that q is of the order 10-5 which agrees with the 
assumption that the concentration between the rods is 
high and that a small contribution of the rod-like 
diffusion is sufficient to lower appreciably the apparent 
activation energies. 


THEORETICAL CALCULATION OF THE APPARENT 
ACTIVATION ENERGIES 


It should be pointed out that the experimental values 
of the apparent activation energies in Table II are ob- 
tained without assuming any constants (apart from a 
plausible value for the effective radius of the rods) or 
making any specific assumption about a probable rela- 
tion between g and other quantities. Such a relationship, 
however, is necessary to complete the theory. From the 
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Fic. 2. Density of dislocations and of rods of distorted crystal 


lattice in grain boundaries as a function of the angle of disorienta- 
tion. 
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previously discussed roles of L and of the average depth 
of penetration it seems natural to put 


q= K’( L(¢)— Lo)(Dy’t) <2 


where (6) is the average distance between rods as a 
function of 9, Lo is the critical distance at which the 
rods coalesce to form slabs and K’ is a proportionality 
factor. The prime indicates, as previously, the values 
of K and of the diffusion coefficient at some intermedi- 
ate temperature 7” within the range of temperatures 
over which the apparent activation energies are being 
determined. In view of the dependence of g on T” rather 
than on 7, the latter does not enter in the derivation 
of the apparent activation energy in Eq. (25). Lo is 
probably of the order of a few angstroms while Z,(@) can 
be determined from the known expression® for the 
density of dislocations. For a face-centered lattice and 
one common cubic direction this density is given ap- 
proximately by 


(26) 


p= (4/a) sin3@. (27) 


As mentioned previously, at 9g=15° the average dis- 
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Fic. 3. Experimental and theoretical apparent activation en 
ergies for diffusion of zinc in grain boundaries of copper as a 
function of the angle of disorientation. 


tance between dislocations is about two lattice con- 
stants, and so we can assume that every additional 
dislocation produces a rod. This is illustrated in Fig. 2 
where the number of dislocations and rods per 100 
lattice constants is plotted against angle @. In this 
figure the critical distance Lo has been put equal to 5A, 
the slab width suggested by Fisher,’ with the result 
that from about 35° on the grain boundaries consist 
only of slabs. One could evaluate L(@) taking into ac- 
count lattice strains and a certain degree of randomness 
of the spacing of dislocations, but the results do not 
seem to warrant the much more complicated assump- 
tions. 

It is of interest to check the validity of Eq. (26), 
which ties in the apparent activation energy with the 
known density of dislocations along a grain boundary. 
First of all, since Z is the order of 10-* cm and (Dy’?)! 
of the order 10-%, it is clear that whatever specific 
assumptions we make about J», Eq. (26) gives the 
right order of magnitude of g and thus the constant K’ 
is of the order unity. This is important since it indicates 
that the model underlying the theoretical formulas and 
the approximate solution of the diffusion equation for an 
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array of rods are satisfactory within the limits of the 
available experimental material. The very small values 
of q obtained from experiment make the value of its 
upper limit rather unimportant and it is sufficient that 
for L of the order of 10-* cm, g is of the order of one. 
If we put K’=2, then the experimental values for L 
shown in Table II are in good agreement with the 
theoretical LZ calculated on the basis of Eq. (27). Con- 
sequently the same applies to the calculated values of 
q and Qu. The latter are compared with experiment in 
Fig. 3. Of course the surprisingly good agreement with 
experiment does not indicate that the specific values 
assumed for the critical distances between dislocations 
and between rods or the diameter of the latter are 
uniquely correct. Rather it indicates that with reason- 
able values for these quantities the suggested structure 
of grain boundaries is in accord with experimental 
observations. 

In discussing the intermediate case it was pointed 
out that the character of the diffusion will depend upon 
time due to the increasing concentration between the 
rods. As evident from Eq. (26) and Table I the ap- 
parent activation energy will gradually increase with 
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increasing time. However, as experiment shows, this 
gradual local approach to a uniform grain boundary 
does not overshadow the basic role of the rod-like struc- 
ture and the resulting striking variation of Q4 with @. 
It is clear that the early idea that a grain boundary 
varies in a gradual manner from an array of dis- 
locations at small @ to a slab of highly distorted ma- 
terial at high @, with a gradual decrease of the activation 
energy from Qy to Qs, is in disagreement with experi- 
mental data here discussed. 

The author wishes to express his appreciation to Dr. 
F. Adler and Dr. E. G. Olds for help and discussion of 
some of the mathematical problems. 

Note added in proof: C. S. Smith in his discussion to the paper 
by H. Brooks in the 1951 A.S.M. Seminar on Metal Interfaces 
points out that the difference between low angle and high angle 
grain boundaries is easily seen in soap bubble models shown on 
p. 167 of the above reference. In his paper Brooks indicates 
schematically, in Fig. 4b, the area of plastic deformation sur- 
rounding a dislocation. Formation of a rod would correspond to 
merging of such areas, of neighboring dislocations, with a con 
current formation of vacancies. The stability of a regular array 
of such rods is now being investigated. The author is indebted 
to Dr. F. Seitz for a discussion of these matters. 
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\ focusing spectrometer using a variable curvature quartz crystal has been developed for measuring 
total cross sections versus energy of small samples of rare elements, separated isotopes, and radioactive 
isotopes in the energy region 0.03 ev to about 1.5 ev. Samples having macrescopic cross sections from 
0.1 to 1.0 square millimeters have been used as absorbers. The main features of the new instrument are 
described, and performance curves are given. The instrument was first used to show that a sample of rare 
earth fission product material has a resonance at an energy corresponding to the known resonance of Sm“, 
Test runs were made on normal cobalt, whose total cross section was found to fit the formula, ¢(barns) 
=5.0+6.1(E in ev). A resonance at about 1 ev, attributed in the literature to zirconium, was found to 
belong to hafnium. Erbium was found to have a neutron resonance at about 0.5 ev. Ni®* was found to be the 
isotope primarily responsible for the anomalously high scattering cross section of normal nickel, confirming 
results from neutron diffraction studies made simultaneously by other observers. Results are given also 
for Ni®. Analysis of the holmium measurements give a scattering cross section that is strongly energy 
dependent. Paramagnetic scattering is suggested as a possible explanation of the variation. 


I, INTRODUCTION 


OR the past several years we have been interested 

in the measurement of total cross sections of very 
small samples of elements rare in the highly pure state 
and of separated stable isotopes. We have been in- 
terested also in the possibility of measuring the cross 


t Most of the results reported here in detail were presented 
briefly at the 288th Meeting of the American Physical Society 
and appeared in abstract form in the minutes of the meeting, 
Phys. Rev. 75, 1302 (1949). 

* Now at Department of Physics, University of Utah, Salt 
Lake City, Utah. 


sections of radioactive isotopes. For these, of course, 
only microscopic quantities of sample can be made 
available. In order to achieve acceptable values of 
transmission the sample and the neutron beam must 
necessarily be of very small cross-sectional area. Also, 
because of the intense radiations emitted by the sample, 
adequate shielding of personnel during the long periods 
of observation becomes of paramount importance. For 
this program we have adapted the focusing spectro- 
graph described below, which has been in use for the 
past several years. This report covers some of the meas- 
urements made with it during this period. 
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Fic. 1. Approxi- 
mate focusing spec 
trograph of Johann. 


II, APPARATUS 


rhe focusing spectrometers used in x-ray spectros- 
copy probably had their origin in the concave grating 
of Rowland used in optical spectroscopy, in which the 
source and detector were located on a (Rowland) circle 
tangent to the grating at its mid-point, the radius of the 
circle being equal to one-half of the radius of curvature 
of the grating. For the case of reflection by a crystal, of 
radiations whose wavelengths are comparable to inter- 
atomic distances, where the Bragg law n\=2d sin@ 
must be satisfied, it is possible, in principle, to construct 
a perfectly focusing device by bending the crystalline 
planes to a radius of curvature equal to the diameter of 
the Rowland circle, and grinding the surface of the 
crystal to a radius of curvature equal to the radius of 
the Rowland circle.' In many cases in practice, sufficient 
resolution is procured by using an instrument of the 
“approximate” focusing type such as those described 
by Cauchois? and by Johann,’ in which the radii of the 
crystal surface and of the crystalline planes are equal 
to the diameter of the Rowland circle. Our instrument 
corresponds most closely to that of Johann, the arrange- 
ment of which is shown in Fig. 1. 

In order that the existing concrete shield of the chain 
reactor could be used in the shielding of radioactive 
samples, the ‘point’? source was actually in a fixed 
position four feet inside the outermost face of the pile 
shield, and so could not be moved along the Rowland 
circle. The distance from the spectrometer axis of rota- 
tion to the detector slit was also fixed. Various energies 
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Fic. 2. Schematic arrangement of neutron beam collimator, 
sample, spectrometer, and detector. The hour-glass like collimator 
selects those neutrons converging on the sample S, which acts as 
a “point” The beam diverging from the sample is focused 
by the bent crystal into the detector slit. 


source 


tJ. W. Dumond, Rev. Sci. Instr. 18, 626 (1947). 

24. H. Compton and S. K. Allison, X-Rays in Theory and 
Experiment (D. Van Nostrand and Company, Inc., New York, 
1935), second edition, pp. 751-753. 


STANFORD, 


STEPHENSON, AND DIAL 

were selected by first rotating the crystal about an 
axis through the point P to obtain the appropriate 
scattering angle. The circle drawn through the source, 
the axis of rotation of the crystal, and the detector slit 
determine the radius of the Rowland circle. The radius 
of curvature of the crystal was then made equal to 
the diameter of this circle by simply bending it about 
the point P as a fulcrum, by means of a mechanism 
that exerted force at the ends M and NV of the 
crystal, until maximum intensity in the detector was 
attained with a suitable constant size of counter slit 
width. Radii of curvature required in the energy 
region in which the instrument was used ran from 
about 20 feet to 160 feet, so only a very slight bending 
of the crystal was needed. 

A schematic diagram of the arrangement of neutron 
beam collimator, sample, and detector is shown in 
Fig 2. The “point”? source was procured by means of 
the long hour-glass-like graphite collimator shown. The 
beam originates deep inside the pile where the neutron 
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NEUTRON ENERGY IN EV. 
Fic. 3. Count for 2-mm bore capillary tube 
source and 6-n tector slit th. Neutron beam from chain 
reactor is being from 100 planes of quartz cry stal. 
flux is about 10% neutrons per cm? per second. The 
collimator converges uniformly from an initial cross 
section of 4 inches 4 inches to a diameter of 2 inch at 
the point S four feet inside the outermost face of the 
pile shield. A one- or two-mm bore Pyrex capillary 
tube containing the sample is placed at S so that its 
axis coincides with that of the collimator. The minimum 
cross-sectional area of the neutron beam is defined at 
the sample by the three-inch length of the Pyrex 
capillary wall. After passing through the sample, the 
beam diverges again until it strikes the crystal, which 
focuses it at the detector slit. The crystal is a 5-inch 
< 1-inchX1-mm quartz crystal whose 5-inch X 1-inch 
surface was ground parallel to the 100 planes. 

Actually two identical capillary tubes were used. A 
very accurately constructed sample shifting device, 
operated at the pile face, was capable of alternately 
placing first the sample-containing tube, then an equi- 
valent empty tube, in identically the same position in 
the neutron beam. The ratio of these two counting rates 
gives the transmission of the sample. 
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Fic. 4. Ratio of beam count to background count vs neutron 
energy. The scale of ordinates of the three short curves on the 
right is 10 times the scale of the curve on the left. The curves 
labeled “with Cd” were taken with a thin foil of Cd over the 
entrance window of the detector. 


The energy spectrum of the neutrons being emitted 
from the pile is roughly that of a Maxwell distribution 
corresponding to a temperature of about 540°K. The 
counting rates as a function of energy actually achieved 
for a 2-mm bore capillary tube source are shown in 
Fig. 3. These measured values are due not only to the 
nature of the incident spectrum, but are affected also 
by the detector efficiency, crystal reflectivity, solid 
angle factors, etc. The detector used was a BF; pro- 
portional counter enriched in the isotope B'’. The 
maximum counting rate was about 6000 counts per 
minute at about 0.06 ev. The count to background ratio 
as a function of energy is shown in Fig. 4. It is a maxi- 
mum of about 180 at 0.05 ev and decreases as the 
energy increases. The improved ratio above 0.5 ev is 
obtained by covering the counter slit with a thin foil 
of cadmium which selectively absorbs the low energy 
background neutrons because of the neutron resonance 
of Cd at 0.18 ev. 

Figure 5 shows how the counting rate varies at 0.06 ev 
as the crystal curvature is changed for a 4-mm counter 
slit width. In addition to improving the energy resolu- 
tion, the bending of the crystal increases the intensity 
by about a factor of five. The advantages gained by 
focusing diminish for the higher energies where the 
glancing angles become small. 


CRYSTAL CURVATURE 


Fic. 5. Counting rate vs crystal curvature in arbitrary units at 
0.06 ev for a 4mm counter slit width, illustrating gain in in- 
tensity achieved by bending of quartz crystal. 
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Fic. 6. Counting rate 
vs counter slit width for 
a 2-mm bore capillary 
tube source, illustrating 
focusing properties of 
spectrometer. For per- 
fect focusing, maximum 
intensity would be 
reached for a 2-mm de- 
tector slit width 
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Figure 6 illustrates the focusing properties of the 
instrument. It gives counting rate as a function of 
counter slit width for a 2-mm bore capillary tube source. 
If the focusing were perfect, the image would also be 
2mm in width. Actually about 90 percent of the 
maximum counting rate was achieved with a slit width 
of 3 mm. 

The use of crystal diffraction for neutron velocity 
selection is limited at the lower energies by the presence 
of higher order reflections. The presence of higher order 
reflections from the 100 planes of the quartz crystal was 
studied by transmission measurements of boron as a 
function of energy. The results plotted in Fig. 7 with 
the negative of neutron velocity times the logarithm 
of the transmission as ordinate and energy as abscissa 
give a straight line parallel to the energy axis, since 
boron is a 1/v absorber. The falling off of the data 
from this line at energies less than about 0.03 ev is due 
to the presence of higher order reflections in this region. 
The lower energy limit of usefulness of the instrument 
is thus set at about 0.03 ev because of higher order 
contaminations. The high energy limit of the instrument 
is set by decreasing beam intensity and increasing 
background. Measurements are difficult above 0.7 ev. 

In order to test the performance of the instrument we 
measured the cross section of Cd. The peak value of the 
cross section of Cd at the 0.18-ev resonance agreed 
within several that of other neutron 
crystal spectrometer determinations of this quantity. 


percent with 
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Fic. 7. Absorption of neutron beam reflected from quartz 
crystal by BF; absorber. The falling off from the horizontal line 
of the points at low energies suggests presence of higher order 
reflections in beam. 
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Fic. 8. Transmission cross section of cobalt 2s neutron energy. 
The observed peak value of the cross section is a meas- 
ure of the resolution of the instrument. The measure- 
ments on Ni®SO, described below, give a very sensitive 
test of the energy resolution. At 0.028 ev there is a cross- 
section discontinuity which we carefully investigated. 
(See Fig. 11.) The energy interval taken to traverse 
the discontinuity is a measure of the resolution. The 
measured spread is 0.0006 ev, which corresponds to an 
effective energy spread of two percent. 


Ill. MEASUREMENTS 


The transmission cross section JT of a substance is 
defined by: 
T— g-Nt 
T=e-Ntewr, (1) 


in which (.V/) is the number of scattering or absorbing 
units per cm’ in the target material, and ot, is the total 
transmission cross section per unit. Expression (1) 
implicitly assumes that a single event will remove the 
neutron from the transmitted beam. The total trans- 
mission cross section o¢, is the sum of the transmission 
cross sections for all possible events. 


— hy (a) 
Otr= 2 iltr”, (2) 


may be the transmission cross section 
for neutron capture, coherent scattering, incoherent 
scattering due to spin dependence of nuclear forces, in- 
coherent scattering due to presence of isotopes, tem- 
perature diffuse scattering, paramagnetic scattering, 
ferromagnetic scattering in the case of unmagnetized 
ferromagnetic substances, etc. 

The magnitudes of the individual contributions to 
Eq. (2) depend markedly upon the substance, as the 
measurements described below illustrate. 


in which o¢, 


A. Neutron Absorption in Rare Earth 
Fission Products 


The first application of the small sample technique 
was made to evaluate the presence and importance of 
neutron resonances among the fission products. The 
existence of large cross-section isotopes among the rare 
earths implies that at least certain fission product nuclei 
will have strong neutron absorption. 

A sample of uranium metal that had been irradiated 
one year and had been stored one year after discharge 
was processed chemically to recover the rare earth 
fission products from 1.8X 10° fissions. The sample, 
prepared for examination, consisted of 3 mg of dry 
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solid oxalate containing all the rare earth elements, 
both radioactive and stable. 

The sample was mounted in a 1-mm bore Pyrex 
capillary as the entrance aperture of the curved crystal 
spectrometer. No attempt was made to shift the sample 
into and out of the beam. All measurements were taken 
as total transmission through the sample and compared 
with measurements made later with a lanthanum oxa- 
late sample of similar size. 

The transmission curve showed no evidence of reson- 
ance structure except at 0.1 ev. At this energy the 
transmission dropped to 40 percent and showed a 
resonance width of 0.03 ev (half-width at half-maxi- 
mum). Sm!** is the only known isotope*® with a strong 
resonance at this energy (E)=0.096 ev). Its resonance 
width, previously measured on this instrument, is 
0.035 ev. This value of the absorption corresponds to 
7X10'® atoms of Sm'**. To our knowledge, these re- 
sults furnished the first evidence that Sm" is a fission 
product. 

Other resonances in the region 0.03 to 0.2 ev would 
have been observed if as much as 20 percent as intense 
as the Sm'** resonance. 

The fission yield of Sm'® is reliably reported as 1.3 
percent ; 2 10'8 atoms would be expected in the metal 
before chemical processing, neglecting second-order 
processes during exposure. Sm’, because of its large 
capture cross section in the energy region of maximum 
neutron density, will show strong self-destruction. In 
the central region of the reactor, Sm'*° will show a mean 
life of 120 days. After one year irradiation the correction 
for self-destruction will be approximately a factor of 5. 
The calculated amount of Sm'* present in the sample 
»xamined is therefore 2 10'7 atoms assuming a chemical 
yield of 50 percent. The factor of three discrepancy re- 
maining must be considered due to inaccurate knowl- 
edge of the conditions of irradiation, chemical yield, and 
uniformity of the sample 
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Transmission cross section of erbium 


Fic. 9 vs neutron energy. 


3 Borst, Ulrich, Osborne, and Hasbrouck, Phys. Rev. 70 
(1946) 


, aoe 





SLOW NEUTRON 


B. Cobalt 


Figure 8 gives the values measured for several samples 
of cobalt metal between 0.03 ev and 1.2 ev. In this case, 
if the capture cross section is assumed to vary inversely 
with velocity, then the sum of all other contributions to 
the total transmission cross section including the small 
contribution of ferromagnetic scattering can be taken 
to be a constant over this energy interval within the 
accuracy of the observations. The data were fitted by 
the technique of least squares with the result: 


otr= (5.0+0.5)+(6.140.1) E-4, 


in which the total cross section o¢, is in barns, and the 
neutron energy £ is in electron volts. The value 38.7 
barns is calculated from this expression for the capture 
cross section at 0.025 ev. Measurements of other ob- 
servers for this quantity range from 34.2 to 40.5 barns.‘ 


C. Erbium 


In the case of erbium the sample consisted of 54 mg 
of Er,O;. The results are shown in Fig. 9. A previously 
unreported resonance was found at about 0.45 ev, whose 
maximum cross section is about 1700 barns. The data 
suggest further that perhaps more than one of the 
isotopes of erbium have a resonance in the region of 
0.45 ev and that these resonances overlap. 

Europium is known to have a resonance at 0.46 ev.® 
We believe that the observed resonance cannot be 
accounted for by any europium impurity, since spectro- 
scopic and activation measurements showed that the 
material contained less than 0.01 percent by weight of 
other rare earths. This amount of europium impurity 
could account for less than one barn of the measured 
cross section at resonance. Extrapolation of the curve 
from 0.030 to 0.025 ev gives 172 barns as the total cross 
section. This is to be compared with the value 166+ 16 
barns obtained by the pile oscillator method‘ for the 
absorption cross section only. 


D. Hafnium 


Samples of hafnium and zirconium are difficult to 
obtain in highly pure form because of the similarity 
in their chemical properties. In addition to the desira- 
bility of knowing the neutron cross sections as a func- 
tion of energy of each of these separately, there was in 
1948 an additional point of interest in the neutron ab- 
sorption properties of these substances because of the 
fact that the chemical and metallurgical properties of 
zirconium suggested that it should be very suitable as 
a reactor structural material. We were especially inter- 
ested in a resonance that had been reported in the 
literature for Zr at about 1.1 ev. 

We used a quite pure sample of commercially ob- 
tained HfO.. Spectroscopic examination showed 0.7 
percent zirconium impurity and less than 0.2 percent 


*H. Pomerance, Phys. Rev. 83, 641 (1951). 
5 W. J. Sturm, Phys. Rev. 71, 757 (1947). 
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Fic. 10. Transmission cross section of hafnium vs neutron energy. 


content of other contaminants. Figure 10 shows the 
results of the measurements. The resonance at 1.1 ev 
proved to be much stronger than the one reported for 
zirconium. It was clear then that the resonance belongs 
to hafnium and that the previously reported resonance 
at 1.1 ev in zirconium was due to hafnium impurity. 
Our instrument was not designed for good performance 
in the region of 1 ev, so that good values for the Breit- 
Wigner constants of the resonance could not be 
determined. 

Extrapolation of the curve to 0.025 ev gives a total 
cross section of 115 barns. The data at energies from 
0.03 to 0.20 ev were fitted with a constant scattering 
cross section o,, plus a 1/v capture cross section. The 
approximate value of 15 barns was obtained for o,. 
Subtracting 15 barns from the total cross section gives 
100 barns as the capture cross section at 0.025 ev, 
which compares favorably with 102+5 percent obtained 
by the pile oscillator method‘ but differs considerably 
from the reported value of 134-+8 barns.® 


E. Ni*O 


In the case of a crystalline substance consisting of 
more than one type of scattering center, the transmission 
cross section per “molecule” for coherent scattering is 
given by the expression: 


Or=vM ‘2 rk Tred nel nee? 9*, 


dari>jr 


(3) 
d is the wave length; M is the number of “ molecules” 
per cm*; jax: is the multiplicity of the set of planes 
identified by the Miller indices h, k, 1; d is the inter- 
planar spacing; e~? is a factor that takes into account 
the zero point and thermal oscillations of the crystal; 
W is a constant which depends on the Debye tempera- 
ture and the temperature of the sample; F is the crystal 
structure factor per molecule. It is given by: 


F= > fn, ‘N ert hent kynt tan) 


unit cell 


(4) 


in which JN is the number of “molecules” per unit cell; 
fn is the coherent scattering amplitude per mth bound 
nucleus; x», Yn, 3, are the coordinates of the nth atom in 


*P. A. Egelstaff and B. T. Taylor, Nature 167, 896 (1951). 
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Fic. 11. Transmission cross section of Ni*O vs neutron energy 


terms of the primitive lattice translations. The coherent 
scattering cross section per bound nucleus is 47/,. 

} The function defined by Eq. (3) is discontinuous. The 
contribution to the transmission cross section for 
coherent scattering of a particular set of planes, Akl, 
increases as \ increases but goes abruptly to zero when 
the Bragg condition \= 2d sin@ cannot be fulfilled, that 
is, when \>2d. In the case of crystals composed of 
two types of scatterers for which the scattering ampli- 
tudes are not very different, the transmission cross 
section for coherent scattering is quite sensitive to the 
relative signs of the amplitudes. 

The crystal structure of NiO is the same as NaCl. 
The unit cell dimension for NiO is a9=4.172A. The 
crystal structure factor per molecule for the various 
planes are F=fyitfo, h, k, l, even; F=fxi—fo, h, k, 1, 
odd; F=0 for all other reflections. 

The measured total cross section per NiO molecule 
as a function of energy for a sample consisting of 0.148 g 
of NiO enriched to 98.1 percent in the isotope Ni®* is 
shown in Fig. 11. The Miller indices of the various sets 
of planes corresponding to the discontinuities are shown. 
The general pattern of intensities of the various reflec- 
tions makes necessary the conclusion that the phases 
of scattering from Ni®* and O are the same (positive). 
This conclusion is especially evident from the fact that 
the 422 discontinuity is large, the 333, 511 is almost 
absent, and the 440 is again large. 

From the measured height of the 422 discontinuity 
(5.2 10-* cm’), using expressions (3) and (4) and the 
appropriate expression for the crystal structure factor, 
the coherent scattering amplitude per bound Ni* 
nucleus, fxi, has been calculated. In this calculation, 
the value fo per bound oxygen nucleus= 0.58 X 10-” cm? 
has been used; the value of the temperature correction 
factor e?” for the 422 reflection was calculated to be 

0.76 on the basis of Debye 6=500°K for NiO. The 
result fyj=1.5X10-" cm per bound Ni®* nucleus was 
obtained, corresponding to a coherent scattering cross 
section of 27 barns per bound nucleus or 26 barns for 
the free nucleus. These values agree very well with 
those of other observers.’ NiO is known to be antiferro- 


7C. G. Shull and E. O. Wollan, Phys. Rev. 81, 527 (1951). 
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magnetic at room temperature.* However, the magnetic 
structure is such that there will be no contribution to 
the height of the 422 discontinuity at 0.028 ev. 

Since the observed scattering cross section for Ni®** is 
much greater than the potential scattering cross section 
(42 R?= 5 barns), it can be concluded that the scattering 
at thermal energies is being influenced by the presence 
of a nearby resonance level of the compound nucleus, 
and that at thermal energies the resonance scattering 
and potential scattering interfere constructively.® 

F. Ni® 

The cross section of a 0.219 g sample of NiO enriched 
to 97.7 percent in the Ni® isotope was measured in the 
energy range 0.03 to 0.50 ev. The diffraction peaks, 
though present, were much less pronounced than those 
for Ni°8O, corresponding to a much smaller coherent 
scattering cross section. Since Ni°** and Ni® together 
account for 94 percent of the abundance of normal 
nickel, the cross-section measurements for these two 
separated isotopes show that Ni?’ is the isotope re- 
sponsible for the anamolously high scattering cross 
section of normal nickel. Our sample contained 1 per- 
cent water impurity, for which corrections were made. 
When subtractions were made also for the scattering by 
the oxygen and for the capture by the Ni® (¢,=2.70b 
at 0.025 ev)!® the resulting scattering cross section for 
Ni® was much less than 47R?~5 barns, suggesting a 
scattering resonance at an energy such that the reson- 
ance scattering and the potential scattering interfere 
destructively. This low value of the scattering cross 
section of Ni®® is consistent with the results of other 
observers.” 

G. Holmium 


The material was used in the form of the oxide 
Ho,0;. It was separated from other rare earths by 
means of the ion-exchange-column technique. Spectro- 
scopic and activation measurements proved that there 
was less than 0.1 percent of all other rare earths present. 
Two anhydrous samples were prepared, 0.042 and 
0.0668 g. 

The total cross section of the oxygen" in the molecule 
was subtracted from the observed values. The total 
cross section per holmium atom (o;,) from 0.026 ev to 
0.5 ev is given in Fig. 12. Small irregularities due to 
coherent nuclear scattering appear in the data. Indi- 
vidual discontinuities due to the contributions of some 
one set of planes could not be resolved because of the 
small heights of the irregularity and the large number 
of different sets of planes contributing in the small 
energy region where the irregularities appeared. Several 
‘34 reported in the literature for the thermal 


values 
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neutron capture cross section of holmium are 49, 59.6, 
and 64 barns. The first two of these values were obtained 
by the activation technique, while the latter result was 
obtained with the pile oscillator. In interpreting our 
data we have used the 64-barn value for the absorption 
cross section since the material used in the measurement 
of this value and the material used in our measurements 
came from the same batch of purified holmium. The 
value 64 barns corresponds to an average neutron 
energy of 0.025 ev. 

The dependence of the value of the capture cross 
section of holmium (¢,) on energy is not known. If the 
assumption is made that it varies as 1/7, then the 
scattering cross section o,=o1%.—o, decreases from 31 
barns at 0.025 ev to 14 barns at 0.5 ev. Since the Hot** 
ion possesses an effective magnetic moment of 10.5 Bohr 
magnetons, this variation of scattering cross section 
with energy may possibly be due to paramagnetic 
scattering. The observation of paramagnetic scattering 
in measurements of total cross section has previously 
been reported.'* We have calculated from our data a 
paramagnetic scattering cross section (gpm), per Hot** 
ion as a function of energy. The resulting points are 
shown in Fig. 12. They result from the equation 
Or=O-+o,+0pm and the following assumptions: (a) 
the capture cross section of holmium, ¢,, varies inversely 
as the velocity; (b) the transmission cross section due 
to scattering other than paramagnetic scattering is 
approximately constant over the energy region of our 
measurements. The total cross-section data show that 
the irregularities due to coherent nuclear scattering are 
small. 

The lower curve of Fig. 12 is the paramagnetic cross 
section vs energy, calculated from the following 
expression: 

Opm= 4a(e’y/me*)*g77I (I+ 1)F, (5) 


in which the symblls e, m, and ¢ have their usual signifi- 
cance; y is the neutron magnetic moment in nuclear 
Bohr magnetons; and g, is the gyromagnetic ratio of the 
normal state, °/s of the Ho*** ion. It was computed 
from the landé g formula for Russell-Saunders coupling. 
F is the average over-all scattering angles of the square 
of the atomic scattering factor of the 4f shell. The 
semi-empirical atomic scattering factors'® of Pauling 
and Sherman were used to obtain F. In Eq. (5) we have 
replaced the usual gs*S(S+1), for cases in which the 
orbital angular momentum is quenched with g,*J(J+1), 
since the value of the effective magnetic moment (yu) 
of the Ho*** ion as determined from magnetic suscepti- 
bility measurements agrees very well with the value 
calculated by setting w=gy[J(J+1)]'7 The para- 
magnetic cross section deduced from the data and that 
calculated using Eq. (5) have been set equal to each 


4 T. W. Ruderman, Phys. Rev. 76, 1572 (1949). 

1 . Halpern and M. H. Johnson, Phys. Rev. 55, 898 (1939). 
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Fic. 12. Cross section of holmium vs energy. The points along 
curve I are the measured total cross sections. Curve I is drawn 
through the average of these points, smoothing out any small 
irregularities which may be due to coherent scattering. Curve II 
is the calculated paramagnetic scattering cross section. The points 
along curve IT are deduced from curve I by subtracting capture 
and nuclear scattering. 


other at 0.5 ev. Normalization at 0.5 ev exhibits the 
increasing deviation between observed and calculated 
values as the energy decreases. 

The data agree roughly with the calculated curve in 
shape and absolute value. In view of the assumptions 
made, further discussion of the quality of the agreement 
between “observed” and calculated paramagnetic cross 
section seems hardly justifiable. The existence of a 
nuclear resonance at an energy lower but not distant 
from the lowest energy at which measurements were 
taken could completely alter the interpretation. Addi- 
tional measurements of the total cross section at ener- 
gies greater than 0.5 ev and in the region of low energies 
where there is no coherent scattering would also be 


helpful. 
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An experiment has been performed with cosmic-ray mesons to study the specific ionization in the rela 
tivistic region. A cloud chamber was used to measure the rate of droplet production for two groups of mesons, 
one with momentum p between 70 and 250 Mev/c and the other with p> 1500 Mev/c. These two groups of 


momenta were selected by the appropriate arrangement of Geiger counters 


The cloud chamber used to 


measure the ionization was also used to measure the magnetic rigidity of the particles in the lower group 
of momenta. The particles in the other group produced tracks which were essentially straight in the mag 
netic field of 4800 gauss. The group of mesons with lower momenta ionized at or near the minimum rate 
which was determined to be 14.70.35 droplets/mm on the photographic film. The other group of mesons 
gave an experimental average of 17.90.25 droplets/mm, in good agreement with the value of 18.5 drop 
lets/mm predicted on the basis of the Bethe-Bloch ionization theory and the accepted momentum spectrum 
for sea-level cosmic-ray mesons. The good agreement obtained between the experimental and theoretical 
distributions shows that the present ionization theory with its rise in the relativistic region adequately 
describes the observed rate of energy loss for energetic mesons with values of ~/u up to approximately 100. 
loo few mesons were available with momenta large enough to check the effect of polarization in helium. 


INTRODUCTION 


HE theoretical curve for the rate of energy loss 

by particles passing through matter due to col- 
lisions with electrons was first developed by Bohr.! 
It has been modified by quantum-mechanical calcu- 
lations, and relativistic corrections have been made. 
A convenient summary of these equations giving com- 
plete references appears in an article by Rossi and 
Greisen.? For collision losses caused by small transfers 
of energy a separate calculation must be made to in- 
clude the binding energy of the electron. This has been 
done quantum-mechanically by Bethe.’ The energy 
loss per unit distance dE/dx is shown to depend only on 
the charge and velocity of the moving particle. Thus 
the curve should be universally applicable to all parti- 
cles of the same charge, independent of their mass. 
This curve shows that dE/dx decreases rapidly as the 
velocity Bc increases toward the velocity of light c, 
reaching a minimum at B=0.97, Beyond this mim- 
imum, the rate of energy loss rises logarithmicaliy 
with increasing velocity. The dependence of the energy 
loss on the momentum / and rest mass yu of the incident 
particle can be obtained by noting that p/u=8/(1—8°)!. 
Swann,‘ Fermi,’ Wick,® and Halpern and Hall’ have 
developed the theory of an additional effect due to 
polarization which reduces the rate of ionization in the 
relativistic region. This effect is very important for 
condensed media but is considerably less important 
in dispersed media like gases. (See in particular the 
calculations of Halpern and Hall.’) 


* This work was supported by the ONR. : 

t Work performed while W. L. Whittemore was on leave of 
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The theoretical curve has been well substantiated by 
experiments on electrons and mesons for values of 
momenta up to p/u=3.5~!” The rise due to relativistic 
effects has also been shown to agree well with experi- 
ments on electrons, but a similar check on this rise 
for mesons has been difficult because of the high 
momenta involved. Not only are such momenta diffi- 
cult to measure, but mesons with such momenta are 
found as yet only in cosmic radiation where the in- 
tensity decreases very rapidly with increasing mo- 
mentum. The rise in energy loss is due directly to the 
Lorentz contraction of the Coulomb field of the in- 
cident particle. This contraction causes significant 
transfers of energy at greater distances from the path 
of the particle than would otherwise be the case. It 
has been generally expected, therefore, that energetic 
mesons should show the same rise as that observed 
for electrons. 

Various attempts have been made to detect for 
mesons the predicted rise in the rate of energy loss in 
the relativistic region. The early investigations were 
performed by determining the specific ionization of 
fast mesons by counting droplets in a cloud chamber.$~"! 
These all indicated little or no rise, but the experi- 
ments were subject to appreciable difficulty entailed 
by the measurement of the high momenta. Also, these 
early experiments were performed before the composi- 
tion of high energy cosmic rays was well known. With 
the advent more recently of solid ionization detectors 
such as silver chloride conduction counters and scintil- 
lation crystals, attempts were subsequently made to 
investigate the energy loss in thin layers of these 
materials by studying the pulse sizes produced by ener- 
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getic mesons."?:'* These experiments revealed little or 
no rise in the rate of ionization for mesons of relativistic 
energy, but these results were to be expected in view of 
the magnitude of the effect of polarization, even for 
p/u as low as 10. On the other hand, this effect for gases 
at standard pressure is not important for p/m less than 
about 100-500.’ The first experiment in which the 
momenta of the fast mesons were measured directly 
was published by Goodman, Nicholson, and Rath- 
geber."* They used a momentum spectrometer capable 
of measuring momenta up to 8X10! ev/c. A gas pro- 
portional counter was used to measure the ionization 
of the fast cosmic-ray mesons. According to the theory, 
the increase of ionization for the fastest mesons whose 
momenta they could measure should be 50 percent 
above minimum. However, they detected only a negli- 
gible rise for mesons, although the measurements of 
other workers on electrons agree well with the theo- 
retical curve both below and above minimum. Because 
of the fundamental nature of this rise mentioned pre- 
viously, it is very hard to explain this discrepancy 
between the behavior of electrons and mesons on a 
theoretical basis. Thus it was of considerable interest 
to check the results of Goodman e¢ al., using a different 
experimental technique. After the experiment to be 
reported here was completed and this paper was being 
written, the excellent results of Ghosh, Jones, and 
Wilson'® were published. Their results showed a rise 
in the rate of energy loss in the relativistic region for 
mesons, in agreement with theory and in agreement 
with the results reported in this paper. 

Before becoming interested in this problem, we had 
spent considerable effort developing a technique for 
the reliable operation of a Wilson cloud chamber. 
Such a technique allowed us to maintain a constant 
efficiency for the formation of droplets on a track during 
a period of several weeks. A chamber operated in the 
above manner with provision also for measuring 
momentum seemed quite well suited to an investigation 
of the energy loss for energetic mesons. 


APPARATUS 


The apparatus consisted of a counter-controlled 
cloud chamber in a magnetic field of 4800 gauss. The 
chamber was 9 inches in diameter and 3 inches deep. 
Only the center 1} inches were used. This insured 
good focus and a minimum amount of distortion. The 
experimental arrangement is shown in Fig. 1. The 
counter telescope A B C selected cosmic-ray particles. 
The 4 inches of lead above the chamber greatly reduced 
the probability of observing single electrons. Thus 
only single mesons and an occasional chance shower 
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Fic. 1. Experimental arrangement. 


were seen in the chamber. By using the X-tray of 
counters in anticoincidence with the telescope one 
could require that the mesons stop in the 4} inches of 
lead below the chamber. Thus one could either select 
mesons with momentum between approximately 70 
and 250 Mev/c or at random from the cosmic-ray 
spectrum, if the X-tray were not used. 

The technique used in the operation of the cloud 
chamber was designed to maintain a constant efficiency 
for the formation of droplets on ions. It is well known 
that when tracks are split, a reliable ion count may be 
made on the denser column provided droplets form on 
about one-fourth or more of the lighter column. How- 
ever, when one measures the momentum of a particle 
by measuring its curvature in a magnetic cloud 
chamber, the accuracy of such measurements is ap- 
preciably reduced by splitting the track. We preferred 
not to split the track, since we wanted to measure in 
the same cloud chamber the magnetic rigidity as well 
as the ionization. To insure reproducible droplet counts 
without splitting the track, we took special precautions 
to maintain the same condensate mixture of 70 parts by 
volume of ethyl alcohol to 30 parts water. Another 
necessary requirement was never to change the ex- 
pansion ratio of the chamber, which was 1.076. A paper 
describing the details of the operating technique out- 
lined here is being prepared. 

In order to obtain a track with few enough ions so 
that they could be counted accurately, helium was 
chosen as the operating gas. This allows the droplets 
to diffuse sufficiently for easy counting without using 
an intentional time delay in the expansion. The in- 
herent delay in the expansion mechanism in our ap- 
paratus is such that the tracks diffuse to 1.9-mm width. 
A greater diffusion would introduce difficulties into the 
measurement of the curvature of the tracks. 
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DISCUSSION AND RESULTS 


Over a period of a month, pictures of 200 particles 
were obtained. Out of these, 129 were selected as being 
in sufficiently good focus for reliable droplet count. 
About one-third of our pictures were obtained using 
the X-tray in anticoincidence with the telescope. This 
assured us of at least 40 particles whose momenta 
could be accurately determined. These particles fall 
on the curve in the region which has been checked in 
previous experiments. Thus they can be used to cali- 
brate the droplet count in our chamber. These particles 
were interspersed throughout our data, so approxi- 
mately every third meson had momentum in the range 
from 70 to 250 Mev/c. To assure a good calibration 
of our data, only runs including at least one meson in 
this range were included in our analysis. 

The maximum momentum a particle could have and 
still be reliably distinguished from a straight track was 
1500 Mev/c. This momentum in our magnetic field of 
approximately 5000 gauss corresponds to a radius of 
curvature of 10 meters. Our accuracy was determined 
by measuring the curvature of no field tracks taken 
throughout each day’s run. No systematic curvature 
could be detected. About 80 percent of these tracks had 
a radius of curvature greater than 12 meters. Therefore 
we chose a radius of curvature of 10 meters as our 
upper limit on measurable tracks. Particles whose 
paths had greater radii of curvature were classified as 
having momenta greater than 1500 Mev/c. Of the 129 
particles selected, 52 were in this high momentum range, 
while the remaining 77 had measureable momenta. 

The specific ionization of each particle was measured 
by counting the droplets. Because the density of drop- 
lets which were counted was small, the correction for 
overlapping droplets was negligible. All clusters con- 
taining more than 20 droplets were excluded from our 
count. This exclusion both decreased the statistical 
fluctuation and eliminated the error introduced by 
estimating the number of droplets in these larger 
clusters. If we assume approximately 30 ev/ion pair, 
we are essentially excluding all energy transfers greater 
than 300 ev. Thus, in comparing our result with theory, 
we must use the formula developed by Bethe* for 
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Theoretical and experimental specific ionization 
as a function of p/u. 
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small transfers of energy, where the maximum transfer 
of energy in any one collision is ». This formula for 


k, is 
= 


where &,=energy loss through collisions in ev/g-cm~, 
n=maximum energy transferred in any one collision, 
C=2NZ/Ar?=0.150(Z/A), ue=rest mass of electron, 
and J(Z)=average ionization potential of an atom of 
atomic number Z. 


Since p/u=8/(1—6*)!, this curve may be plotted as 
a function of p/u. For comparison with our data we 
calculated the curve for helium using 7=300 ev. The 
shape of the curve, however, is only slightly dependent 
on 7, since 9 enters only in the argument of the log- 
arithm. Thus it differs but slightly from that used by 
other investigators. This curve, normalized to our data, 
is plotted as a function of p/u in Fig. 2. 

We obtain our droplet count as the number of drop- 
lets per mm measured on the film. The demagnification 
of our lens was approximately 8. So we must divide 
the number of droplets/mm on the film by 8 and 
multiply by 10 to obtain the number of droplets/cm 
along the actual path in the cloud chamber. We ob- 
tained a count of approximately 15 droplets/mm on the 
film for minimum particles. This corresponds to ap- 
proximately 19 droplets/cm in the cloud chamber. 
Although we are only concerned here with the relative 
specific ionization in order to check the shape of the 
curve, it is of some interest to compare our specific 
ionization with the theoretical value. In order to do 
this, one must consider the number of electrons in 
the ethyl alcohol and water mixture which has approxi- 
mately 3.5 cm of Hg vapor pressure. There are twelve 
times as many electrons in the alcohol molecule as 
in the helium. Consequently it forms about 12 times 
as many ions per cm of pressure. The pressure of helium 
in the cloud chamber is approximately 98 cm of Hg. 
Thus the total helium equivalent preSsure is approxi- 
mately 98+ 12 3.5= 140 cm. Taking this into account 
and reducing our measurements to atmospheric pres- 
sure, we get Jy 7.p.=5.1 ion pairs/cm. If we assume 
that each ion pair represents a loss of 27 ev, we obtain 
from the theoretical value for k,, /y.7.p.=8.0 ion 
pairs/cm. Thus one sees that droplets form on slightly 
over half of the ions produced. This is only a rough 
calculation including an approximate correction for 
the presence of the alcohol. It checks quite well, how- 
ever, with our experimental estimate of 75 percent 
efficiency of droplet formation based on a few split 
tracks. This efficiency could be increased by increasing 
the expansion ratio of the chamber, but this would 
cause too much background. 

The absolute theoretical values of k, have already 
been checked by experiment for low momentum parti- 
cles so we are interested only in checking the shape 
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of the curve to see if it rises above minimum for high 
momentum particles. Thus we shall use the specific 
ionization measured in droplets/mm on the film and 
normalize the theoretical curve to these units. The 
density of mesons in the region from 70 to 250 Mev/c 
is greater than for any other value of momentum due 
to our preferred selection in this range. Thus we chose 
our normalization point at p/u=2.0. The average 
droplets/mm for the range of p/u from 1.70 to 2.50 is 
15.75+0.35 droplets/mm based on thirty particles. 
k, evaluated at p/u=2.0 and compared to this average 
introduces a normalization constant equal to 12.33. 
The curve 
k,(droplets/mm) = 12.33(Mev/g-cm~) 


is plotted in Fig. 2 and compared to the 77 points 
representing the particles which had measurable 
momentum. It should be noted that we would have ob- 
tained essentially the same normalization constant 
if we had normalized k, at minimum. There were 15 
particles which had values of p/u between 2.0 and 7.0. 
These limits correspond to a 5 percent rise above 
minimum on either side of minimum. Thus, one would 
expect the average ionization of the particles to be 
about 2 percent above minimum. Using the normalized 
curve, one obtains k,=14.7+0.35 droplets/mm at 
minimum. This gives k,=15.0 when evaluated at 2 
percent above minimum. The actual average of the 
15 particles obtained was 15.0+0.5. Thus the normali- 
zation constant obtained from these figures would be 
the same as that obtained at p/u=2.0, but with a 
somewhat larger error. 

Figure 2 shows that our data agrees quite well with 
the theoretical curve for those particles whose momenta 
we can measure. In particular, our data exhibits the 
rise at low values of p/ which is known to exist. The 
root mean square deviation for our data calculated 
from the deviation of each of the 77 particles from the 
theoretical curve is 1.85 drops/mm. This is the basis 
for the errors indicated in the preceding paragraph. 
The theoretical standard deviation due to fluctuations 
in energy loss for transfers of energy smaller than 300 
ev per collision has been calculated using the Rutherford 
differential energy loss expression. For the energy lost 
by such transfers in an average path length for a typical 
meson, one finds the fluctuation to be 12 percent. 
Using 16.0 droplets/mm as a typical ion count this 
gives 1.92 droplets/mm as the theoretical fluctuation. 
Thus we see that our over-all fluctuation does not in- 
dicate any instrumental error. Furthermore, the 
fluctuation in droplets/mm from day to day was not 
larger than was to be expected on the basis of statis- 
tical fluctuation. This is shown by the average deviation 
for each day of the 14 days on which data were taken. 
Eight of these days each had an algebraic average 
deviation smaller than the standard deviation for the 
number of particles obtained that day. Five had a 
deviation greater than 1 standard deviation, and only 
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Fic. 3. Reproduction of a cloud-chamber — showing a 
relativistic meson (A) accompanied by a high energy electron- 
pair (B), (C). 


1 had a deviation greater than 2 standard deviations. 
Thus we feel that our operating procedure achieved 
its purpose of giving reproducible operation. This 
enabled us to group all our data together with no 
normalization from day to day. 

In Fig. 2, it should be noted that there are four 
electrons which exhibit the relativistic rise. These 
were distinguished as electrons by their low momentum 
(30 to 45 Mev/c) and by the fact that none of them 
appeared singly. Two appeared as tracks diagonally 
across the chamber, not through the telescope, and 
not accompanied by counter selected mesons. The 
other two are of particular interest. They appeared in 
a single picture accompanied by a meson with p/u= 11.8. 
Thus complete data could be taken on all three tracks. 
This picture is reproduced in Fig. 3. We were very 
fortunate to have all three tracks lie in the plane 
perpendicular to the axis of the camera. This put all 
three tracks completely in the lighted region of the 
chamber and in good focus. The event was probably 
caused by the radiation of a y-ray by the meson A in 
the lead above the chamber. Then the y-ray must have 
materialized in the wall of the cloud chamber to form 
the pair B and C. (The stereoscopic views show that 
B and C originate from one point approximately coin- 
cident with the cloud-chamber wall.) The data for 
this picture are given in Table I. These data show the 
extent to which the chamber is capable of detecting 
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Theoretical differential ionization distribution of mesons, 
uncorrected for statistical fluctuation in energy loss. 


Fic. 4 
the small change in ionization due to the relativistic 
rise. The picture is also a good example of the quality 
of track that we had to count. The background is 
negligibly low and the droplets quite distinct. 

Most of the 52 particles whose momenta are greater 
than 1500 Mev/c must be mesons. Single electrons are 
eliminated by the 4 inches of lead above the chamber. 
A very few protons may be included in this number, 
but it is known that there are very few protons com- 
pared to the number of mesons in this region. There- 
fore we may treat the 52 particles as mesons. The in- 
clusion of 3 or 4 protons would serve only to decrease 
the average ionization slightly, but certainly could 
not introduce a false rise. Assuming all 52 particles to 
be mesons, they all have a p/u>14.3. Figure 2 shows 
that they should all have ionization greater than 16.3 
according to theory. The average of the experimental 
data on these 52 particles is 17.90.25 droplets/mm. 
The error indicated is the standard deviation to be 
expected based on an individual experimental root- 
mean-square deviation of 1.85 droplets/mm. The mini- 
mum is 14.7 droplets/mm. If there were no rise at all. 
this average would be 12 standard deviations removed 
from the value at minimum which one should expect. 
The chance that this is actually the case is only 1 in 
450 million. Thus this separation alone shows the exist- 
ence of a rise. 

The experimental data can best be compared with 
theory, however, by considering the distribution of the 
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Fic. 5. Experimental differential ionization distribution for 
mesons compared with the theoretical distribution corrected for 
the statistical fluctuation in energy loss. 
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particles in the various ranges of ionization. Figure 4 
shows the theoretical distribution for mesons with 
p/u>14.3, with no account taken of the fluctuatioa 
in ionization. The ordinate is the number of particles 
(arbitrary units) per unit range of ionization, plotted 
against ionization. The curve is based on the momentum 
distribution of mesons as given by Rossi,'® and upon 
the theoretical ionization expected for each of several 
momentum ranges. The theoretical curve cuts off 
sharply at 16.3 droplets/mm since this corresponds 
to the ionization of a meson with p/u= 14.3. All mesons 
with lower p/ are eliminated from the 52 by direct 
measurement of their momenta. The average ionization 
for mesons in this region is obtained from Fig. 4 and 
is 18.5. This agrees fairly well with the experimental 
average of 17.9 when, in addition to the statistical 
fluctuation of ion count, one includes the possibility 
of a variation in the momentum spectrum of the 52 
particles from the true distribution. 

A direct comparison is given in Fig. 5 between the 
experimental histogram representing the distribution 
of the 52 particles having p>1500 Mev/c and the 
theoretical curve representing the expected distri- 
bution. The theoretical curve is that of Fig. 4 modified 


TABLE I. Comparison of negra al and experimental relative 
ionization for a meson A and two electrons B, C. 


T/T mic 
Droplets/mm Exp Theory 


1.07 
1.33 
1.29 


1.06+4-0.13 
1.50+0.18 
1.29+0.15 


15.6 
22.1 
19.0 


to take account of the actual fluctuation in ionization 
of a particle with a finite path length. The fluctuation 
is approximately Gaussian and the experimental root- 
mean-square deviation of 1.85 droplets/mm is used 
in the calculation. The theoretical curve is normalized 
to have the same area as the histogram, thus repre- 
senting the expected distribution of 52 particles. 
It should be pointed out that this curve is based purely 
on ionization theory, accepted momentum distribution 
of sea-level cosmic-ray mesons, and the experimentally 
determined droplet count for minimum ionization. 
Therefore, its good agreement with the experimental 
histogram is a true measure of the correctness of the 
predicted rise of the rate of ionization in the relativistic 
region. Figure 5 also includes a dotted curve which 
represents the distribution of the 52 particles to be 
expected if there were no rise at all. The histogram 
agrees well with the curve representing the existing 
theory and is far removed from the dotted curve. 
It should be pointed out that the spectrum of mesons 
at sea level contains such a small proportion of mesons 
with p/u>100 that any decrease in the rate of ioniza- 


16 B. Rossi, Revs. Modern Phys. 20, 537 (1948). 
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tion due to the effect of polarization would not be 
detected in the present experiment. 
CONCLUSION 

The present paper presents experimental evidence 

for the existence of the theoretically predicted rela- 

tivistic rise in the rate of ionization up to values of 

p/u=100, Our results are in disagreement with the 

results found by Goodman, Nicholson, and Rathgeber"! 
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using a proportional counter, but they are in good 
agreement with the results of Ghosh, Jones, and 
Wilson" who used a cloud chamber for their ionization 
measurement. 

We wish to thank the staff and personnel of the 
Harvard Physics Department who made this work 
possible, and in particular we want to thank Professor 
J. C. Street and Dr. G. M. Nonnemaker for their 


interest and many valuable suggestions. 
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The Stopping Cross Section of D,O Ice* 


W. A. WENZEL AND WARD WHALING 
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The energy loss of protons and deuterons in D,O ice has been measured over the energy range E,= 18—541 
kev using the double focusing magnetic spectrometer to measure the energy of the particles after they 
have traversed a known thickness of the ice target. One method of measurement is used to determine 
relative values of the stopping cross section as a function of energy, another method measures the absolute 
values. The results are in very good agreement with the values calculated from Bethe’s semi-empirical 
formula. Possible sources of error are considered and the accuracy of these measurements is estimated to 


be +4 percent. 


I. INTRODUCTION 
KNOWLEDGE of the stopping cross section of 
the target material is essential in the measure- 
ments of nuclear cross sections if the target cannot be 
weighed to determine its thickness or if a thick target 
is used. In the course of making measurements of the 
D(d,p)T cross section it seemed advisable to remeasure 
the stopping cross section for the D,O ice targets, since 
the poor accuracy claimed for earlier measurements! 
would limit the accuracy with which the D(d,p)T cross 
section could be measured. Further interest lay in the 
striking disagreement of the earlier measurements of 
the stopping cross section with the theoretical predic- 
tions. The double focusing magnetic spectrometer for 
charged particles is admirably suited to measurements 
of stopping cross sections, and this application of the 

instrument is described in this paper. 


II. ABSOLUTE VALUE MEASUREMENTS 


When a beam of protons is scattered from a thick 
target, the momentum spectrum of the scattered pro- 
tons, as observed in the magnetic spectrometer, is made 
up of a succession of steps, one for each isotope in the 
target. Such a step spectrum, for protons scattered 
from O" in D.O, is shown by the solid curve in Fig. 1. 
The height of the step Nmax, is proportional to the 
scattering cross section (d¢/dw) and inversely propor- 
tional to the effective stopping cross section éer, of the 
target material. .V,,,x can be measured easily since the 

* Assisted by the joint program of the ONR and AEC. 

1 Previous measurements of D.O are summarized by A. P. 
French and F, G. P. Seidl, Phil. Mag. 42, 537 (1951). 


top of the step is nearly flat, and if (da/dw) is known 
€er¢ can be determined from the following expression? 


éett= €(E,)(0E2/0E;)+ €( E2)(cos0;/cos8,) 
= (da/dw)0.(E20/N max)(Q-/R-)4aX 10 ev-cm?, 


where (do/dw)e, is the scattering cross section in milli- 
barns per steradian at the angle 6, in the center-of-mass 
system ; 22, is the solid angle subtended by the aperture 
of the magnetic analyzer at the target (c.m. system) ; 
R. is the momentum resolution, P/AP, a known func- 
tion of the geometry of the spectrometer. Ninax/Q is 
the number of scattered particles of energy E2 (meas- 
ured in ev) counted in the spectrometer per Q micro- 
coulombs of protons incident on the target, and Vmax 
is to be evaluated for particles scattered from the front 
surface of the target. The molecular stopping cross 
section for protons of energy E is given by e(£) 
=(1/N)dE/dX, where N is the number of molecules 
per cubic centimeter and dE/dX is the energy loss per 
cm of path for protons of energy E. The subscripts 1 
and 2 refer to incident and scattered particle, respec- 
tively. 6, is the angle of scattering in the center-of-mass 
system; 6), and 6; and 2 are defined in the diagram 
of the target geometry in Fig. 2. 

The ée for protons in D,O ice was determined by 
measuring the .Vinax/Q for protons scattered from the 
oxygen in a thick D,0O ice target. The ice was condensed 
on a copper target cooled with liquid nitrogen by 
letting a jet of water vapor containing 99.8 percent 

2 Snyder, Rubin, Fowler, and Lauzitsen, Rev. Sci. Instr. 21, 
852 (1950). 








W. A. WENZEL AND W. WHALING 


PROTON ENERGY (KEV) 
450 
—— 


440 445 
= 


4 


- 


800} 


SPECTRUM OF PROTONS 
CATTERED FROM A THICK 
TARGET OF 0,0 icE 


€,° 56 KEV 





4 ie 





425 42.0 4.5 
FLUXMETER MILLIVOLTS 


he spectrum of protons scattered from a thick D,O ice 
Che open points show results with a target which had 
contaminated with carbon from residual pump oil vapor 
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deuterium fall on the Cu surface. The energy of the 
incident protons, accelerated in the 600-kev Van de 
Graaff generator, was measured to within +0.5 percent 
with a 90° electrostatic analyzer. The electrostatic 
analyzer was calibrated against the F'°(p,ay)O" reso- 
nance at 340.4+0.4 kev* and the linearity of the 
analyzer was checked by measuring the energy of 
deuterons scattered from the front face of a carbon 
target using D+, DD+, and DDD*, beams of 172, 344, 
and 516 kev, respectively; the energy of the scattered 
deuterons was constant to within 0.3 percent. The 
magnetic analyzer was placed to observe particles 
emitted at an angle of 90.3° with respect to the incident 
beam, and the target was set at an angle of 45° to make 
nearly equal angles with incoming and _ scattered 
particles. 

The scattered proton momentum spectrum is shown 
in Fig. 1 for E,=516 kev. Ninax is obtained by extra- 
polating the slight rise on the top of the step to the 
energy E2 at the midpoint of the step. Also shown in 
Fig. 1 by the open points are results obtained with an 
ice surface which had become contaminated with a 
layer of carbon. Thus the condition of the ice layer, 
which was too thin to be seen, could be monitored 
continuously. 

To calculate és; from Niax one must know (do/dw) 
for protons scattered from oxygen. We have taken for 
this quantity the value given by the Rutherford 


formula. Possible nuclear contributions to the cross 


3A. H. Morrish, Phys. Rev. 76, 1651 (1949). 


section are considered in Appendix A, where it is shown 
that ocnuci.4Ruth)/7(Ruth) ~ 1.015 at 600 kev and the 
ratio approaches unity for lower energies. Further 
evidence that the scattering cross section should be 
given correctly by the Rutherford formula is to be 
found in the ratios of the Vinax values for the protons 
scattered from the O and Si in a quartz target. This 
ratio, which is independent of e(SiO2), has been meas- 
ured at five energies between 360 and 550 kev. At 
each energy the ratio follows the Z? dependence within 
6 percent, and the average value of this ratio for the 
five determinations agrees with the theoretical value 
within 0.3 percent. The 6 percent deviation is within 
the limits of statistical accuracy of the measurement. 
Thus if the scattering from oxygen deviates from the 
Rutherford formula, our measurements indicate that 
the scattering from Si deviates in the same way. 

The value of 2 appearing in the expression for €grs 
has been measured by placing in front of the spectrom- 
eter an aperture subtending a known solid angle at the 
target. By comparing the yield for this known solid 
angle with the yield with the aperture removed, the 
full solid angle of the spectrometer was found to be 
0.00490+0.00005 steradian. 

The resolution of the spectrometer has been calcu- 
lated from the geometry of the magnetic field. It has 
also been measured experimentally by replacing the 
usual collecting slit with two narrow parallel slits. A 
spectrum observed with the two slits is the superposition 
of the two individual spectra, and the displacement 
between the two spectra is a measure of the resolution 
of the spectrometer for a collecting slit of width equal 
to the separation of the two slits. The experimental 
and theoretical values of R, agree within 2 percent. 
Some uncertainty in the calculated value is introduced 
by the fringing field, and we have used the experimental 
value of R., assigning a probable error of 2 percent. 

€et¢ IS a Weighted average value of ¢ for incident and 
scattered particles, which have different energies, and 
to determine the value of ¢ at a particular energy from 
the average €s;, one must know the way in which e 
varies with energy. For protons scattered from oxygen, 
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Fic. 2. Schematic diagram of the ice target geometry. The 
copper target backing is soldered to a liquid nitrogen reservoir, 
not shown in the diagram. 
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E,=0.88E,, so that the difference between E; and E» 
is small, and over this small interval a linear variation 

=A-+BE, where A and B are constants, is a good 
approximation for proton energies above 200 kev. From 
this assumption of the form of e(£), it follows that for 
cosé; = cos8e, 

€or#(OE2/0E\+ 1) '=€(E), 
where 
E=(E£,0E2/0E\+ E2)(0E2/dE,+1)™". 


Thus at bombarding energies of 578, 516, 413, 310, 
and 258 kev, we have determined the value of ¢ for 
E=542, 484, 387, 291, and 242 kev. These values are 
plotted in Fig. 3 with the solid points. 


Ill. RELATIVE MEASUREMENTS 


The method of measuring ¢ described above was not 
satisfactory for protons of energy less than 200 kev. 
Some of the low energy protons capture an electron in 
the target and emerge as neutral H atoms which would 
not be deflected in the magnetic field; the amount of 
this charge neutralization is difficult to measure accu- 
rately. A further difficulty at very low energies is the 
reduced efficiency of our scintillation counter, a thin 
layer of ZnS on the face of an RCA 5819 photomultiplier 
tube. 

The following method for measuring relative values 
of ¢ depends only on the measurement of energy ratios 
and is independent of counter efficiency and neutral- 
ization of incident or scattered particles. We first 
determine accurately the energy E2 of protons scattered 
from the surface of a clean Cu target by locating the 
midpoint of the step in the spectrum. When a thin 
layer of ice is then formed on the Cu surface, this step 
is displaced to a lower energy, and to return the step 
to its original position the bombarding energy must be 
increased by an amount AZ. If now AEF; is measured 
for two proton energies, using the same ice layer, then 
AE; /AE\= €cert’/€ers, and the relative values of éers are 
thereby determined. Deuterons can be used as the 
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Fic. 3. The proton stopping cross section per D,Q, ice molecule. 
The solid points are absolute measurements discussed in Sec. II. 
The open circles are relative values discussed in Sec. III. The 
dashed curve is a summary of previous measurements given in 
reference 1. The dot-dashed curve shows the theoretical value of 
2e(H)+e(O) taken from reference 6. 
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TABLE I. Sources of the experimental error, and percentage error 
introduced in final value of e. 


Beam integrator 

Neutralization of incident and scattered protons 
Spectrometer resolution 

Spectrometer solid angle 

Scattering cross section 

Counter efficiency 


Probable error in ¢: 


incident particle, or intercomparison between deuterons 
and protons can be made. Rapid comparison over a 
very wide range of proton energy was made possible by 
accelerating a mixture of D and H ions in the Van de 
Graaff generator. Using the H* beam component, 
measurements were made of AE, at the energy E; of 
the generator. Then simply by changing the electro- 
static analyzer to pass the DD* and HHD* ions, 
measurements were made of AE; for the deuterons of 
energy £,/2, which is the same as that for protons of 
energy £,/4, since it has been shown theoretically and 
confirmed experimentally that the stopping cross sec- 
tions for protons and deuterons of the same velocity 
are equal.‘ Time consuming changes of the generator 
‘oltage were thereby avoided. 

This method requires that the thickness of the ice 
layer, usually about 3 kev, remain constant while the 
displacement of the step is located for two different 
energies, and the measurements must be made as 
rapidly as possible since the cold target surface will 
collect residual water and oil vapors present in the 
vacuum system. AF; was measured first at one energy 
and then at the other, and the two measurements were 
repeated alternately four or five times in succession to 
establish their ratio; any condensation of foreign ma- 
terial on the target could be detected by a change in 
the value of AF;. It was necessary to surround the 
target with a brass cylinder, 2.5 inches in diameter and 
1.5 inches high, which was maintained at liquid nitrogen 
temperature in order to keep the target thickness from 
increasing through the condensation of residual vapors. 
The target was thus completely surrounded by the cold 
surface except for small entrance and exit ports. The 
vacuum measured outside this cold cylinder varied 
between 4 and 7X 10-* mm of Hg. 

These relative measurements of €.¢; were corrected to 
give the value of ¢ at a particular energy in the manner 
described above. This function e(£) was then normal- 
ized to fit the absolute values above 200 kev. The 
experimental points are shown in Fig. 3 by the open 
circles. 

IV. ACCURACY 

The 4 percent probable error of these absolute meas- 
urements arises from the uncertainty in the experi- 
mental quantities listed in Table I. The incoming beam 


~ 4. M. Crenshaw, Phys. Rev. 62, 54 (1942) 
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TABLE II. The molecular stopping power e=N~dE/dX for 
protons in D,0O ice. 


(10715 ev-cm?) 


15.6 
17.4 
20.4 
22.6 
23.5 
24.0 
24.1 
24.0 
23.7 
23.0 
22.2 
20.1 
16.0 
13.3 
11.6 
11.2 


was measured with a conventional current integrator 
calibrated by feeding a known current from a battery 
and resistance stack to the target. The calibration was 
checked periodically and is believed to be accurate 
within 2 percent. The target assembly was held at 300 
volts positive with respect to the surrounding chamber 
to prevent secondary electrons from leaving the target, 
and the incoming proton beam had to pass through an 
electric field which would deflect away any electrons in 
the primary beam. At pressures between 10~* and 10° 
mm Hg the neutral component of the incoming beam 
is negligible for protons above 200 kev. A correction 
for the small neutral component in the scattered beam 
has been made using Hall’s* measurements of the 
electron capture to loss ratio in several metals. This 
correction to ¢ is only 3 percent at 240 kev, the lowest 
energy at which absolute measurements were made. 

The efficiency of the ZnS(Ag) scintillation phosphor 
was measured to be 0.94+0.02 by comparison with a 
KI(Tl) phosphor, which is assumed to be 100 percent 
efficient. For both types of phosphor the pulse-height 
spectrum showed a well-resolved peak, indicating that 
all of the particles striking the phosphor screen were 
being counted. The reduced efficiency of the ZnS 
phosphor is probably due to a transparency of the 
powdered ZnS screen caused by imperceptible gaps 
between the individual crystals of the powder. 

The most likely source of error in the measurements 
of the relative values of ¢ is the non-uniformity of the 
target thickness, such that in changing from one beam 
component or energy to another, a different thickness 
of target was bombarded. The beam on the target was 
restricted to a spot approximately ;’g inch in diameter, 
and variations in the thickness over so small an area do 
not seem likely. Some uncertainty is introduced in the 
relative measurements at very low energies by energy 
straggling in the target. The step in the scattered 
proton spectrum for the clean Cu target has a very 
small width AE determined by the resolution of the 


5 T. Hall, Phys. Rev. 79, 504 (1950). 
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spectrometer, E/AE= 800 and the position of the step, 
taken to be the energy corresponding to half the 
maximum yield Ninax, is sharply defined. When the 


‘step is displaced by a layer of ice, straggling in the ice 


rounds off the step and gives it a width amounting to 
25 percent of the displacement in the worst cases. If 
the straggling is truly Gaussian, the energy at half- 
maximum will still determine the displaced position of 
the step, but it is not so sharply defined as before. 
Measurements using the V max/3 energy for the position 
of the step gave the same relative values. Both the 
uncertainty due to straggling and possible target non- 
uniformities would be expected to introduce random 
deviations rather than systematic error and may 
account for some of the spread in the experimental 
points at low energies. 

The assumption that the target material is actually 
D.O, instead of some other compound of O and D was 
not checked, but the reproducibility of the experimental 
results indicates that the composition was constant. 
The heavy water storage and transfer apparatus was 
made exclusively of brass, copper, and hard and soft 
solder; the valve, especially designed for this use, con- 
tained no packing, and was not lubricated. The assump- 
tion that dE/dX is the same for protons and deuterons 
of the same velocity has not been tested experimentally‘ 
to better than 5 percent, but close equality seems 
reasonable on theoretical grounds. 


V. RESULTS 


Values of the stopping cross section taken from the 
smooth curve drawn through the experimental points 
in Fig. 3 are listed in Table II. Previous measurements 
of e(H.O) are shown by the dashed curve in Fig. 3, 
taken from reference 1. The agreement is satisfactory 
below 100 kev, but for higher proton energy our values 
lie far above the dashed curve, based in this region on 
Crenshaw’s measurements of dE/dNX in water vapor. 

The dot-dashed curve in Fig. 3 shows the theoretical 
value for 2e(H)+«(O) computed by Hirschfelder and 
Magee’ from Bethe’s semi-empirical theory of stopping 
power; the empirical constants were evaluated from 
the range data for natural alpha-particles. The theo- 
retical expression will not apply near the peak of the 
stopping cross-section curve, and we have not extended 
the theoretical curve below 300 kev. In the region 
300-550 kev, the agreement between the theoretical 
and experimental values is better than the experimental 
error. Below 300 kev there is no satisfactory theory. 
The more detailed treatment of Bethe’s theory by 
Walske’ will probably hold at somewhat lower energies 
but unfortunately does not apply simply to light atoms 
such as oxygen. 

One is tempted to conclude from the good agreement 
between the experimental value of e(D2O) (ice) and the 


6 J. O. Hirschfelder and J. L. Magee, Phys. Rev. 73, 207 (1948). 
7M. C. Walske, Jr., Ph.D. thesis, Cornell University (1951). 
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theoretical values of 2e(H)+e(O) that Bragg’s law for 
the addition of stopping cross sections holds very well 
for water. However, there have been no accurate 
experimental checks on these theoretical values of e(H2) 
and ¢(O2). In addition, there is some experimental 
evidence*:*»* that ¢(H2)+ 3e(O2), e(H,O)(vapor), and 
e(H,0) (liquid) differ among themselves by more than 
10 percent. There have been no previous measurements 
of e(H,O)(ice). 

We are indebted to Dr. A. P. French of Pembroke 
College, Cambridge, for valuable discussions of the 
earlier work on this problem, and to Dr. R. G. Thomas, 
of this laboratory, for advice on the calculations in 
Appendix A. 


APPENDIX A 


Deviations of the scattering cross section O'*(p,p)O" from the 
Rutherford formula are to be expected for two reasons: 

(1) Atomic Electron Cloud.—The variation in the potential 
energy of the scattered proton over its wavelength due to the 
electron cloud is negligible compared with its kinetic energy. 
Hence we can expect that a calculation of the perturbation of 
the classical trajectory will lead to a good estimate of the correc 
tion to the cross section due to the potential of the atomic electron 
cloud in the high energy region where neutralization can be 
neglected. 

The angle between asymptotes of the classical motion of the 
scattered particle is given by 


Sf" aut *1—V(u)/E]—w}-, (1) 


where u=the reciprocal of the radial coordinate, E=the energy 
in the center-of-mass system, p=the impact parameter, V(x) 
=zthe potential energy of the system. “=umax is obtained by 
setting the radical in the integrand equal to zero. For the potential 
V(u) one might use the Fermi-Thomas model but calculations 
would be difficult. Since the shape of the perturbing potential is 
probably not important, we have used the following simple form: 

V(u)=2,Z22u—A for 

V(u)=0 for 


u>tl/a, 
u<i/a, 


where A=the absolute value of the potential at the nucleus due 
to the electron cloud, a=Z,Z.e/A; Z; and Z:2 are the atomic 
numbers of incident and target particles, respectively, and ¢ is the 
electronic charge. Foldy gives A= 32.6(Z.)’/* ev, based on the 
Hartree model of the atom. For scattered protons this gives 
a=0.833a9/(Z:2)?/*, where ao is the Bohr radius. This is fairly 
consistent with the value for an effective radius of the Fermi- 
Thomas atom, a=0.885ao/(Z:)'*. Equation (1) may now be 
integrated directly. Expanded in powers of p/a and 4/E£, this gives 


o/2=¢o/2+(A/4E) singo, (2) 


where @» is the value of ¢ in Eq. (1) given by setting 4=0. We 
note that the correction term is independent of p/a to first order. 
This tends to confirm the assumption that the shape of the 
potential due to the electronic cloud is not important. Hence 


0—60)=50= — (A/2E) sind, (3) 


where 0= x—¢ is the scattering angle. To find the correction to 
the scattering cross section we use the usual relation (do(@)/dQ)dQ 
=2xpdp, where dQ is the differential solid angle at the angle 6, 
and do(@) is the differential scattering cross section at the angle @. 
§R. K. Appleyard, Proc. Cambridge Phil. Soc. 47, 443 (1951). 
9K. Philipp, Z. Physik 17, 23 (1923). 
 L. L. Foldy, Phys. Rev. 83, 397 (1951). 
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Since 2xpdp= 2 sin@d6[dor()/d2Q], where dog is the Ruther- 
ford cross section, we obtain 


fdo(0)/dQ—dor(8)/d2 | 


dor(9)/dQ 9 


d(dor(@) /dQ) “|} 
=- ), ot — | >. 
d(50 ao+- sol t6+- don(@)/d2 0 (4) 


Substituting Eq. (3) in Eq. (4) gives 
| da(@)/dQ—dar(@) dQ | Be (5) 
L dor(6)/da fo 4 
For O'*(p,p)O"* scattering at 200 kev this correction is only 
—0.3 percent, and has been neglected. 

(2) Nuclear Inter ference.—The scattering cross section for a 
spin 4 particle incident upon a spin 0 nucleus is given by" 
do(@)_1f| » 0 (i , xct*) 

7B) \-2™ 2 CxP\ ia In eset; 


+ 2 P;(cos@) exp(ia,)[(/+1) sind,* exp(id:*) 


i-o 


2 » 
+1 sind;~ exp(id;~)]| +sin*#| D P,'(cos@) exp(iar) 
| t=1 


X [sind,* exp(i5,;*) — sind,” exp(id:~)] bh 


n=Z,Z2:€/ho, k=Mo/h 
exp(ia;) = (l+-in)/(l—in)---(1+in)/(1l—in); 1>0 
exp(iao) = 1 (6) 
P;'(cos@) = dP;(cos@) /d(cos@) 


and v=velocity of relative motion, M=reduced mass of the 
system, 5;* are the phase shifts between incident and reflected 
wave for the /th partial wave, where the total angular momentum 
of the system is J=(/+4). Because the Coulomb barrier factor 
will tend to favor the lowest partial wave, and because no reso 
nances involving higher partial waves have been discovered in 
the energy range to be considered, we shall restrict our attention 
to interference from S wave nuclear scattering. The effect of a 
“hard sphere” P wave phase shift has been estimated by Thomas® 
to be negligible. 
For S wave interference only, Eq. (7) becomes 
| |2 

i * z| 3 eset exp( in In ese) + sinds exp(ido) 
and 
cotés= — Stet Sf wii (7) 
CPxd? 
where Qo, Ho, Po*/Ho are Coulomb functions tabulated by 
Bloch ef al. 

x=ka, CP@=[29n/(e""—1)], f= (ka/u)[du/d(kr)], 
u=u(r)=rye(r), where ¥e(r) is the radial part of the wave 
function. By fitting experimental data on the location of 5S 
resonances in F" and its mirror nucleus O" and the value of the 
O'*(n,n)O" scattering cross section at thermal energies, Thomas” 
has evaluated / over the energy range of interest to us, using a 
nuclear radius a= 5.27 10-" cm. From this information 4) and 
[do(6)/d2] have been determined for bombarding protons of 
energy 400-600 kev. At a scattering angle of 90° the correction 
to the Rutherford formula is +1.5 percent at 600 kev (f=2.52). 
Since the effect depends strongly on the barrier factor in this 
energy region, it is quite small at lower energies and we have 
neglected it throughout. 


“"R. A. Laubenstein and M. G. W. Laubenstein, Phys. Rev 
84, 18 (1951). 

2 R. G. Thomas (to be published) 

3 Bloch, Hull, Broyles, Bouricius, Freeman, and Breit, Revs 
Modern Phys. 23, 147 (1951). 
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In an attempt to study details of cosmic-ray nuclear interactions 
a large cloud chamber containing eight }-inch lead plates was 
n conjunction with a 134-counter hodoscope placed 
directly below the chamber, at Echo Lake, Colorado (altitude, 
3260 m) and at Syracuse, New York (altitude, 220 m). Showers 
produced in the chamber were detected by counter trays above 
and below the chamber, producing a masterpulse which triggered 
both the chamber and the hodoscope. It was then possible to 
follow in the hodoscope the further development of the nuclear 
cascade started in the chamber, and to study for each event both 
the individual features of the interaction from the cloud-chamber 
and, at least statistically, the properties of the 
secondaries from the hodoscope record. In particular, the “integral 
path length” of the nuclear cascade in the approximately 600 
g/cm* lead absorber of the hodoscope, is a measure of the energy 
of the primary particle. It is concluded that most of the primaries 


operated 


photograph 


recorded had energies between 1 and 10 Bey 


The analysis of 


I. INTRODUCTION 


[GH energy nuclear interactions in lead have been 
extensively, both in cloud-chamber 
investigations,'~* and with counter arrangements.*~"! 
Qualitatively, the basic processes involved in these 
events have been recognized: the multiplicative char- 
acter of the nuclear “‘cascades’”’ has been established, 
as well as the identity of most of the particles that 
make up the interacting, or V-component. The mean 
free path of the particles initiating the nuclear inter- 
actions in lead has been found to increase slightly from 
the “geometrical” value of 160 g/cm? at the high 
energies to values around 200-250 g/cm? at the lower 
energies, the mean free path of the shower secondaries 
being not very different from that of the primaries. The 
collisions are predominantly elastic for primary energies 
in the neighborhood of the threshold for meson produc- 
tion, and become increasingly inelastic for higher 
the degree of inelasticity being essentially 
constant above a few Bev. A component of neutral 
mesons is by now fairly well established, their number 


studied 


energies, 
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about 400 shower pictures shows no appreciable difference between 
the events observed at the two locations. Both show a variation 
of the primary mean free path from about 190 g/cm? to 160 g/cm? 
over the energy interval covered. The statistics are not good 
enough to decide whether the mean free path of the secondaries 
also varies with the primary energy; a mean value of 250 g/cm? 
was observed. The ratio of the number of charged mesons to the 
number of protons increases from about 0.4 to 2.1, while the ratio 
of neutral to charged mesons is found to be 0.55+0.1 for low 
multiplicities, and its lower limit for higher multiplicities is 
0.36+40.1. A was derived for the total 
shower multiplicities as a function of the primary energy. For 
low primary energies, small multiplicities are favored; but with 
increasing primary energy the function becomes 
rather flat. The primary energy spectrum found agrees satis- 
factorily with the observations of other authors. 


distribution function 


distribution 


being comparable to the number 
produced. 

Apart from these descriptive features, however, the 
physical picture of these interactions is still rather 
obscure. In particular, the information thus far collected 
from experiments is still inadequate to bring to a test 
the various theories on fast collisions."~'® This is partly 
due to the slow rate of penetrating showers at sea level, 
or even mountain altitudes, and the resulting poor 
statistics of most investigations, and partly to the 
limited scope of information that can be derived from 
any one experiment. 


of charged mesons 


This last fault arises from a very simple dilemma: 
cloud-chamber studies are well suited for an analysis of 
the secondary particles, and give perhaps the most 
unambiguous picture of the general features of a 
nucleonic event. They furnish, however, very little 
information on the energy of the primary particle. The 
two methods used,—the single shower producing layer 
in a chamber that is immersed in a magnetic field,! and 
the multiple plate chamber in which the primary 
energies are determined from scattering measurements,’ 
are in general good only up to about 2 Bev and will not 
enable one to differentiate between the more energetic 
primaries. Counter experiments, on the other hand, 
can do somewhat better with respect to energy determi- 
nation, but are by far inferior as a means of studying 
the structure and composition of showers. 

In order to overcome some of these difficulties, an 
experiment was designed that would permit the simul- 


2 W. Heisenberg, Z. Physik 113, 61 (1939); 126, 569 (1949). 

‘8 Lewis, Oppenheimer, and Wouthuysen, Phys. Rev. 73, 127 
(1948). 

“W. Heitler and L. Janossy, Proc 
374 (1949). 

‘6 E. Fermi, Prog. Theoret. Phys. 5, 570 (1950); Phys. Rev. 
81, 683 (1951). i 


Roy. Soc. (London) A62, 


504 





HIGH ENERGY NUCLEAR 
taneous determination of the energy of the primary as 
well as the structural details of the nuclear events. For 
this purpose a large multiple plate cloud chamber was 
operated in conjunction with a counter hodoscope. The 
hodoscope was to contain enough absorbing material to 
make possible an energy estimate based on the absorp- 
tion of the nuclear cascade and the characteristic 
features of the interaction as shown in the cloud- 
chamber record. Primary energies up to about 10 Bev 
were to be determined in this way. With such an 
arrangement one is now in a position to compare the 
various features of nuclear events, such as their multi- 
plicity, the number of charged and neutral mesons per 
event, and the energy absorbed in the electronic compo- 
nent, with a physically significant ‘“abscissa,’’—the 
energy of the initiating particle. 


II. DETAILS OF THE EXPERIMENTAL 
ARRANGEMENT 


(1) Cloud Chamber and Hodoscope 


A cloud chamber of dimensions 24 in. X 24 in. X 10 in., 
with an illuminated depth of about 7 in., was fitted 
with eight }-inch lead plates. It was filled with argon, 
and operated at a few centimeters Hg above atmos- 
pheric pressure in its expanded state. Stereoscopic 
photographs were taken on 70-mm film with a single 
Beattie-Varitron camera, using a mirror system that 
gave an effective angular separation of about 15°. High 
expansion speed was achieved by using a pneumatic- 
relay type of expansion valve which controlled an 
opening of about 200 cm’. 

The hodoscope consisted of 134 counters arranged in 
five trays (A to E) as shown in the schematic diagram 
Fig. 1. Tray A contained twenty 1 in. X12 in. counters, 
tray B twenty-four counters of the same size. The 
counters used in trays C to E were 1 in.X16 in., 
numbering twenty-eight, thirty, and thirty-two, re- 
spectively. Absorbers of 4-in. Pb and j-in. Fe were 
placed on top of A and between the trays, making a 
total of 580 g/cm? Pb plus 24 g/cm? Fe. All trays were 
shielded against side showers by 6-in. Pb. 

The cathode follower outputs of all hodoscope 
counters were fed into coincidence with the master- 
pulse (defined in the next paragraph). Thyratron trig- 
gering circuits, mounted on interchangeable panels, 
controlled the 134 neon bulbs which were photographed 
by a separate camera. The operation of the circuits 
could be tested at all critical points while the experi- 
ment was running, and a number of reserve panels were 
prepared to minimize losses in operating time. 

The proper correlation of the cloud chamber and 
hodoscope pictures was assured by a threefold check: 
both photographs show synchronized clocks and two 
registers, one operated from the chamber triggering 
pulse and the other from the hodoscope camera circuit. 
In addition, a neon indicator bulb showed on the cloud- 
chamber picture whenever the hodoscope was triggered, 
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Fic. 1. The experimental arrangement. “Top tray” 7: ten 
counters 1 in. 20 in. ; “Shower tray” S: six counters 1 in. X 20 in. 
with } in. lead spacers; hodoscope trays A: twenty counters 

twenty-four counters 1 in. X12 in.; C: twenty- 


1 in. X12 in.; B 
eight counters 1 in.x16 in., D: thirty counters 1 in. x16 in.; 


E: thirty-two counters 1 in. 16 in 
and a corresponding one showed on the hodoscype 
panei whenever the chamber was expanded. 


The Triggering System 


The nuclear interactions taking place in the cloud 
chamber were selected by the two trays of counters, 
T and S, shown in Fig. Here, the “top” tray, 7, 
consists of ten 1 in.X 20 in. counters with two subgroups 
T, and Ty, of five not neighboring counters each, 
connected in parallel. The “shower” tray, S, containing 
six 1 in.X 20 in. counters was similarly divided into the 
The counters in this tray were 
3-in. strips of lead. A 


subgroups 5S, and S». 
separated from one another by 
masterpulse was fed to both the cloud chamber and 
the hodoscope, whenever a discharge in one, and only 
one, of the subgroups T was accompanied by a 
discharge in both of the subgroups in S. With these 
requirements low energy nuclear events were accepted 
with relatively high efficiency, while u-meson knock-on 
events were mostly eliminated by the ? in. lead strips 
in the S tray. The anticoincidences between 7; and T; 
provide a strong bias against large air showers, while 
air showers of low particle density may, on occasion, 
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miss one-half of T and give rise to a masterpulse. An 
estimate of the number of air showers among the 
genuine masterpulses was obtained by operating during 
part of the experiment an unshielded extension tray 
located at about 2 m from the chamber, and consisting 
of six 2 in. 24 in. counters, arranged in two subgroups. 
Two neon bulbs on the cloud chamber indicated 
whether one or both halves of the tray were struck. 

As can be seen in Fig. 1, the solid angle of events 
accepted by the trays T and S, is slightly larger than 
the cone covered by the hodoscope counters. In this 
way, more efficient use is made of the available amount 
of absorber, even though some events accepted by the 
triggering system will not be covered fully by the 
hodoscope. Proper allowance for these losses will have 
to be made in estimating the energies of the showers. 


Ill. ANALYSIS OF THE CLOUD-CHAMBER 
PHOTOGRAPHS 


(1) Selection and Classification of Events 


The arrangement described in the preceding section 
was operated at Echo Lake, Colorado (altitude, 3260 m) 
during the summer months of 1950, and at Syracuse, 
New York (altitude, 220 m) during the subsequent 
winter. A total of 402 cloud-chamber photographs were 
selected from these runs, of which about half were taken 
at Echo Lake. As no significant differences were ob- 
served between the characteristic features of the 
showers recorded in the two different runs, the following 
analysis will be based on all data without regard to 
altitude. 

The selection of the cloud-chamber photographs was 
based on the recognition of a nucleonic event in the 
chamber. An event satisfying one or more of the 
following criteria was considered nuclear; 

(a) Penetrating showers; these processes must show 
an ionizing primary and two or more secondaries 
capable of penetrating at least one lead plate without 
multiplication. 

(b) Stars; i.e., events with one or more heavy prongs, 
providing the initiating particle is distinctly scattered. 

(c) Large showers containing heavy prongs; high 
particle density may make it impossible to establish 
the penetrating character of secondaries, especially 
wher a strong electronic component is present. The 
presence of star tracks is then taken as proof of the 
nucleonic character. 

It is clear that most nuclear events taking place in 
the bottom plate of the chamber could not be identified 
on the basis of these criteria. In order to avoid a 
statistical bias from the inclusion of the few recognizable 
cases, all such events were discarded. 

Besides genuine nucleonic events, the triggering 


system admitted also occasional knock-on showers, and, 


very rarely—pure electronic showers of low density. 
The ratio of knock-on events to nucleonic showers 


proved useful in the determination of the energy of the 
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primaries (Sec. V.2), but the analysis was confined to 
nuclear interactions. 

One type of event frequently encountered was a low 
density air shower with an unusually high ratio of 
penetrating particles to electrons. It must be remem- 
bered that, in order to trigger the arrangement, one of 
the subtrays in 7 must register no hits. Besides, it 
often occurred that the extension tray showed either no 
hits, or hits in only one subgroup of counters. In many 
cases, several low energy nuclear interactions were 
observed in the chamber. In these events, the ratio of 
the number of electrons to V-particles was of the order 
one. Because of their frequency, it was concluded that 
these showers cannot be explained as the result of a 
large fluctuation in the particle ratio as it is found 
in showers not very far from the cascade maxi- 
mum. They were interpreted as “‘tails” of old showers, 
in which the electronic cascade had been almost 
completely absorbed. 

For the sake of clarity, a brief outline of the following 
analysis will be given here. The statistics of a number 
of features are unaffected by the bias which is intro- 
duced by the triggering arrangement. Thus, for in- 
stance, the interaction mean free path of the shower 
secondaries, or the relative number of protons, neutrons, 
and mesons (both charged and uncharged), may be 
determined directly from the photographs. On the 
other hand, in order to obtain the interaction mean free 
path of the primaries, or any statistics involving the 
multiplicity of the initial event, one has to take into 
account the different detection probabilities of the 
triggering arrangement. These probabilities have been 
computed in Appendices I and II, by considering (a) 
the development of the nuclear cascade in the plates 
below the primary event (transition effect), and (b) the 
geometry of the triggering arrangement as a function 
of the location of the primary event. The evaluation of 
(a) was, in turn, based on a careful study of the prop- 
erties and composition of the shower secondaries, 
presented in the remaining paragraphs of this section. 


(2) Range Spectrum of Relativistic Secondaries 

In the following a secondary will be called relativistic, 
if it appears in at least one shelf with less than twice 
minimum ionization. In order to exclude electrons from 
this category we must further require that the particle 
be seen to penetrate at least one lead plate without 
cascade multiplication. The particles thus defined are 
known to dissipate energy both in gradual ionization 
losses and in more or less catastrophic collisions. A 
definite range may be assigned to the first process, a 
mean free path to the second. 

For the slowest particles included in the above 
category, i.e., particles with twice minimum ionization 
in air, the ranges are about 80 g/cm? Pb in the case of 
protons, and between 15 and 20 g/cm? Pb for mesons. 
Thus, relativistic protons produced in the chamber will 
in general not be stopped in the chamber, while the 
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slowest relativistic mesons will be stopped in one or two 
lead plates. Also, some mesons which are emitted in a 
plate at relativistic speeds will emerge as heavy tracks 
and thus be missed in our statistics. The few relativistic 
protons that are stopped in the chamber, will in general 
be easily recognized. 

A survey of stopped secondaries leads to the curves 
shown in Fig. 2. The data are divided into two groups 
according to the multiplicity of the primary event, 
(N,<2 and N,>2), and the fraction (x) of particles 
absorbed in material of thickness x is plotted against 
absorber thickness. 

Hodoscope data were included in this survey; this 
could be done without arbitrary normalization, as only 
the fraction of absorbed particles is recorded. However, 
the distinction between ionization losses and cata- 
strophic collisions cannot be made as rigidly in the 
-hodoscope as in the cloud chamber analysis. Secondary 
events with little penetration may have been missed if 
one particle continued without much scattering, or they 
may have been misinterpreted, if the secondary shower 
was entirely absorbed. Hence, the slopes of the absorp- 
tion curves in Fig. 2 for thicknesses over 100 g/cm? 
must be considered a maximum rather than a correct 
measure of the ionization losses. But even though 
these absorption data are not quantitatively significant 
for large thicknesses, they clearly demonstrate the fact 
that the rather strong absorption observed in the cloud 
chamber holds only for one “component” of the 
secondary radiation. 

The absorption curves of Fig. 2 can be expressed 
analytically by an expression of the form 


(x) = 1— (ae~*/*9+4+- be 2/%X), (1) 


the parameters of which are: x=45 g/cm’, X»9=500 
g/cm’, (a+b)=1, and a=0.3 for the lower multiplicity, 
a=0.4 for the higher multiplicity. Clearly, only the 
first exponential is somewhat accurately defined by 
the curves, and with it the fraction a/b. But as Xo is 
certainly large compared with the amount of absorber 
in the chamber, the following analysis will not depend 
on the accuracy of its determination. 


(3) Composition of Showers 

Positive identification of the shower secondaries can 
be carried out in the case of particles that are stopped 
or come close to the end of their range in the cloud 
chamber. Since this group comprises only a small 
fraction of all shower particles, and since the nature of 
particles which either leave the illuminated region, or 
traverse the chamber without appreciable energy loss, 
cannot be readily determined, an indirect method will 
be used to obtain, statistically, the composition of the 
showers. 

The ratio of mesons to protons among the shower 
secondaries may be obtained from a comparison of the 
number of neutron-induced secondary nuclear inter- 
actions with the number of similar events initiated by 
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Fic. 2. Absorption of the secondaries: the fraction @ of pene- 
trating particles absorbed in x g/cm? Pb plotted against x for 
two multiplicity groups. Circles: V,<¢ 2; crosses: N,>2. 


charged shower secondaries. The following assumptions 
are made in this analysis: 

(a) The interaction mean free path is very nearly the 
same for m-mesons, protons, and neutrons. 

(b) The numbers of energetic protons and neutrons 
in the showers are about equal. 

Good evidence for the first point has been given by 
Tinlot and Gregory.’ The second assumption appears 
justified on the basis of the neutron excess of the lead 
nucleus, the requirement of a charged primary, and 
the observed multiplicities of the nuclear events. 

In selecting the secondary interactions for this 
analysis, care has to be taken to include only such 
events that leave no doubt as to whether they were 
initiated by an ionizing or neutral particle. This 
method should introduce no bias on the observed ratio 
of neutral-induced to charge-induced events, since these 
two types of events showed no observable differences, 
and should therefore be detected with equal proba- 
bilities. On the other hand, this selection will not be 
representative of either the total frequency of secondary 
nucleonic events for different primary energies, or the 
location of the secondary showers. In large primary 
events, for example, and especially near their origin, 
the identification and classification of secondary events 
becomes much more difficult. 

Out of a total of 108 secondary events, 34 were 
found to be neutron-initiated. If again the primary 
events are grouped according to the multiplicity of 
their penetrating secondaries, one obtains for the group 
of lower multiplicities (V,< 2) 21 “neutrals” out of a 
total of 58 events, and for the group of higher multi- 
plicities (V,>2) 13 “neutrals” out of 50 events. With 
the assumptions made above, this gives for the ratio of 
fast m-mesons to protons emitted in these collisions a 
value of 0.76 for the first group of multiplicities, and 
1.85 for the second, with an average of 1.2+0.3 for 
all showers observed in this experiment. It should be 
pointed out that the probable error given above takes 
into account the fact that a number of secondaries can 
be positively identified as either protons or mesons, 
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and is therefore somewhat smaller than the statistical 
fluctuation. In the subsequent analysis the ratio 
r,=N\,/N, of penetrating protons to ionizing shower 
secondaries will be introduced; for V,<2 this is 0.56, 
and for V,>2 it becomes 0.35. 

It may be noticed that the ratio V,/J, is larger in 
both multiplicity groups than the empirical ratios a/b 
derived in the preceding paragraph. It follows that the 
less penetrating “component” in Eq. (1), with its 
average range of 45 g/cm? is not representative of the 
entire meson spectrum, but only of its low energy 
portion which makes up about one-half of the total 


meson component. 


(4) The Electron Component 


‘Mixed showers,” i.e., nuclear events accompanied 
by an electronic cascade, were observed in 191 cases 
identification of the 


shower 


certain 
presence (or of an electronic 
deemed possible. In many of these events, however, 
the picture did not permit a clear determination of the 
number of electron cascades originating in a collision. 
Consequently, the values given here for the number of 
mesons emitted per interaction and the ratio of 7° 


out of 327 for which 


absence) was 


Observed size distribution of electron showers for 
primary interactions of different multiplicity. 


ase I 
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mesons to charged a-mesons should be considered lower 
limits 

If one assumes now that in all 
showers a single neutral meson was responsible for the 
electronic component, one obtains from the 85 mixed 
events among 207 showers with two or less penetrating 
secondaries, a value of 0.41 neutral meson per shower, 
or, using the results from the preceding paragraph, 
0.55+0.15 neutral meson per charged meson. Likewise 
one among the showers with more than two 
penetrating secondaries, 106 mixed events out of a total 
of 130 showers, which yields 0.82 neutral meson per 
shower, or 0.36+0.1 neutral meson per charged meson. 

he error in these values due to the initial assumption 
of single neutral mesons is likely to be negligible for the 
low multiplicity group of showers, but may well be 
substantial in the case of high multiplicities. In the 
subsequent calculations a ratio of 0.5 neutral meson per 
charged meson was used. This value agrees well with 
® obtained 


observed mixed 


finds 


the older measurements of the Bristol group! 
in nuclear emulsions, though not so well with their 


later value’? of 1.0+0.3. Using a cloud chamber, 
® Carlson, Hooper, and King, Phil. Mag. 41, 413 (1950 
7Camerini, Davies, Fowler, Franzinetti, Muirhead, 


t Lock, 
Perkins, and Yekutieli, Phil. Mag. 42, 1241 (1951 
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Salvini and Kim'* have recently found a ratio of 
0.37+0.08. 

In an attempt to estimate the energy of the x 
mesons, the total number of electrons at maximum 
development of the common cascade was determined, 
wherever it was impossible to resolve the electron 
component into individual cascades. This procedure 
gives the correct answer if all of the decay energy of 
the neutral meson goes into one of the photons, and a 
very nearly correct answer if the energy is equally 
divided, because of the almost linear increase of the 
number of electrons at the cascade maximum with the 
energy of the initiating photon. It is also a good 
approximation for most of the intermediate region 
because of the slow variation of the particle number in 
the neighborhood of the cascade maximum. The fre- 
quencies of the electron showers of various sizes at 
maximum development were thus determined, either 
by adding the numbers of particles at the respective 
maxima, where the showers could be separated, or by 
taking the number of particles at the apparent maxi- 
mum of the combined cascade in the other case. The 
results are listed in Table I. 

The average initial energy of the cascades can now 
be calculated from the tables of Bhabha and Chakra- 
barty.!® The values thus obtained are about 600 Mev 
and 850 Mev for the lower and higher multiplicity 
groups, respectively. The first value agrees well with 
the data of Salvini and Kim,'* the second is possibly too 
high, since one would expect an appreciable fraction of 
these events to be due to the decay of more than one 
neutral meson. On the other hand, a higher average 


0 


energy per neutral meson seems reasonable in view of 
the higher average primary energy which one can infer 
from the higher multiplicities. 


(5) Multiplication of Shower Secondaries 


The interaction mean free path of penetrating shower 
secondaries has been measured in numerous experi- 
ments, both with cloud chambers?*.7"*! and nuclear 
emulsions.'7” Some of the results differ rather widely. 
It has been generally conceded that the values obtained 
with cloud chambers are too high, unless thin plates 
are used and great care is taken not to miss small 
interactions of low penetration. The present experiment 
with its }-inch plates is thus not well suited for a 
redetermination of the interaction mean free path. 
However, an evaluation of this quantity is required for 
the determination of the transition effect of penetrating 

8G, Salvini and Y. Kim, Phys. Rev. 85, 921 (1952). We are 
indebted to these authors for communicating their results before 
publication 

19H. J. Bhabha and S. K. Chakrabarty, Phys. Rev. 74, 1352 
(1948) 

20 Lovati, 
145 (1950) 

*! Butler, Rosser, and Barker, Proc 
145 (1950 

# Camerini, Fowler, Lock, and Muirhead, Phil. Mag. 40, 1073 
(1950) 


Mura, Salvini, and Tagliaferri, Nuovo cimento 7, 


London) A63, 
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particles in the chamber and the resulting bias imposed 
on the triggering system (Appendix II). Thus, while 
the mean free path as derived from the “observable” 
secondary showers represents only an upper limit, it is 
this quantity which actually determines the necessary 
corrections for the transition effect, since the small 
interactions that are readily absorbed in one plate will 
produce no counts at the S-tray. 

Events were considered “observable” if either one 
relativistic secondary accompanied by at least one 
heavy track was seen to emerge from the lead plate, or 
at least two relativistic secondaries appeared below the 
plate, or if the incident relativistic particle is scattered 
by more than 15°. 

A total of 122 secondary interactions satisfying the 
above conditions were found. This number includes the 
108 events discussed in Sec. III.3, as well as those 
events that were left out in the previous statistics 
because of ambiguity in the nature of the initiating 
particle. Since we can compare the number of inter- 
actions only with the number of traversals of lead 
plates of charged shower particles, the number of 
“charge-initiated”’ interactions among the 122 will have 
to be determined. We may assume for this purpose 
that the 14 ambiguous events contain the same fraction 
of “neutrals” as the other 108. The total number of 


secondary events initiated by charged particles is then 
84. Comparing this with a total of 1246 traversals of 
i-inch lead plates under an average zenith angle of 30°, 


one obtains an interaction mean free path for ‘“‘observ- 
able” events of A,=250+30 g/cm? Pb. 

The average multiplicity of penetrating charged 
particles in the secondary showers is rather low: about 
1.5. Within the limited statistical accuracy attainable, 
no difference could be observed between the showers 
secondary to large or small primary interactions. 


IV. ANALYSIS OF THE HODOSCOPE DATA 
(1) The Integral Path Length 


The procedure of obtaining an estimate on the energy 
of the primary from the hodoscope records will involve 
two major steps: (a) that of estimating from the 
distribution of counters struck the integrated absorber 
thickness traversed by all the penetrating charged 
particles of the nuclear cascade in the hodoscope, and 
(b) the assignment of a primary energy to each of 
these “tintegral path lengths.” 

The first step involves the application of certain 
statistical and individual corrections to the hodoscope 
pictures. The statistical corrections must take into 
account “losses” due to particles missing counters in 
traversing a tray, or counters being struck by more 
than one particle; they must also take into account the 
“gains” that are caused by the discharge of more than 
one counter in a tray with the passage of a single 
inclined particle, or a particle accompanied by a low 
energy knock-on. The individual corrections*must take 
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into account the losses due to the fact that, in general, 
only a fraction of the cascade lies in the solid angle 
covered by the hodoscope. 

In order to estimate the statistical corrections for 
single particle traversals, hodoscope pictures were taken 
in a test run during which the arrangement was trig- 
gered by single penetrating particles. The efficiency of 
the hodoscope trays was determined from the number 
of “blanks” in well-defined “tracks” which could be 
followed through at least three trays. The same events 
were examined for simultaneous discharges of two or 
three neighboring counters of the same tray which were 
interpreted as being due to knock-ons and track incli- 
nation. Events that showed the discharge of several 
not neighboring counters in one tray, or the discharge 
of several counters in two or more successive trays, 
were not included in this survey, but interpreted as 
nuclear interactions. The result of this test run was a 
value of about 95 percent for the efficiency of all five 
trays, a “double discharge” rate for single penetrating 
particles of 6 percent, and a “triple discharge” rate of 
1 percent per counter struck. If each lighted neon bulb 
is counted as a “‘traversal,”’ the correction factor to be 
applied is, therefore, 1.01, which is practically insignifi- 
cant. 

The correction for the discharge of one counter by 
more than one particle is both more serious and more 
difficult to evaluate. For a rigorous treatment, one 
would have to know the lateral density distribution of 
the shower particles. For a random distribution the 
exact solution has recently been obtained by Schréd- 
inger.” Although the shower particles are certainly not 
distributed at random over the counter area, the fol- 
lowing considerations indicate that the error made in 
applying Schrédinger’s formula is probably small: 
Unless the shower is produced very close to the tray, 
a small number of counters struck means a low particle 
density ; hence, the correction will be small regardless 
to the distribution. A high particle density, on the 
other hand, will usually represent cases in which several 
interactions contributed, so that the distribution will 
approach a random character. It is, therefore, believed 
that the corrections based on the assumption of a 
random distribution will be satisfactory. 

In making the individual corrections, the fraction of 
the cascade covered by the hodoscope trays was esti- 
mated for each shower. Only those events were included 
in the statistics, for which this fraction exceeds one-half. 
This correction, then, merely consists of dividing the 
path length observed by the fraction determined for 
that shower. 

In reading the path lengths from the hodoscope 
picture it is assumed that the particles will, on the 
average, stop halfway between the last counter struck 
and the next tray. Thus a path length of 6-in. Pb 
+ }-in. Fe is assigned to particles entering the hodoscope 


% E. Schrédinger, Proc. Phys. Soc. (London) A64, 1040 (1951) 
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rape II. Observed frequency of showers with integral path 
length exceeding L g/cm? (both individual and statistical cor- 
rections are applied) 
760 1140 1530 1910 2290 2670 3050 


£ 


Number of 
showers 


363 259 184 149 111 87 @ 47 


from the chamber and reaching the first tray, and a 
length of 4-in. Pb+j-in. Fe for each further tray 
traversed. 

The resulting distribution in integral path lengths is 
shown in Table II, which lists the number of showers 
with a path length exceeding L, after both statistical 
and individual corrections have been applied. 

In parts of the survey, hodoscope records were also 
included for which the corresponding cloud-chamber 
picture was of too poor quality for satisfactory analysis, 
or where no cloud-chamber pictures had been taken. 
It was required then that the location and direction of 
the shower in the hodoscope gave reasonable assurance 
that not just the fringes of a shower had been registered. 
A total of 412 hodoscope records were analyzed in this 


way. 
(2) Secondary Interactions 


Qualitatively, the existence of cascade-type multi- 
plication in nucleonic showers is very clearly demon- 
strated by the hodoscope records of this experiment. 
If, for instance, the average number of counters struck 
per tray is plotted against absorber thickness (Fig. 3), 
one obtains unmistakable evidence for a positive 
transition effect. A quantitative analysis, however, if it 
were to be carried out rigorously, would encounter 
enormous difficulties, which are primarily due to the 
thick absorbers used here. 

It was therefore decided to study only two special 
features from which limited evidence on the interaction 
mean free path of the shower secondaries may be 
derived 

The number of incident particles is best known for 
the top layer of absorber in the hodoscope, from the 
corresponding cloud-chamber photograph. Since this 
number is in general low, most secondary interactions 
taking place in the top layer can be detected and 
counted on the basis of the record of the first tray of 
counters in the hodoscope. It is clear that such a count 
can furnish us only with a lower limit for the total 
number of interactions, since events of low penetration 
are likely to be missed. A mean free path obtained from 
this analysis will thus be representative of only high 
energy events. In making the calculations, one has to 
add to the number of relativistic tracks that are seen 
to leave the chamber in the proper direction, the 
corresponding number of fast neutrons, in order to 
obtain the total flux of interacting particles incident 
on the hodoscope. This number can be evaluated from 


HARTH, 


AND SITTE 
the results of the cloud-chamber analysis discussed in 
Secs. IIT.2 and III.3. 

Corrected in this way, the 645 charged particles 
incident on the hodoscope in 382 analyzed showers, 
correspond to a total flux of 1050 interacting particles. 
A count of one nuclear interaction was registered for 
each of the following observed events: the discharge of 
two counters separated by a gap of at least one 1-inch 
counter, or the discharge of at least three counters, in a 
region of the hodoscope where not more than one 
particle was incident, or an increase of the number of 
counters struck over the number of particles incident 
of at least two. Thus, 324 such interactions were found, 
which leads to a maximum mean free path of 345+40 
g/cm? for collisions with considerable energy transfer. 

A second group of nuclear interactions could be 
identified wherever it was possible to follow individual 
particles through at least three trays. Large angle 
scatterings, exceeding 20°, were selected. In a large 
fraction of these events no other ‘‘tracks’”’ were seen to 
emerge, indicating that one is dealing here with rather 
low energy interactions which are about complementary 
to those described above. In this group 117 particles 
showed 48 such interactions in 383 traversals. From 
this one calculates a mean free path of about 960 g/cm? 
for these collisions. If these two types of interactions 
covered the entire range of possible interactions without 
overlapping, one would derive from the above a total 
mean free path of about 250 g/cm’. 


(3) The Primary Energies 


While the integral path lengths recorded in the 
hodoscope certainly convey qualitatively a good picture 
of the primary energies, the procedure of translating 
them into quantitative data is neither simple nor 
unambiguous. A good part of the arbitrariness can be 
eliminated by using the information gained in the 
cloud-chamber analysis as a guide in the interpretation 
of the data. Finally, a comparison of the shape of the 
energy spectrum and the intensity of the proton compo- 
nent deduced in this analysis with the results of earlier 
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Fic. 3. Transition effect in the hodoscope pile: Average number 
(N) of counters struck, plotted against the absorber thickness x. 
The errors shown include only statistical deviations. 
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experiments will serve as a check on the assignment of 
energies to the observed integral path lengths. The 
agreement found in both cases is good, which gives one 
confidence in the soundness of the method. 

As a first step, it will be assumed that the recorded 
paths are all due to the passage of penetrating particles 
of the nuclear cascade. This will certainly be very 
nearly true since, in view of the thick absorbers, most 
events will occur sufficiently far away from the nearest 
tray to prevent any slow particle and most electronic 
cascades from reaching the counters. The first problem 
is, then, to estimate correctly the average ionization 
loss of the penetrating shower particles. For the mesons, 
a value close to the minimum ionization will certainly 
be adequate; while for the protons this value would 
represent a serious underestimate of the energy dissi- 
pation, since in a cascade the number of traversals of 
protons of a few hundred Mev—‘“gray tracks”—, in 
general, exceeds that of the faster particles. In some of 
the less dense showers an average range of cascade 
particles, between two and three traversals, could be 
observed in the hodoscope. Since, for the larger events, 
the fast energy degradation typical for collisions in 
lead will soon establish similar conditions, the mean 
ionization corresponding to that range (1.8 Mev/g/cm)? 
may be taken as a fair average for all cascade protons. 
Similarly, the ratio of mesons to protons will soon be 
reduced to an average characteristic for low energy 
events, regardless of the energy of the particles incident 
on the hodoscope. For such a mixture, the mean 
ionization will be in the neighborhood of 1.6 Mev/g/cm?. 
Thus, for an integral path length L, the total energy 
dissipation of the penetrating particles, which is the 
result of ionization losses, may be taken as LX 1.6 Mev. 
While this method may perhaps involve an error of as 
much as 10 percent in the absolute value of the energies, 
it will not introduce a significant bias between the 
groups of different primary energies. 

There are, of course, a number of items that have yet 
to be taken into account in the energy determinations. 
These are: 

(a) the energy in relativistic particles which do not 
reach the hodoscope (shower particles of low penetration 
and electronic component) ; 

(b) binding energies; 

(c) energies of neutral particles; 

(d) energies of heavily ionizing “‘star” particles. 


The corrections (a) through (d) turn out to be very 
appreciable. The following is a brief summary of the 
methods applied : 

(a) The energy of the electron cascades initiated in 
the cloud chamber was determined from the total 
number of electrons at the maxima (or maximum), as 
in Sec. III.4. The correction for the energy transfer to 
the electron component initiated in collisions in the 
hodoscope pile will be outlined in (c). As to the low 
energy shower particles, only the charged mesons have 
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to be considered. The ranges were either observed 
directly in the cloud chamber, wherever this was possi- 
ble, or the range distribution of Sec. III.2 was used. 

(b) A binding energy of 8 Mev per nucleon, and of 
140 Mev per meson was assumed. For each primary 
interaction, the meson-to-proton ratio derived empiri- 
cally for showers of that multiplicity was taken as a 
basis for computing the “average binding energy” 
supplied. Likewise, all subsequent interactions in the 
chamber and the hodoscope, were classified as to their 
multiplicities, and the corresponding binding energy 
corrections were determined. In complex events for 
which not even mean multiplicities could be estab- 
lished, an estimate was made from the observed pene- 
tration of the cascade. 

(c) The number of neutrons is again assumed to be 
equal to that of the protons, and was determined from 
the observed multiplicities and the shower composition 
found in Sec. III.3. According to Sec. III.4, the number 
of neutral mesons is about one-half of that of the 
charged mesons. It was estimated from their energy 
distribution that about ? of them would not be regis- 
tered in the hodoscope. With the help of the multi- 
plicities derived in (b) and of the mean energies of 
Sec. ITI.4, the correction can now be worked out. 

(d) According to the results of the Bristol group,’” 
the number of heavy prongs varies rather slowly with 
the number of shower particles, or with the kinetic 
energy of the primary particle. Besides, their contri- 
bution to the energy dissipation amounts to less than 
10 percent for high primary energies, while their relative 
importance is, of course, much greater for small 
showers. The correction applied here must also include 
a small fraction of the “gray tracks.” An average of 
150 Mev per interaction was considered reasonable for 
the total effect, and the total number of interactions 
was estimated by dividing the integral path length by 
the most lixely value for the interaction mean free path 
for low energy collisions (270 g/cm?). At any rate, the 
error in the primary energy that results from a wrong 
estimate of this correction is rather small. 

Following this procedure, the primary energy could 
be obtained for each event recorded in the cloud 
chamber. Fluctuations in the fraction of the primary 
energy intercepted by the hodoscope may make some 
of the individual values badly inaccurate, especially 
when the hodoscope covered not much more than 
one-half of the shower cone. However, as each measure- 
ment also includes a considerable number of cascade 
interactions, the fluctuations will be smoothed out by 
the secondary and subsequent collisions, and the results 
for the primary energies will be, at least statistically, 
significant. 


V. RESULTS AND DISCUSSION 
(1) The Primary Mean Free Path 


The distribution of primary events over the upper 
seven lead plates of the cloud chamber is shown in 
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TABLE III, Number of the nuclear interactions recorded in the 


first seven lead plates, divided into “multiplicity groups” accord- 
ing to the number NV, of penetrating secondaries. 


Plate 1 2 3 4 5 6 


Number of Ns 7s 2s 2 2 SS 
showers d ] =, 16 13 14 10 11 10 
2 3 


recorded N,2 7 


Table III, which is obtained directly from the photo- 
graphs. The events are here grouped according to the 
multiplicities of penetrating secondaries. As pointed 
out before, these rates cannot be used directly for an 
evaluation of the interaction mean free path of the 
primaries because of the varying bias introduced by 
the triggering system. The detection probabilities were 
computed in Appendices I and IT, and are tabulated in 
Table IV. One can now determine the unbiased shower 
rates, and from these the mean free path of the pri- 
maries. The events may also be regrouped now, using 
their energy rather than their multiplicity for the 
classification. Thus, the mean free path may be ob- 
tained as a function of the primary energy. 

One needs to know for this the total number of 
charged .V-particles which have traversed the chamber 
during its operating time. If this number is called No, 
then the number J, of primary interactions occurring 
in the first x cm of absorber is given by 


I,=No(1—e-*"4). (2) 


Applying Eq. (2) to two thicknesses X and = X/2 and 
eliminating A between the two equations, gives 


Vo= (J)? (27;:—Tx). (3) 


The fractions .V,/.Vo of particles traversing a thickness 
v without interaction are shown in Fig. 4, plotted 
logarithmically against x, for three energy groups: 
E,<2 Bev, 2 Bev<E,<4 Bev, and E,24 Bev. The 
collision mean free paths computed for these three 








— 
r =e 


50 100 orem? 

Fic. 4. Fraction N,/No of charged N-particles that penetrate 
x g/cm? Pb without interaction. Empty circles: E,<2 Bev; full 
circles: 2 Bev<E,<4 Bev; crosses: E,2>4 Bev. Calculated 
curves (a): interaction mean free path A= 190 g/cm?; (b) A= 160 
g/cm*. 
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energy ranges are, respectively : 190+ 15 g/cm’, 168+ 18 
g/cm?, and 152+15 g/cm*. The difference between 
the two extreme values appears significant. For the 
middle group no certain conclusion can be reached. If 
it is included in the group of highest energies, the mean 
free path for V-particles with energies exceeding 2 Bev 
is found to be 158-12 g/cm?, in good agreement with 
the “geometrical” value of 165 g/cm?, and with numer- 
ous earlier observations on showers of high multiplicity 
and penetration. However, a remarkable discrepancy 
appears to exist between these results and those of 
most of the counter experiments,*“" where usually a 
considerable increase of A with decreasing multiplicity 
and penetration, interpreted as decreasing energy, of 
the shower was observed. The present results would 
demand an assignment of average primary energies 
below 1 Bev for these penetrating showers, and this 
appears definitely too low. The explanation may lie in 
the inefficiency of most counter experiments to detect 
small interactions of low penetration occurring in the 
top absorbers. As it will be shown in Sec. V.3, such 
collisions are by no means very rare for primary 
energies of a few Bev. 

A cloud-chamber arrangement of the kind applied in 


TaBLe IV. Triggering probabilities W(p,.N) for showers of 
various multiplicity groups initiated in the lead plates. 


1 2 3 4 5 6 
0.184 
0.408 
0.576 


0.190 0.210 0.242 
0.390 0.422 0.450 0.444 
0.570 0.602 0.640 0.604 


2 0.212 0.196 0.224 
0.448 0.430 
0.614 0,590 


this experiment will record these interactions as “‘stars,” 
but it will miss them if the primary particle should 
undergo a charge exchange in the collision. It is tempt- 
ing to interpret the difference between the mean free 
path of the lowest energy group and the “geometrical” 
value as the result of this failure of the triggering 
system to include charge-exchange interactions of low 
multiplicity. It will be seen from the data of Sec. V.3 
that this would require a probability of about (0.25 
+0.15) for charge exchange in a collision with only one 
penetrating secondary. 


(2) The Primary Energy Spectrum 


With the interaction mean free paths, the detection 
probabilities, and the observed shower frequencies, it 
is now possible to determine the relative intensities of 
the shower primaries for different portions of their 
energy spectrum. The differential primary spectrum 
thus obtained is reproduced in the step curve of Fig. 5. 

The results render support to the procedures em- 
ployed in Sec. IV.3 to determine the absolute values of 
the energies. The energy distribution obtained is in 
good agreement with the spectrum observed by Mylroi 
and Wilson™ who report a differential momentum spec- 


4M. G. Mylroi and J. G. Wilson, Proc. Phys. Soc. (London) 
A64, 404}(1951). 
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trum of the form S(p) « p~*:8, Their sea-level data agree 
with the data taken at 30,000 feet by Adams et al.,?° 
showing that the proton spectrum no longer varies 
greatly with atmospheric depth, once its low energy 
part is “filled in.” The absence of noticeable differences 
in the events observed with the present equipment at 
Syracuse and at Echo Lake, confirms that result. The 
spectrum of Mylroi and Wilson is shown in the smooth 
curve in Fig. 5. 

The intensity of the charged V-component relative 
to that of the total hard component can be estimated 
by comparing the rates of genuine nucleonic events 
(after applying the corrections for the detection proba- 
bilities) with the rate of knock-on events showing the 
passage of a single penetrating particle. The probability 
that a penetrating particle produce a knock-on that is 
detectable in the S-tray, was determined by taking the 
telescope rate of single penetrating particles traversing 
the chamber, and of single penetrating particles that 
trigger two neighboring counters separated by lead 
strips of }-in. thickness and 1}-in. height. With the 
geometry of this experiment, the knock-on rate was 
only 0.35 percent of the telescope rate. At Echo Lake, 


TABLE V. Average multiplicities (N,) of all penetrating second- 
aries, average multiplicities (V,) of charged mesons, and average 
energies ¢, per charged secondary, as a function of the primary 
energy E>». 


1-2 4-6 >6 
2.2+0.14 4.9+0.27 


1.5+0.65 3.340.65 
0.70 0.97 


E,( Bev) 


3.540.19 
1.2+0.60 
0.81 


1.6 +0.1 
N,; 0.48+0.25 
€, (Bev) 0.50 


about two out of every five cloud-chamber pictures 
showed nongenuine triggers due to single penetrating 
particles with knock-on accompaniment. From this, 
one obtains a value of about 2.5 percent for the ratio 
of charged \-particles above 1 Bev to the number of 
all hard particles. The data of ‘Tinlot and Gregory’ taken 
at the same altitude give a ratio of about 2 percent for 
the same energy range. 

At Syracuse the “knock-ons” exceeded the genuine 
events by a factor 7:1. The corresponding ratio of 
\-component to total hard component is 0.28 percent, 
which again agrees very well with the 0.25 percent 
found near sea level by Mylroi and Wilson.” 

The satisfactory agreement of both the spectral 
distribution and the absolute intensities obtained in 
this experiment with the results of earlier measurements 
of other authors proves that the energy values derived 
in Sec. IV.3 are more than qualitatively correct. 


(3) The Shower Secondaries 


The energy determinations are finally used to investi- 


2% Adams, Anderson, Lloyd, Rau, and Saxena, Revs. Modern 
Phys. 20, 334 (1948). 
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Fic. 5. Differential energy spectrum of the shower primaries. 
The smooth curve represents the results of Mylroi and Wilson, 
the step curve the data obtained in this experiment. 


composition on the energy of the primary particle. All 
recorded events were therefore re-grouped according to 
their energies. The resulting statistics are shown in 
Table V. 

The first row in Table V gives the average multi- 
plicity (V,) of all charged penetrating secondaries after 
correcting for the bias of the arrangement in the manner 
described in the appendices. The second row shows the 
average number (.V,) of w-mesons among the second- 
aries. This quantity was computed as in Sec. III.3 from 
the survey of secondary interactions, and checked 
against direct evidence from the pictures. The average 
energies (e,) given in the third row were obtained by 
dividing the primary energy by (.V,) after subtracting 
the binding energies, the energy carried by the electron 
component, and the energy of particles of more than 
twice minimum ionization, including the ‘‘star’’ energy 
of about 200 Mev. 

Similarly, the relative frequency of events of clifferent 
multiplicities has been plotted for the various energy 
ranges in Fig. 6. In addition to the penetrating charged 
secondaries, neutral mesons are included in this sum- 
mary, either in their accurate number, where the elec- 
tron cascades could be resolved, or as single particles. 
The diagrams show, therefore, not fluctuations in the 
ratio of charged .and neutral mesons emitted, but a 
genuine spread in the emission of secondaries. 

It is of interest to note that of all the primaries of 
more than 4 Bev energy, only six initiated in the 
chamber are small showers with not more than one 
penetrating particle. In two cases an electron cascade 
was present, while three collisions showed only heavily 
ionizing secondaries emerging with the penetrating 
particle. Only one case showed large angle scattering 
without observable secondaries. This latter event, and 
two of the others, were followed by a large shower in 
a lower plate. 
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2 Bev < Eg < 4 Bew 


4 Ber < Ey < 6 Ber 








Fic. 6. Multiplicity distribution of shower secondaries (includ- 
ing neutral mesons) for various primary energy ranges between 
1 Bev and 10 Bev. 


The distribution of energy transfers to the neutral 
meson component is represented in Fig. 7. The energies 
were determined as in Sec. III.4 from the observed 
total number of electrons at the maximum of the 
common cascade, or, where a resolution into individual 
cascades was possible, by adding the numbers of elec- 
trons at the respective maxima. As at least some of the 
cascades are certainly initiated by more than one 
meson, the curves of Fig. 7 should not be interpreted 
as the energy spectrum of the r° mesons. That spectrum 
is evidently steeper than the distributions shown. 


(4) Conclusions 


In a recent summary of the extensive work on meson 
production in nuclear collisions carried out by the 
Bristol group, Camerini et al.,?® compare the results 
obtained from observing events in photographic emul- 
sions with the various theories of fast collisions.” 
They find that both the multiple and the plural theory 
can account for the experimental facts, if secondary 
nucleon-nucleon and meson-nucleon collisions are also 
considered. 

In spite of the indirectness in the derivation of some 
of the present results, similar and, in some respects, 
additional evidence can be deduced from these data. 
The advantage of a study of interactions in lead is the 
homogeneity of the target material and the larger 
dimensions of the interacting nucleus, which makes the 
collisions more sensitive to second-generation effects. 

It has already been shown in the Bristol analysis*® 
that the average multiplicities prove a poor test for 
the theories, at least for primary energies below 10 Bev. 
In every case parameters can be found that will make 
the theory agree with experimental results. In partic- 
ular, the plural theory yields a quite satisfactory 
agreement if the fractional kinetic energy loss o of the 
primary, and its distribution between recoil nucleon 
and meson, have the values suggested by Heitler 

26 Camerini, Davies, Franzinetti, Lock, Perkins, and Yekutieli, 
Phil. Mag. 42, 1261 (1951). 
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(o=4, equally divided). Messel’s”’ constants can also 
be made to agree, if meson production by recoil nucleons 
is included. 

The ratio of r-mesons to nucleons among the shower 
secondaries found for the showers in lead is similar to 
that of the showers initiated in nuclear emulsions. Its 
large value has been explained by Heitler and Ther- 
reaux’* on the basis of the plural theory as the result of 
“many-body collisions” of the primary and the succes- 
sive recoil nucleons with the same nucleon “at rest.” 
The similarity of the results in the two widely different 
materials would then suggest that this mechanism 
remain effective for all the meson-producing collisions, 
and, hence, that in general the energy degradation in 
the lighter nuclei suffices to carry the primary below 
the cut-off energy for multiplication. The larger spread 
of the showers in lead is then mainly due to subsequent 
elastic collisions. 

The distribution of multiplicities shown in Fig. 6 
reflects variations in the degree of inelasticity, or in the 
energy of the mesons emitted. Again both theories can 
explain the wide spread observed both in this experi- 
ment and in the photographic emulsions. The plural 
theory would certainly demand this result if a transfer 
law of the kind suggested by Heitler and Janossy"™ is 
assumed, providing again that the energy degradation 
is fast (large o). This latter condition is also suggested 
by the similarity of the results obtained in emulsions 
and in the cloud chamber, at least up to primary 
energies of 10 Bev. 

The comparatively slow variation of the average 
energies of the secondaries with the primary energy, 
finally, provides another argument for either the 
multiple theory, or the plural theory with a o larger 
than Heitler’s value. It is unfortunate that a separation 
of the two components among the shower secondaries 
was not possible, so that this argument cannot be 
followed in all possible details. The large fraction of 
low energy mesons, demonstrated by the absorption 
curves (Sec. III.2) suggests again a high probability 
for small energy transfers, or a large contribution due 
to recoil nucleons if interpreted on the basis of the 
plural theory. 

Thus, while not enough material is as yet available 
to definitely prove or disprove any specific theory, 
more stringent conditions can be imposed, especially 
on the plural theory: On the one hand, the fractional 
transfer of kinetic energy must fluctuate widely in 
individual collisions, and its mean value must be larger 
than that suggested by Heitler. On the other hand, 
interactions of the recoil nucleons must certainly be 
considered. Whether or not the results will be com- 
patible with the experimental data if meson collisions 
are also included,—and the more recent observations 
leave no doubt that the high degree of transparency of 
the nucleus to mesons, originally assumed by Heitler 


27 H. Messel, Proc. Phys. Soc. (London) A64, 726 (1951). 
28 W. Heitler and M. Therreaux, quoted in reference 26. 
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and Janossy, is not justified,—cannot be decided on the 
basis of this experiment. More data, preferably obtained 
in a more direct way, will be required. 

The work described here was supported in part by 
the Atomic Energy Commission. Operation at Echo 
Lake, Colorado, was made possible by the facilities of 
the Inter-University High Altitude Laboratory, and 
through the friendly cooperation of its officials, in 
particular Professor Byron Cohn and Professor Mario 
Iona, Jr., of the University of Denver. Mr. J. J. 
Kraushaar, Mr. E. Plofker, and Mr. H. L. Kasnitz 
have assisted at various phases of preparation and 
operation of the experiment. 


APPENDIX I. THE GEOMETRICAL BIAS 
OF THE SELECTION SYSTEM 


(1) The Triggering Probability 


The statistical corrections that are to be applied to the observed 
shower rates to give the true frequencies of the various events, 
will be computed by treating separately two aspects of the 
problem: 

(a) the “geometrical bias” of the system of counters that 
define the masterpulse; 

(b) the “transition effect,” i.e., the change in the number of 
penetrating particles that reach the S-tray, owing to absorption 
and multiplication. 

The following simplified picture of a typical nuclear event will 
illustrate the methods employed: An ionizing primary has struck 
one counter in traversing the 7-tray and produces in one of the 
lead plates an interaction in which N, penetrating charged 
secondaries are emitted into a cone of given angular spread. The 
secondaries are assumed to be distributed in a random manner 
over the solid angle of that cone and will, in traversing the 
subsequent plates, experience secondary interactions with a mean 
free path as determined in Sec. III.5 and range absorption as a 
result of ionization losses according to Sec. III.2. The cone 
occupied by the resulting “cascade” will not be very much 
different from the cone of secondaries of the primary interaction, 
and will contain at the level of the S-tray, N shower particles 
randomly distributed over an elliptical area which is the inter- 
section of the cone and a plane through the S-tray. Thus, each 
of the N particles will have the same probability p of striking a 
counter in S, depending on the size of the ellipse and its position 
relative to the S-tray. The probability of producing «a master- 
pulse (i.e., of producing at least one count in each of the two 
subtrays of S), can now be expressed as a function of p and N. 
Here p will depend on the location of the primary event, its zenith 
angle, and the angular spread of the cone of secondaries, while NV 
must be determined from the “transition effect” as a function of 
the initial multiplicity NV, and the amount of absorber traversed 
by the cascade. It may be noted that the bias imposed by the 
T-tray and the effect of the limited counter efficiency can be 
neglected as long as one does not attempt to determine the abso- 
lute intensities. 

The probability that out of the N particles which reach the 
level of the S-tray, m will strike a counter in S, may be written as 


' N 
P(p, n, w)=(*)or—o)" ", (4) 


and the probability p(m) of all m particles hitting the same subtray 
in S is 


p(n) =(1/2)"—". 


Thus, if w(p,, N) is the probability that m out of N particles 
will produce a masterpulse, one finds 


w(p, n, N)=P(p, n, N)[1—(1/2)"]. (S) 
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Fic. 7. Multiplicity distribution of electron showers for various 
primary energy ranges between 1 Bev and 10 Bev. 


Since a minimum of two particles is required to trigger the S-tray 
the triggering probability for an N-particle shower is obtained by 
summing the expression (5) from »=2 ton=N: 


N N y 
Wp, N)= Z w(p,m, N)= ("Yor 1/2)". 6) 
n-2 n=a\" 
The summation in Eq. (6) can be performed and gives the more 
convenient expression 


W (p, N) =1+(1—p)¥—2(1— 4). (7) 


(2) Zenith Angle and Angular Spread 


The zenith angle of the shower primaries has a twofold effect: 
by increasing the amount of absorber traversed per lead plate it 
will produce a shift in the statistics on the penetration of the 
primaries, and it will be one of the factors determining the 
probability p with which the shower particles strike a counter in 
S. The first is an individual correction to be applied to each 
shower in determining the penetration of its primary. Thus, 
assuming that the primary interactions were on the average 
produced halfway through the plate in which they were observed, 
the actual penetration of the primary was computed from the 
number of traversals and the zenith angle observed for that 
event. This causes a slight change in the data listed in Table III, 
sh‘fting some events to thicknesses larger than that indicated by 
merely compiling the plate thicknesses, and reducing the total 
number of showers produced within the 100.3 g/cm? (correspond- 
ing to 7 plates) by a few counts. 

The effect of the zenith angle on the probability p is taken into 
account by assuming all shower primaries to enter the arrangement 
with an average zenith angle @. This can be done because of the 
rather steep distribution of the particles and the additional bias 
which the system imposes in favor of vertically incident primaries. 
This assures the inclusion of primaries of a comparatively narrow 
cone only, over which a variation of the primary energy with the 
zenith angle is certainly negligible. 

The angular spread of the showers will also affect the probability 
p. As mentioned above, this angle may be set equal to the opening 
of the cone of the nuclear cascade in the chamber, because the 
secondary events will generally occur close to the S-tray and will 
be of relatively low multiplicity. Again, the average of all observed 
angular spreads was used in the correction. _ 

The average zenith angle observed was @= 15°, and thus only 
slightly less than the value computed for a cos*® distribution 
(@=17.5°), showing that the bias of the arrangement does not 
change the distribution greatly. The average angular spread of 
the penetrating secondaries, obtained directly from the observed 
cones, is 6=23°. No statistically significant difference between 
smaller and larger showers was found. 
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(3) Determination of the Probability o 


The slight variations of the triggering probability with the 
horizontal position of the shower origin were neglected in this 
analysis, and the computations were made for events located on 
the vertical chamber axis. Thus, for events initiated at a height A 
above the S-tray, the intersection of the shower axis with the 
plane S will lie on a circle of radius R=h tan®, if all shower 
primaries are assumed to have the same zenith angle ®. If now 
all angular spreads are taken as 9, the approximately circular 
intersections of the shower cones with the S-plane will all lie 
within an annular area of mean radius R, whose exact dimensions 
are readily determined. They depend on 4 as well as on ® and 6. 
The fractional areas of these rings lying inside the actual tray 
area were determined graphically for different values of 4 corre- 
sponding to the heights of the lead plates. Taking into account 
the “insensitive area” of the lead strips between the counters in 
the S-tray, the values of p are obtained from the above ratios 
simply by multiplying with an “efficiency” factor of 0.6. 


APPENDIX II 
(1) The Transition Effect 


The change in the number of relativistic particles with absorber 
thickness is due to the following processes : 

(a) Absorption of particles reaching the end of their range. In 
Sec. III.2 the approximate expression (1) was given for the 
number of particles stopped in an absorber thickness x, and 
“absorption coefficients” of 45 g/cm? and 500 g/cm? were found 
for the two groups of different penetration. Evidently, only the 
absorption of the first group will be of significance within the 
comparatively small range of thicknesses (less than 100 g/cm?) 
involved in the transition effect in the chamber. Thus, it will be 
assumed that “a-particles,” whose number is VN.=aN, according 
to Sec. ITI.2, will be attenuated exponentially with an absorption 
length of 45 g/cm?, while the N»=(1—a)N,=06N, “b-particles” 
will traverse the chamber without losses. 

(b) All charged penetrating secondaries reproduce cascade 
particles with an interaction mean free path A,=250 g/cm*, and 
an average multiplicity of ¢=1.5 penetrating particles per event. 

(c) Neutrons will initiate secondary events with the same mean 
free path and average multiplicity. Their number is assumed to 
be equal to that of the protons: V,=N>,. At the shower origin 
one can further set Nn=rpN,. 

Neglecting third generation particles, one has for the number 
N of charged cascade particles at depth & 


dN(&)=(o—1)Na(t)dE/Ast (0-1) No(E)dE/AstoNndt/iis. (8) 


Since ionization losses have been assumed to be negligible for the 
“b-particles,” one has, for not too large absorber thicknesses, 


AND SITTE 
N,=rN4, with the constant r=r,/(1—a). Furthermore, from (a) 
N,=aN,e* 70, (9) 
and since N(t) = N.(t)+N.(), Eq. (8) can be rewritten in the 
form 
dN .(t)—[(r+1)o—1 JN a(E)dE/ AL 
=aN ef 1/xo+(o—1)/As dé. (10) 
The integration of Eq. (10) can be performed ; writing g=(r+1), 
po=1/x0, we=1/A,, and k=[pot(o—1)us )/[uot (go—1) us] one 
has 
No(t)=N.{[1+a(e—1) Je(ee-) #8 — ake oF), (11) 
from which one gets for the total number of charged particles 
under an absorber £ 
N(é)=N{[1+a(k—1) Jeeo 4 a(k—1 et}. (12) 
Substituting the numerical values derived above, one finds for 
small showers (NV, ¢ 2) 
N(£) =N,{0.92¢9-71E + 0.08¢~0.0228} , 
while for large showers, N,>2, the corresponding expression is 
N(E) =N,{0.93e9-0082 +.0.07¢-0.0228} , (14) 
One notices that in both cases dN/dt>0. The equations are, of 
course, applicable only as a rough approximation for thicknesses 
small compared with both the absorption length of the “pene- 
trating group” and the interaction mean free path of the second- 
aries. 


(13) 


(2) Evaluation of the Triggering Probability W(o,N) 


In principle it is now possible to compute the probabilities W 
from Eqs. (7) and (13) or (14) for all initial multiplicites NV, and 
shower locations. However, as very large showers are infrequent, 
this procedure would leave one with insufficient statistics for 
these categories. Moreover, it is evident that for large showers, 
W becomes rather insensitive to a variation of N,. The numerical 
computations were therefore carried out for the three groups of 
events listed in Table III: V,<2, N,=3, and N,24. 

The first step was to determine for each group the average 
number of penetrating secondaries N,. The result was N,=1.85 
for the smallest and N,=4.35 for the largest showers. With these 
figures, the probabilities W(o, NV) can now be computed for each 
multiplicity group and for each height of production, 4, corre- 
sponding to a lead plate. The transition effect was calculated 
from Eq. (13) for the first group, (V,¢ 2), and from Eq. (14) for 
the other two. The results are summarized in Table IV. It is 
remarkable that under the conditions of this experiment, the 
triggering probabilities vary only slightly with the height of 
production of the primary event in the chamber. The dependence 
on the number of secondaries is much more marked. 
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l-Type Doubling Transitions in HCN and DCN* 


Tuomas L. WEATHERLY AND DuDLEY WILLIAMS 
Department of Physics, Ohio State University, Columbus, Ohio 
(Received March 31, 1952) 


Direct transitions between levels split by /-type doubling have been observed for J =9, 10, and 11 in HCN 
and for J=10, 11, and 12 in DCN. The /-type doubling coefficient calculated from the observed line fre- 
quencies shows a slight decrease with increasing J for both molecules. While the observed values of the 
L-type doubling coefficient g are in good agreement with those calculated theoretically, the slight variation 
of g with J was not expected. This variation of q with increasing J involves a negative term in g propor- 
tional to J(J+1) and may therefore be related to the effects involved in centrifugal stretching of the rotat- 


ing molecule. 





LINEAR triatomic molecule is capable of a doubly 

degenerate perpendicular mode of vibration. 
When this mode of vibration is excited, the resulting 
component of angular momentum along the molecular 
axis is given by! 


L,= +1,h, 
where 
Va: Va~2, 


In this expression V2 is the total vibrational quantum 
number associated with the degenerate mode of vibra- 
tion v2. 

To the degree of approximation ordinarily considered, 
the energy of the rotating vibrating molecule is a 
function of /,* and is therefore independent of the sign 
of /,. There are, however, terms in the Hamiltonian 
which remove this degeneracy. These terms can be 
interpreted as largely the result of Coriolis forces acting 
on atoms which are vibrating in a rotating coordinate 
system. Their effect is to split each rotational energy 
level into two levels. The magnitude of this splitting 
has been calculated by Nielsen,” who gives the following 
value: 


V.—4, ---lor 0. 


Av=qJ(J+1). (1) 
For the case V2=/,=1, 
2 


e r 
q=9o(V2+1)= —|i+4 p> tat lvet 1). (2) 


w2 hla he 


In this expression we is the degenerate vibration fre- 
quency, B, is the equilibrium rotational constant, £. 
are the Coriolis coupling factors, and \,=42°c*w,”. The 
Coriolis coupling factors as given by Nielsen* for the 
linear XYZ molecule are 


M,M;}3 M.>}3 
fa= -| | (2;°— 2°) cosy |=] 22° siny 
ol* ol 

*Supported in part by a contract between the Geophysics 
Research Directorate of Air Force Cambridge Research Center and 
The Ohio State University Research Foundation. 

1D. M. Dennison, Revs. Modern Phys. 3, 280 (1931); Wave H. 
Shaffer, Revs. Modern Phys. 16, 245 (1944). 

2H. H. Nielsen, Phys. Rev. 78, 296 (1950). 

3A. H. Nielsen, J. Chem. Phys. 11, 160 (1943). 


d 
M,M;}3 M,}3 
£o3 “| 2;°— 23°) siny-[—| 22° cosy, 


ol* a 


where M; is the mass of the central atom, c= M,+Ms;, 
> =Mi4+-M.4M,, z;° are the equilibrium values of the 
coordinates, and 


tan2y = 2k,/(ki— ks). 

The constants k; are defined as follows: 
ki=(Ki(M;/o)*+K2(Mi/o)?)/mi, 
ks=(Ki+Kz2)/us, 

ky=(— Ki(M3/o)+K2(M1/e) )/(urms)', 


and 


where 


i= M,M2/(M,4+-M;), us=M20/Z, 


and the K; are the valence force constants. The quantity 
q as defined by Eq. (2) is a constant for a particular 
molecule and is called the /-type doubling coefficient. 

Direct transitions between levels split by /-type 
doubling were first observed by Shulman and Townes‘ 
for HCN. For this type of transition there is no change 
in either the rotational or the total vibrational quantum 
number. The absorption frequency is given directly by 
Eq. (1). The results of these observers indicated a slight 
dependence of q on the rotational level involved. The 
reported variation was positive with increasing J. The 
present work was undertaken with the purpose of 
investigating further this variation of g with J for the 
molecules HCN and DCN. 

The lines were observed with a recording microwave 
spectrograph using 6 kc/sec square-wave Stark modu- 
lation. Frequencies were measured by the method of 
Rogers, Cox, and Braunschweiger® using ammonia 
lines as standards. The observed line frequencies, 
measured g-values, and calculated g-values are given in 
Table I. The measured q-value is 0.9 percent lower than 
the calculated value for HCN, and 1.2 percent higher 


*R. G. Shulman and C. H. Townes, Phys. Rev. 77, 421 (1950). 
5 Rogers, Cox, and Braunschweiger, Rev. Sci. Instr. 21, 1014 
(1950). 
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Taste I. /-type doubling constants for HCN and DCN. 


Rotational 
quantum 
nur er 


Observed line Aap 
frequency q= 
Sy Mc/sec J(JI +1) 

HCN 
20,181.3940.15 224.238+0.0015 


24,660.40+0.10 224.1852-0.0010 


29,585.124-0.20 224.130+0.0020 
Calculated g= 226.2 Mc/sec 
DCN 
10 20,454.58+0.15 185.951+0.0015 
—0.048 
11 24,539.20+0.10 185.903+0.0010 
—0.053 
12 28,992.55+0.20 
Calculated g= 183.6 Mc/sec. 


185.850+0.0020 


for DCN. Both molecules show a slight decrease of 
with increasing J. 

It was suggested® that this small difference between 
the observed and calculated values of g might be ex- 
plained by taking into account certain Hamiltonian 
matrix elements nondiagonal in V2 which were neglected 
in the original treatment of the problem.? When these 
elements are included, one finds that both levels are 
shifted downward slightly with no change in their 
spacing. Therefore the predicted line frequency and 
q-value are unaffected. 

There is, however, a reason to expect that g would 
decrease with increasing J. The value of q is affected by 
centrifugal stretching, which was not considered in the 
theory of /-type doubling.'? The rotational energy of a 
molecule is usually written 

F,(J)=B,J(J+1)—D,J?(J+1)’, 

where D, is the centrifugal stretching coefficient. This 
equation can be written 

F,(J)= B,sJ (J+), 
where 

B,y=B,—D,J(J+1). 
Here centrifugal stretching has been included in the 
rotational constant rather than separated from it, as is 
ordinarily done. If now one replaces B, by B,y in the 
expression for g the result is 


(B,—D,.JJ+0} 
q= - 


ds 
[+43 eae Justo. 


o’— Az 


We 


*H. H. Nielsen (private communication). 
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For a small change AJ in J the approximate change in 
q is 
Aq= — (29¢/B.7)D(2I +1) AJ. 

From the value of D, determined by infrared spec- 
troscopy,’ Ag can be calculated. For HCN and J=10, 
this equation gives Ag=—0.021 Mc/sec for AJ=1. 
The observed Ag in this case was — 0.055 Mc/sec. 

That this predicted value of Ag does not agree with 
the observed value is not surprising. The fact that it is 
of the correct order of magnitude is significant. There 
are several factors in the expression for g which may be 
affected by centrifugal stretching, and only the rota- 
tional constant has been corrected. In order to predict 
the variation of g accurately it would be necessary to 
include in the Hamiltonian terms which represent the 
effect of centrifugal stretching on /-type doubling, and 
to solve the resulting 4th-order perturbation problem.’ 

The change of g with increasing J reported here does 
not agree with that found by Shulman and Townes. 
One discrepancy lies in the frequency measurement of 
the HCN, J=10 line. The frequency reported here has 
been carefully checked and is believed to be correct. 

The nuclear quadrupole coupling constant of N™ in 
the HCN molecule has been measured by Simmons, 
Anderson, and Gordy. Using their value of 4.58 Mc/sec, 
one can predict the splitting of the HCN, J=10 rota- 
tional level due to the interaction of the N'* quadrupole 
moment and the molecular electric field. On the basis 
of the selection rule AF=0, +1, one might expect the 
observed line for HCN, J=10 to consist of several 
components spread over a spectral range of 3.5 Mc/sec. 
However, by reducing pressure to approximately 10~* 
mm of Hg, it was possible to record a single line less 
than 1 Mc/sec in width. This result is to be expected 
on the basis of general rules for line intensities, which 
show that AF=+1 transitions are extremely weak for 
high J-values. 

Each of the six lines observed showed a Stark effect, 
but resolution of the individual components was not 
accomplished. 

The writers wish to express their appreciation to 
Edward Manring, Henry Cox, and Yu Ting for their 
assistance in certain parts of the experimental work and 
to Professor H. H. Nielsen for his advice concerning the 
theoretical treatment of the problem. 


7Gerhard Herzberg, Infrared and Raman Spectra (D. Van 
Nostrand Company, Inc., New York, 1945), p. 393. 

§ This problem is being investigated by H. H. Nielsen. 

® Simmons, Anderson, and Gordy, Phys. Rev. 77, 77 (1950). 
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The Evaluation of Some Neutron-Electron 
Scattering Experiments* 
Otto HALPERN AND C. P. Hst 


University of Southern California, Los Angeles, California 
(Received June 16, 1952) 


HE well-known experiments of Fermi and Marshall on the 
spin-independent interaction between neutrons and elec 
trons are based on the comparison of the differential scattering 
cross sections for the angles g and r—¢. To determine any differ- 
ence in these differential cross sections which may be due to the 
neutron-electron interaction, it is, of course, necessary to know 
precisely what the ratio of these cross sections would be in the 
absence of the neutron-electron effect. Assuming the atomic weight 
A of the scatterer to be large compared to that of the neutron and 
limiting themselves to expressions including the first order in 1/A, 
Fermi and Marshall' give for the ratio of the differential cross 
sections the following two expressions: 
2 asf kT 
A 
4 cose 


o(¢)/o(rm—g) =1+ ra (2) 


a(¢)/o(x—y)=1+ (1) 


mv, 


The meaning of the symbols is conventional. (1) is valid in the 
case of a detector which obeys the 1/2 law, while (2) holds true 
in the case of a thick detector in which all neutrons are supposed 
to be absorbed. 

To utilize (1), it is necessary to average over the velocity dis- 
tribution of the incident neutrons. Fermi and Marshall! thus ob- 
tained for the ratio a result valid independently of the nature of 
the detector, namely 


o(¢)/a(r— ¢) =1+(4 cosg/A). (3) 


Formulas (1), (2), and (3) given by Fermi and Marshall! with- 
out any proof have been confirmed by us for the case obviously 
assumed by Fermi and Marshall! that the velocity distribution of 
the incident neutrons is given by 


S(vx)~vexp(—mv?/2kT). (4) 


We would like to submit for discussion a different procedure 
of averaging over the velocities which, though involving appar- 
ently only a very slight change, may turn out to be numerically 
significant. 

Perhaps it is well to remember that the distribution law (4) 
which would follow from the kinetic theory of gases is not theo- 
retically established for neutron beams. We are not yet in a posi- 
tion to calculate with sufficient accuracy the velocity distribution 
of slowed down neutrons, nor are we in full possession of a general 
theory informing us how the presence of a boundary of the neu- 
tron source affects the velocity distribution. It is quite safe to say 
that we have no reliable theoretical information about the low 
velocity end of the distribution law. 

The use of (4), on the other hand, makes the final result (3) 
strongly dependent on the number of slow neutrons. It can be seen 
easily that a part of the low velocity end of (4) comprising about 
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one-third of 1 percent of all the incident neutrons (A>6A) con- 
tributes about 30 percent of the velocity-dependent asymmetry 
effect. It is not only not proved but even unlikely that these 
neutrons of very slow velocity are numerically given by the ex- 
tended Maxwellian distribution law (4). 

Since the total neutron-electron effect is of the order of 60 
percent of the asymmetry effect caused by the thermal motion, 
one can readily see how much it would be affected by any un- 
realistic assumption concerning the number of slow neutrons 
present. 

To avoid the difficulty here discussed, one could either use a 
thick detector whose response is independent of the velocity dis- 
tribution, or one would have to determine experimentally the 
actual number of slow neutrons present. 


* Partly supported by the ONR. 


1 E. Fermi and L. Marshall, Phys. Rev. 72, 1139 (1947). 


The Binding Energy of the e-Particle* 
Joun IRVING 
Department of Mathematics, The University, Southampton, England 
(Received June 13, 1952) 


NUCLEAR interaction potential, consisting of central and 

tensor forces, of the form 
V(r) = — Vo{ {1 —4¢+42(@1-@2) ] exp(—r/r.) | (r/re) 

+7512 exp(—r/r:) | (r/rd} 

has been found to be satisfactory for a description of low energy 
scattering processes and in accounting for the properties of the 
deuteron.' Furthermore, such an interaction also yields a reason- 
able value for the binding energy of the triton for an appropriate 
choice of central and tensor force ranges.** It is, therefore, of 
interest to determine the binding energy of the a-particle, using 
an interaction of the type mentioned above, particularly as a 
purely central force interaction leads to a large excess binding 
energy for this nucleus. 

The standard variation method is employed with a wave func- 
tion representing a mixture of the principal 'S» and the principal 
5D states. The radial wave functions chosen are of an exponential 
type, which yield a large excess binding energy in the purely 
central force case‘ and are such that all integrals can be evaluated 
analytically. They have the form 


v=exp{ —pni2+ree+rittnetret+rie))). 


Different parameters are assumed for the S and D states, re- 
spectively. Table I gives the binding energy of the a-particle 
for phenomenological parameters used by Pease and Feshbach* 
to yield a reasonable value of the triton binding energy. The 
calculated Coulomb energy is approximately 1.3 Mev, and the 
amount of D state about 3 percent, but the results are not very 
sensitive to the latter quantity. 

The calculated binding energy of the a-particle is thus less than 
the experimental value of 28.2 Mev. It is, of course, to be expected 
that other states will make some contribution to the a-particle 
binding energy, so that it is possible that the interaction may fit 
both the triton and a-particle. The effect of such states is at 
present being investigated. For nearly equal central and tensor 


TABLE I. Phenomenological constants with a-particle and 
triton binding energies 


Mev 

7.65% Mev 
1.184 xX107" cm 
1.58 x10-" cm 
0.69 

42.7 4 Mev 

g™= —0.044 


19.58 


2 Qi wag 


223 pis 


=< 


*a-particle. » Triton. 
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sLe II. a-particle and triton binding energies for 
equal central and tensor force ranges. 


»xXx10-% cm, y=1.80, Vo™25.56 Mev, 
E=7.0 Mev* E=6.7 Mev>« 


g=—0.191 


Triton. °* See reference 3. 
force ranges, however, very little binding energy is obtained for 
the a-particle, so that the result of Hu and Hsu! for the triton for 
a particular set of nuclear constants seems incompatible with the 
a-particle binding energy. The values are given in Table II. 

A detailed account of these calculations will be published 
elsewhere 

rk was carried out at the Institute of Theoretical Physics, 

it made possible by the University of Glasgow and the 


nd Schwinger, Phys. Rev. 84, 194 (1951). 
nd H, Feshbach, Phys. Rev. 81, 142 (1951) 
Hsu, Proc. Roy. Soc. (London) A204, 476 
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The Specific Alpha-Activity of U**** 


C. A. KIENBERGER 
1 Carbon Chemicals Company, Oak Ridge, Tennessee 
Received June 17, 1952) 


HE half-life of uranium 234 has been the subject of several 

recent experimental investigations. Nier' obtained a value 
of (2.69+0.27) x 10* years. Chamberlain, Williams, and Yuster* 
values of (2.29+0.14)X105 years and (2.35+0.14) 
Knight, Goldin, Macklin, and Macklin® derived a 
value of (2.69+0.04)105 years; and the author‘ reported a 
value of (2.522+0.008) x 10° years. Because of the wide range of 
values and also because of the general interest in the exact value 
of the uranium 234 half-life, which enters into the quantitative 
determination of uranium 234 by alpha-counting, it seemed ad- 
visable to re-determine the specific alpha-activity of uranium 234. 
A new approach had been made available through the production 
of significant quantities of uranium containing 94.70+0.08 weight 
percent uranium 234, 4.02+0.03 percent uranium 235, and 1.28 
+0.03 percent uranium 238 as determined by mass spectrometry. 
Spectrographic analysis established that the chemical purity of 
the oxide was better than 99.95 percent. 

Samples of the oxide were weighed to +0.1 percent, dissolved 
in concentrated nitric acid, and diluted to volume. Volume ali- 
quots of these solutions were transferred to an electroplating cell. 
Uranium depleted in the 234 and 235 isotopes (U™*) was added 
to the plating cell to act as a diluent and the uranium was electro- 
deposited quantitatively onto an electropolished nickel disk with 
an area of 23 cm*. Various sized aliquots of the diluent (U**) were 
used in order to obtain varying thicknesses of the uranium oxide 
film. Uniform films resulted, varying in thickness from 0.008 to 
0.33 mg/cm?. Similar films were made of the diluent, and their 
counting rate was subtracted from the total counting rate, leaving 
the counting rate for the uranium oxide enriched in the 234 
isotope. The alpha counting rate was corrected for the diluent 
absorption of alpha-particles by extrapolating to zero film weight 
thickness. After this correction was made, the counting rate of 
the uranium enriched in 234 was calculated to be (0.6457 +0.0013) 
X10? counts per minute per milligram. 

The correction for the reflection or backscattering of the alpha- 
particles by the nickel was determined by electroplating enriched 
uranium onto nickel, platinum, and gold disks, which were polished 
to a mirror finish, and extrapolating the counting rates to zero 
atomic number for the reflector. The percentage backscattering 
of alpha particles was found to be as follows: gold 3.36+0.36, 
platinum 3.31+0.32, and nickel 1.19+0.08. These backscattering 
values are within the range of those given by Crawford.® Since 
the parallel plate ionization chamber detects the alpha-particles 


reported 
x 10° years; 
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within an angle of 180°, a counting efficiency of 50.595 percent 
was used to convert the counts to (1.2762+0.0038) x 10" disin- 
tegrations per minute per milligram of uranium. Counting cor- 
rections for the uranium 235 and 238 content were insignificant. 
Thus, the specific alpha-activity of uranium 234 is (1.34720.004) 
X10’ disintegrations and the half-life calculated from it is (2.520 
+0.008) x 10° years. This half-life value confirms our recently 
published value of (2.522+0.008) x 10° years, which is compared 
with the other published values in the introduction of this paper. 


* This paper is based on work performed for the AEC by Carbide and 
Carbon Chemicals Company, a Division of Union Carbide and Carbon 
Corporation. 

1A. O. Nier, Phys. 

? Chamberlain, Williams, and Yuster, 

s Knight, Goldin, Macklin, my Macklin, Phys 

*C. A. Kienberger, Phys. 76, 1561 (1949). 

5 Seaborg, Katz, and ile ely The Transuranium Elements: Research 
Papers (McGraw-Hill Book Company, Inc., New York, 1949), Paper No. 
16-55, National Nuclear Energy Series, Plutonium Project Record, Vol. 
14B, Div. IV. 
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Condensation Phenomenon of an Ideal 
Einstein-Bose Gas. II 
Otto HALPERN 


University of Southern California, Los Angeles, California 
(Received June 16, 1952) 


FTER publication of our first note! on this subject, our 

attention has been called to a Letter to the Editor® in which 
the density distribution of the lowest eigenstate has already been 
investigated quantitatively. Lamb and Nordsieck* obtained with 
the aid of the WKB method a result which is qualitatively and 
semi-quantitatively in agreement with reference 1. Since this 
Letter to the Editor® has also been overlooked in two other recent 
investigations’ and since, furthermore, all previous results were 
stated without proof, we may perhaps be justified in saying a few 
words about our more complete treatment. 

One can easily show that the eigen function of the vertical 
motion of a particle in a homogenous gravitational field is rigor- 
ously given by 

¥(2) = S804 (954) +02) _4 (954) J. (1) 


In (1), J44 denote the Bessel functions of order +4, respectively, 
and ¢ is defined by 

= (8x2m?g/h*)'[(E/mg) —2]. (2) 
0, a 


The eigenvalues under the boundary conditions x=0 for <= 
are given by the roots of the equation 
ID) ae I(t) 
T4(f1) J-4(4f2) 
o1= (842mg /i?)1E/mg 
f2= (82mg /h*)(E/mg—a). 


(3) 


(4a) 
(4b) 


These roots can easily be determined, since it turns out that 
asymptotic expressions for the Bessel functions may be used. 
One thus obtains for the low eigenvalues the expression 
E,= mg(3x/2)§(2/8x2m2g)*(n—})1. (5) 
The density distribution agrees with that given by Lamb and 
Nordsieck apart from a slight change in the numerical factor. 
For the statistical problem it is, on the other hand, quite suffi- 
cient to use an extremely simplified variational method which 
gives all necessary information and allows us to visualize the 
physical conditions. We use as a trial eigenfunction for the lowest 
energy state the function 
¥i(z)=sin(wz/lo) for OZ 
¥i(z)=0 for lz 


(6a) 
(6b) 
which satisfies all boundary conditions and leads for the eigen- 
value to the expression 

E,= 4mglo+ (/2/8ml,?). (7) 
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The lowest eigenvalue is certainly smaller than the minimum of 
(7) taken with respect to lo. We thus obtain 


o= (#2/2m*g)! 
(E,/mg) = }(2/2m*g)}. 


The agreement with (5) is obviously very satisfactory. Since both 
kinetic and potential energy are positive, it is clear that the den- 
sity must be vanishingly small for values of z sizeably in excess 
of 1/2. This leads for He to a film thickness of approximately 
4-10™* cm. 

We would like to maintain the view expressed in our first letter 
that the conditions analyzed by Lamb and Nordsieck and by 
ourselves clearly indicate that the behavior of an ideal gas is not 
even approximately indicative of that of He II; the difference be- 
tween He‘ and He’, if not mainly a mass effect, may still be caused 
by the influence of the E—B statistics on the behavior of a liquid. 
The fact that ordinary He‘ condenses with a density about one 
thousand times smaller than that of an ideal condensed gas is, 
in our opinion, convincing evidence that the inter-atomic forces 
are the determining factor in the distribution law. 


(8a) 
(8b) 


86, 126 (1952). 
Rev. 59, 677 (194 
G. Leibfried, Z. Physik 128, 133 


10. Halpern, Phys. Rev. 

2 W. Lamb and A. Nordsieck, Phys. 

*R. Becker, Z. Physik 128, 120 (1950); 
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The Influence of Charge Independence of Nuclear 
Forces on Electromagnetic Transitions 


L. A. Rapicati* 
Department of Mathematical Physics, The University, 
(Received June 17, 1952) 


Birmingham, England 


N a recent paper Trainor’ has considered the effect of sym- 
metry on the nuclear dipole radiation. The result of his calcu- 
lations is that the symmetry properties of nuclear states give rise 
to certain selection rules for electric dipole radiation. We want to 
draw attention to the fact that this result is much more general 
and applies not only to electric dipole radiation but also to radia- 
tion of any multipolarity. Secondly, we will show that the selec- 
tion rule obtained is not restricted to the case (considered by 
Trainor) when the nuclear forces are pure Wigner- and Majorana- 
type forces, but holds provided only that the forces are charge- 
independent. This seems a reasonable approximation and is con- 
sistent, for example, with the most recent spectroscopic evidence 
on the excited nuclear states.? 
The interaction between the electromagnetic field and the 
nucleus can be represented, in a nonrelativistic approximation 
by the Hamiltonian 


H=(e/me)Z:4pi- A(x) 1 —7e) + Dif hun (1 +7.) 
+4u,(l—r.) }o™-curlA(x,), (1) 


where /; is the momentum of the ith nucleon, A(x,;) the vector 
potential of the electromagnetic field at the position x; of the 
nucleon, #, and yw, the neutron and proton magnetic moments, 
o) the Pauli spin matrix, and 7,“ the z-component of the isotopic 
spin matrix having eigenvalues +1 for neutrons and —1 for 
protons. 

If the forces are charge-independent, the total isotopic spin 


=> ro 


is a constant of the motion, so that each nuclear stationary state 
can be assigned a definite eigenvalue 7(7+1) of 7°. 
Consider now the matrix element 
(a’J'T’|H|\aJT) (2) 


between two states of angular momentum J and J’, isotopic spin 
T, T’ (@,a’ indicate any other quantum number necessary to 
specify the state). It is easy to see that the matrix element (2) 
vanishes unless 


T—T’=0, +1. (3) 
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This follows immediately if we note that H can be written as 
H=Hot+K.=HotZifir.™, (4) 


where Hy represents the part of H independent of the isotopic 
spin, and /; is the factor multiplying r,‘". In isotopic spin space 
Ho transforms like a scalar and K, like the third component of a 
vector. The matrix elements of Hy vanish unless 7=T”’. As for 
K,, using the same considerations developed by Condon and 
Shortley® for a general vector operator one deduces immediately 
Eq. (3). 

Equation (3) represents a generalization of the result obtained 
by Trainor! for the case of dipole radiation and for nuclei con- 
taining an equal number of protons and neutrons. If we restrict 
ourselves to a consideration of electric dipole radiation, it is well 
known that the scalar term Hy [Eq. (4) ] gives no contribution to 
the matrix element since it represents the contribution of a system 
of particles each with a charge e/2. For the second term of Eq. (4) 
another restriction is immediately obtained considering the de- 
pendence of the matrix element (2) on the z-component of the 
isotopic spin: With the notations of Condon and Shortley one has* 

(aJTT,| K,\a’J'TT,)=(aT\|K,\\a'T)T;. 
If 7=0 the right-hand side vanishes, so we can conclude that an 
electric dipole transition cannot take place between two states 
with 7=0. Of course, the transition can still occur as magnetic 
dipole or as an electric transition of higher multipolarity, since in 
such a case the matrix element of Hy does not vanish. 

The validity of the selection rule (3) is not restricted to the 
validity of Wigner’s model of nuclear structure; in particular it is 
still true also when a strong spin-orbit interaction is present, in 
which case the symmetry of the space part of the wave function 
is no longer a constant of the motion. 

On the other hand, since the Coulomb energy 

Ay= (2/8) 2(1—7,) (1-12) /rij 
i<j 
does not commute with 7, the isotopic spin is no longer a constant 
of the motion, and Eq. (3) will not be strictly satisfied even if the 
specific nuclear forces are strictly charge-independent. The extent 
to which Coulomb forces destroy the validity of the selection rule 
(3) is under investigation and will be reported later. 

The author wishes to thank Professor R. E. Peierls for his in- 

terest in this investigation. 


Torino, Italy 


* On leave from Istituto di Fisica at P< Miewentc o di Torino, 
¢ 952 
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Are Direct Nucleon-Lepton Interactions 
Charge-Independent? 
Freperik J. BELINFANTI 


Department of Physics, Purdue University, Lafayette, Indiana 
(Received June 16, 1952) 


OTRUBA‘' has recently suggested that direct nucleon-lepton 
interactions might be charge-independent. If this were so, 

the coefficients of Hpyev, Hn pve, {HU Ppee, —tHnnee, —tH Pp, 
and }Hyn» in the Hamiltonian should be equal, if Hije: means 
the space integral of any of the invariants 2 wWiwnyww"Vi, where 
we assume the neutrino » to be different from the antineutrino.? 
In this connection it is interesting to remark that the phe- 
nomenologic direct-interaction terms with w,=y, (vector coup- 
ling; Hijn= —vilenve'ay;) do not satisfy this condition. In 
fact, the repulsive interaction }Hppee describing phenomeno- 
logically the Lamb shift* has a coefficient (4.91+0.01)x10™ 
cm? erg, while (—}HwNnee) describing phenomenologically the 
attractive electron-neutron interaction** has a coefficient (2.8 
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+1.0) 10-** cm* erg, several orders of magnitude smaller. If 
from either expression one would further conclude by an argu- 
ment of charge-independence that there exists of a term Hpye 
with a similarly large coefficient, this term would give rise to beta- 
disintegrations much stronger than those observed, as the coeffi- 
cients to be used in the Fermi theory for agreement with observa- 
tions lie between 10“ and 10~-™ cm! erg. 

We therefore conclude that charge-independence of the phe- 
nomenological direct nucleon-lepton interactions is not to be 
expected. This is not surprising, if we believe that these direct 
interactions are the result of interactions through fields, which 
are radically different in the three cases mentioned. If the Lamb 
shift arises from purely electromagnetic interactions,” ® it is obvi- 
ous that no corresponding effect of the same magnitude should be ex- 
pected for Hy nee or Hpne. If HyNnee is due to a cooperation be- 
tween an electromagnetic and a mesic interaction,’ again this 
effect does not contribute to Hpye, which may then be taken 
either as a real direct interaction or as a cooperation between the 
interactions of nucleons and of leptons with the mesic field,® the 
latter interaction being very weak. 

truba, Phys 
Caianiello, Phys. Rev. 86, 564 (1952). 
Belinfante, Phys. Rev. 84, 949 ( 
roldy, Phys. Rev. 83, 688 (1951). 
D. Fried, Phys. Rev. 86, 434 (1952). 
Borowitz, Phys. Rev. 86, 567 (1952). 

H. A. Bethe, Phys. Rev. 72, 339 (1947). 

* J. B. French and V. F. Weisskopf, Phys. Rev. 75, 1240 (1949). 

* Yukawa, Sakata, Kobayasi, and Taketani, Proc. Phys.-Math. Soc. 
Japan 20, 720 (1938 


Gamma- and Alpha-Produced Scintillations 
in Cesium Fluoride* 
W. VAN ScIVER AND R. HOFSTADTER 
of Physics and Microwave Laboratory, Stanford U niversity, 
Stanford, California 
(Received June 9, 1952) 


Department 


MALL anhydrous cesium fluoride crystals have been grown 

in a hydrogen atmosphere without the addition of thallium 
or other activators. These crystals scintillate with light output 
predominantly in the blue-ultraviolet region. The total integrated 
pulse height for Co® gamma-rays is between 1/10 and 1/12, the 
integrated pulse height of anthracene when using an ultraviolet 
sensitive C 7140A photomultiplier, whereas the CsF pulse height 
is of the order of 1/20 of the anthracene pulse when using a 5819 
photomultiplier 

Gamina-radiation from Cs"7, Co, ThC’”’, and from the Po(a:) 

Be reaction show the gamma CsF pulses to be approximately 
proportional to energy. More exact measurements of pulse height 
cannot be made until larger clear crystals are available. 

The decay constant (time for pulse to decay to 1/e) was meas- 
ured using the pulsed photomultiplier technique of Post and 
Shiren.' 2500-volt square pulses of 10~* sec duration were applied 
across the divider network of an internally shielded C7140A. 
The anode resistor of 93 ohms was connected directly across the 
vertical deflection plates of a 5XP11 cathode-ray tube swept at 
2X 108 cm per sec. CsF pulses produced by the Co® gamma-radia- 
tion were photographed. The area under the decay portion of the 
traces was graphically integrated (to smooth out statistical fluc- 
tuations) and then plotted on semi-log paper. The decay constant 
was determined to be 5X 10-°+1X 10~® sec. CsF is therefore the 
fastest inorganic material thus far studied. Its decay constant 
compares favorably with the best solid organic scintillators, 
although it is not as fast as some liquid scintillators. 

A freshly prepared crystal was mounted in a dry chamber on a 
photomultiplier whose anode resistor was 100 kilohms in order to 
obtain integrated pulses. When alternately exposed to the alpha- 
radiation of Po®® and the gamma-radiation of Co®, direct com- 
parison showed the 5.3-Mev alpha-pulses to be of the same size 
(within 10 percent) as the 1.3-Mev gamma-pulses. Furthermore, 
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the alpha produced pulses were visibly slower; the alpha-pulse 
decay constant is estimated at 2 10~7 sec. The possibility of sur- 
face deterioration of the crystal was ruled out by introducing 
RaCl directly into a crystal. In this case, fast gamma-pulses, 
superimposed on the somewhat smaller slow alpha-pulses, were 
observed. 

The wide difference in the decay constants of gamma- versus 
alpha-produced pulses suggests that the mechanism of the alpha- 
produced scintillation is somewhat different from the mechanism 
of the gamma- (electron) produced scintillation. This observed 
difference suggests that it would be worthwhile to investigate 
better known scintillators in an effort to find similar variations of 
decay time. It is known that silver activated ZnS shows a re- 
versed behavior:? The alpha-scintillations are four times as fast 
as beta-scintillations. 

CsF crystals should be useful because of their speed, high 
density (3.586 g/cm*), and high atomic number, the latter per- 
mitting observation of gamma-pair and photopeaks. On the other 
hand, the pulse height is small and the crystals are quite deli- 
quescent. 

CsF is similar to the organic scintillators in the following re- 
spects: (1) It apparently scintillates in the pure state, (2) has a 
decay time of the order of allowed atomic transitions (~10™° 
sec), and (3) has a lower relative luminous efficiency for the alpha- 
versus electron-produced pulses. 

We wish tothank Dr. R. W. Engstrom and Dr. R. B. Janes of the 
Radio Corporation of America for the loan of the special C7140A 
photomultiplier, and Mr. J. Narud for help with the fast elec- 
tronics. 

* This work received partial support from the joint program of the ONR 
— AEC 
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Paramagnetic Relaxation in Cesium 
Titanium Alum 


JuLIan EISENSTEIN 


University of Wisconsin, Madison, Wisconsin 
(Received June 3, 1952) 


N a recent paper! the author extended the usual phenomeno- 
logical theory of paramagnetic relaxation by considering the 
effect of a finite thermal conductivity. The expressions for the 
real and imaginary parts of the susceptibility of a paramagnetic 
salt were Jeveloped in powers of T/r, where T=pcgr?/15K. 7 is 
the measured relaxation time, p is the density, cz is the specific 
heat at constant magnetic field, ro is the radius of the specimen 
(assumed spherical), and K is the thermal conductivity. Ordi- 
narily T/r is small so that omly the zero-order terms in the ex- 
pansions need to be considered. However, according to recent 
measurements of Benzie and Cooke? the relaxation time in cesium 
titanium alum is extremely short. One can therefore expect that 
the distortion of the x’ vs x’’ curves caused by the finiteness of 
the thermal conductivity will be observable provided a sufficiently 
large and very pure single crystal is used in the experiments. 
The densities of CsAl, CsV, CsCr, CsFe, CsGa, CsRh, and 
CsIn alums range between 1.97 and 2.24 g cm™ so it seems reason- 
able to take the density of CsTi alum as about 2.0 g cm™. CsTi 
alum obeys Curie’s law very closely and therefore cy =¢cy+CH?/ 
T?, where cx is the specific heat at constant magnetization. 
According to Benzie and Cooke, the molar Curie constant is 
0.120 and ¢47?/C=2.7X 10". Since the molecular weight of CsTi 
alum is about 589, we have C=2.04X10™ deg g™ and cy=2.04 
X 10~4(2.7 X 10+ H?) /T? erg g™! deg™!. We shall asume the speci- 
men has a radius of 1 cm, It is difficult to say what value should 
be taken for the thermal conductivity. As a very rough approxi- 
mation we shall use the expression 5.3 X 1057° erg sec! cm™ deg™ 
which represents Garrett’s’ measurements on potassium chromium 
alum at temperatures between 0.14 and 0.30°K. According to 
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Benzie and Cooke, r=a7~7-* where @ varies somewhat with the 
applied field. We shall ignore this slight variation and take a@ to 
be 3X 10~*. This value is obtained from Benzie and Cooke’s Fig. 3. 
If we put all these estimates together we obtain T/r=1.7X 107 
X (2.7 10'+-H?)T? 5. Ina field of 1000 oersted and at a temperature 
of 1.5°K T/r=0.48. This value is large enough to cause appreci 
able departures of the x’ versus x’ curves from the ideal semi- 
circular shape. 

The expression for cq is frequently written as ¢y = (6+CH?)/T?. 
It is interesting to note that for CsTi alum the value of 6/C is 
2.7 X 10* oersted.? All the paramagnetic salts mentioned in Gorter’s* 
book except the copper compounds have 6/C values which are 
at least an order of magnitude larger. In the copper salts the 
6/C value is about five times as large as for CsTi alum. Both the 
Cu** and the Ti*** ions are effectively in *S states. 
84, 548 (1951). 


1 J, Eisenstein, Phys. Rev. 
Cooke, Proc. Roy. Soc 


?R. H. Benzie and A. H. 
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The Pair-Production Cross Section for 
High Energies* 
P, A, FRASERT 
Department of Physics, University of Wisconsin, Madison, 
(Received June 9, 1952) 


Wisconsin 


HE total cross section for pair production in the field of 
an atom of atomic number Z, and for high photon energies 
(>137meZ~'), is given by! 


oma (28/9)[ 1+ fc ot\-F@?| ~(2 2}, 


where g is the recoil momentum of the atom in units of me, 


= (27/137) (e/me*)?, and F(qg) is the atomic form factor. When 
the charge distribution is spherically symmetric, F(qg) is given by 


F(q)= J. cos(137¢r)(—de/dr)dr, 
or by 


1—F(g)=1379,f.~ sin(137¢r) o(r)dr. 


g(r) is rX (potential at r)/Ze, and r is measured in units of the 
first Bohr radius for hydrogen, h*/me*. In the particular case of 
the Thomas-Fermi atom, the first of the above becymes 


Fd= J. cos(1370.Z-igt) (—de(£) /dé)dt 


[¢(é) is the Thomas-Fermi function, and ¢ = !312-7/3 =0.88534]. 

Bethe has calculated! the cross section using the Thomas-Fermi 

model and obtained the well-known result 
=${(28/9)log(183Z-4) — (2/27)}. 

For small recoil momenta, the values of g(r) at large radii 
contribute. Since small momenta are favored,+? as evident from 
the 1/g weighting factor in the integrand, it could be expected 
the the form of g(r) at large radii might affect the cross section. 
The use of the Thomas-Fermi atom, which is notoriously bad at 
large radii, therefore could be questioned. The present investiga- 
tion showed, however, that a better atomic model—the Hartree 
gives the same high energy cross section as does the Thomas- 
Fermi model to 4 percent or better. The cross section at lower 
photon energies would be even less affected.! The conclusion also 
applies to the bremsstrahlung cross section.! 

Calculations were made for Hg, the largest Z which has been 
treated by the Hartree method. The form factor for the Hartree 
atom was calculated from the table of Z,[ =Zg(r) ] given by the 
Hartrees.* The Thomas-Fermi form factor was recalculated using 
the table of (—dy/dt) in Gombés*‘ for smaller momenta, and for 
larger momenta by an asymptotic expansion. This calculation 
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agreed with the tabulation of Bethe® over their common range. 
The form factors differed for small g by as much as 5 percent, but 
mainly in a small region, 0<¢<0.1. Indeed, even within this 
region, the difference alternated in sign (see below) and was largely 
canceled in the integral. 

The numerical results obtained for Hg were as follows: 


aa eons +f 


11.6, * 
11.667 
11.6 * 
11.6. 


Thomas-Fermi 


wwww 
NNN 
ana 


Hartree 
It is evident that the use of the Thomas-Fermi atom is entirely 
adequate 
The negative result of this investigation can be accounted for 
by the following result. Consider two ¢(r), ga(r), and ga(r), given 
by two atomic models [¢(0) = 1 and /0°r¢”dr= 1 for both ¢]. Then 
(for large NV) 


fe" Fa 1-1- Fag) oda 


1 x ; 
=a J, dr(ea'(r)—en'(r)) f'n cosmr, (n= 1379) 


1 ¢ i - sinNr 
=a dr(ga'(r) — ¢n'(r))—, 
vf ‘ 


r 


=(\ ee )tew’o —¢s'(0)}. 


This means that if the initial slopes of the g’s are the same, then 
the areas under the curves [1—F(q)] will be the same. This ac 
counts for the alternation in sign of the difference between the 
form factors for the Hartree and Thomas-Fermi fields that was 
observed, in the case of Hg at least, since the initial slopes of the 
¢’s were not detectably different. Nothing can be said in general 
about the initial slopes of such fields. In the cross section the 
factor [1—F } is weighted by 1/g; hence one could expect a 
difference, but it would be small as the difference in the form 
factors extends only over a short range of g and alternates in sign. 

I should like to thank Dr. J. M. Luttinger for suggesting this 
calculation and for valuable discussion. 
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? Recalculation using the method of Bethe in reference 1 gave log(187Z 4). 
This method makes a good approximation in order to show the general Z 
dependence. 

Calculated directly for Z =80 using Thomas-Fermi atom. 
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Half-Life of 139-Min Dy'®t+ 
R. Suer, H. J. Kouts, anp K. W. Downes 
Brookhaven National Laboratory, Upton, New York 


(Received June 6, 1952) 


E have measured the half-life of the ground state of Dy'* 

formed by the irradiation of a sample of dysprosium oxide 
in the thermal neutron flux of the Brookhaven pile. The Dy.O; 
powder was mixed with Lucite and molded into small foils. Spectro- 
scopic analysis showed no impurities present in greater than trace 
amounts. Six foils were irradiated and each was counted in an 
end-window Geiger counter. Counts were taken simultaneously 
for all the foils, and the counting rates, corrected for counting 
losses, backgrounds, etc., were then totaled. Statistical counting 
errors were never greater than one percent. Sufficient time was 
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allowed to elapse before beginning the counting so that short- 
lived activities could decay out. The decay curve is a pure ex- 
ponential. Observations taken twenty-four and forty-eight hours 
after irradiation showed no counts above the number expected on 
the assumption that the only activity present was 140-min Dy'®. 
A least-squares analysis of the decay curve yielded a half-life 
for Dy'® of 139.17+0.14 min, in agreement with recent values 
(140+1.5 min, 145+3 min) obtained by Bothe! and Slatis.2 We 
wish to thank V. Walsh and M. Turso for their assistance in the 
experiment. 
+ Work done under the auspices of the AEC. 


!W. Bothe, Z. Naturforsch. 1, 179 (1946). 
2H. Slatis, Arkiv. Mat. Astron. Fysik 33A, No. 17 (1947) 


Gamma-Gamma Angular Correlation in Cd''‘ 
E. D. Kiema ano F, K. McGowan 
Oak Ridge National Laboratory, Oak Ridge, Tennessee 
(Received June 12, 1952) 


HE angular correlation of the gamma-rays emitted in cascade 

from the excited states of Cd! has been measured with the 
apparatus described previously.’ The source used was an aqueous 
solution of InCl; in a Lucite container, and the gamma-rays were 
detected with sodium iodide crystals 1} inches in diameter and 1 
inch long at a distance of 10 centimeters from the source. The 
data were taken at increments of 10° from 90? to 160°, and each 
detector was set on integral at the lower edge of the photo peak 
due to the 548-kev gamma-ray. Under these conditions the effect 
of the annihilation radiation is to raise the coincidence rate at 
180° by 40 percent. A total of 100,000 coincidence counts was 
observed 

The data were fitted by least squares to an expansion in terms 
of Legendre polynomials. The correlation is given by W(@)=1 

+-0.111P2(cos@) +0.023P,(cosé) or W(@)=1+0.084 cos*é+0.106 
<cos'#, in which the angular resolution of the apparatus has 
been taken into account 

The above correlation is consistent with a spin assignment of 
0-2-2 for the ground state and the two excited states of Cd", re 
spectively. The first gamma-ray of the cascade is a mixture of 97 
percent magnetic dipole and 3 percent electric quadrupole radia 
tion with the electric and magnetic components in phase. 

The intensity of the crossover gamma-ray relative to the main 
cascade has been measured with a sodium iodide scintillation spec 
trometer and found to be about 6 percent. 

The correlation of the gamma-rays from Cd‘ has een meas 
ured previously by Steffen. He has repeated these measurements, 
and his new results are in agreement with those of the present 
work # 

1 McGowan, Klema, and Bell, Phys. Rev. 85, 152 (1952). 


2 Rolf M. Steffen, Phys. Rev. 83, 166 (1951). 
* Rolf M. Steffen, private communication 


Mechanical Properties of Thin Films of Silver* 
J. W. Beams, W. E. WALKER, AND H. S. Morton, Jr. 
University of Virginia, Charlottesville, Virginia 
(Received June 13, 1952) 


N the study of the mechanical properties of thin films it is 

important to apply the stress uniformly in order to prevent 
“tearing” or other forms of stress concentration. This is especially 
true in the determination of the tensile strength of thin metallic 
films or in the measurement of the adhesion of these films to other 
metals. One simple method of applying the stresses to such metallic 
films is to subject them to high centrifugal fields. The method 
previously described in detail! of spinning magnetically suspended 
rotors in a vacuum or in gases at various pressures is ideal for this 
kind of investigation because accurately known stresses can be 
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Fic. 1. Tensile strength as function of thickness 


applied uniformly and at almost any desired rate. Also the asable 
rotor speeds are limited only by the bursting strength of the rotors. 

In the experiments described here films of silver of uniform 
thickness were electro-deposited on small cylindrical steel rotors 
with rounded ends and the rotational speeds required to throw 
them off of the rotors were measured. The rotors were spun in a 
high vacuum. It can be shown that 


4? N°R%d=T+(AR/h), 


where N is the rotor speed in rps, R is the rotor radius, d the 
density of the deposited film, #4 the thickness of the film, T the 
tensile strength of the film, and A the adhesion. Consequently, 
by using rotors with different diameters and measuring the speeds 
at which the metallic films are thrown off of the rotor, it is possible 
to determine both the tensile strength 7 and the adhesion A. 

It will be observed that if the ratio of the rotor radius to the 
thickness of the film is large even a small adhesion A makes the 
last term overshadow the first. Consequently, we have employed 
comparatively small rotors for these experiments. Also, by using 
well-known procedures in the electro-plating process uniform films 
of silver could be deposited on the steel rotors, which had relatively 
small adhesion. Figure 1 shows a plot of the tensile strength T 
versus the thickness / of silver films deposited on steel rotors 
0.125 inch and 0.093 inch in diameter, respectively. It will be ob- 
served that the maximum tensile strength of the film is approxi- 
mately constant down to thicknesses of about 2X 10-5 inch, then 
markedly increases. For thicknesses greater than 210-5 inch 
the tensile strength is a little above the average of 18,200 lb/in.2 
given in the tables? for annealed silver wire while for the films 
2X 10-5 inch thick, the minimum tensile strength measured was 
104,000 Ib/in.?. For film thicknesses less than 2X 10-5 inch, the 
tensile strength continues to increase. 

It is well known’ that very small fibers of glass and of some 
metals have higher tensile strengths than the bulk materials. 
Also, extremely thin films of mica are known to be very strong.‘ 
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The data of Fig. 1 show that an increased tensile strength also 
occurs in thin films of silver. An explanation of this increased 
tensile strength may possibly be found in the greater ease with 
which the “dislocations” can move to the surface if the film is 
very thin. 

The values of the adhesion A obtained from the data were inde- 
pendently checked by electro-depositing the silver only on regions 
of the rotor surface small enough to eliminate the “hoop” strength 
and then by determining the rotor speeds at which they were 
thrown off. Although the data so far obtained are not conclusive, 
there is an indication that the adhesion of the silver film increases 
when the thickness is reduced below 10~§ inch. 

* Supported by the Navy Bureau of Ordnance. 

1 Beams, Young, and Moore, J. Appl. Phys. 17, 886 (1946). 

2 Metals Handbook, Am. Soc. Metals (1948). 


3A. A. Griffith, Trans. Roy. Soc (London) 221, 163 (1921). 
‘E. Orowan, Z. Physik 82, 235 (1933). 


Difference in Viscosity of Ortho- and 
Para-Hydrogen at Low Temperatures 
E, W. Becker AND O. STEHL 
Physics Institute, University of Marburg, Marburg, Lahn, Germany 
(Received June 6, 1952) 


HE cross section for the collision of two molecules depends, 
according to the quantum-mechanical theory of Massey 
and Mohr,! on whether or not the colliding particles are dis- 
tinguishable. In the case of Hz, Halpern and Gwathmey* have 
defined two molecules to be distinguishable if, having the same 
electronic and vibrational eigenfunctions, they differ in their 
rotational or nuclear spin eigenfunctions. Under these assumptions 
Halpern and Gwathmey calculated the difference in viscosity at 
low temperatures for normal hydrogen (25 percent p— H: content) 
and hydrogen with another composition. For normal hydrogen 
and pure para-hydrogen, e.g., they predicted a relative difference 
of the order of several percent at 70°K. The gas with the lower 
p—H: content is expected to have the larger viscosity. The au- 
thors believe that it is possible to confirm their theoretical re- 
sults from measurements of thermal conductivity made by Bon- 
hoefier, Harteck, and Farkas in a temperature region in which the 
rotational heat of the two modifications is still effective. 
We have compared the viscosity of normal hydrogen (»,) with 
that of hydrogen of variable p—Hy, content (y) using a bridge- 
arrangement. The results are given in Fig. 1. Our experimental 
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viscosity-difference has the sign opposite to that predicted by 
Halpern and Gwathmey in the entire range of temperature and 
composition under consideration. The amount is smaller by about 
a factor of ten. Details will be given in the Zeitschrift fiir Physik. 

1H. S. W. Massey and C. B. O, Mohr 


434 (1933). 
20. Halpern and E. Gwathmey, Phys. Rev. 52, 944 (1937). 


Proc. Roy. Soc. (London) Al4l, 


Some Data on the Elastic Scattering of 
18.3-Mev Protons* 


P. C. GuGELOT 
Palmer Physical Laboratory, Princeton University, Princeton, New Jersey 
(Received June 13, 1952) 


N attempt has been made to measure the absolute differential 

cross section for elastic scattering of 18.3-+0.1 Mev protons 
by Al, Fe, Ni, Cu, Ag, Sn and Pt. Burkig and Wright! have pre- 
viously obtained relative cross sections for 18.6-Mev protons on 
Al, Ni, Pd and W. 

The present scattering experiment was carried out in a 12-in. 
chamber which was constructed with exit ports at 30°, 60°, 90°, 
120°, 150° and 165° to the incident beam. A NaI(T1)-scintillation 
counter can be placed in front of these.* The solid angle is defined 


Tas_e I. Elastic scattering cross section in millibarns/sterad 


for 18.3-Mev protons. 


angle 30° 
187 +20 
310 +30 
390 +30 
480 +30 
1480 +100 
1800 +150 
4300 +300 
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by a ground hole of } in. in the glass reflector over the scintillator 
and its distance of 23.1 cm to the center of the chamber. A rotating 
and retractable foil holder also carries a fluorescent screen which 
enables one to align the chamber and to focus the beam. The beam 
spot is slightly over 1 cm wide and 3 mm high 

The protons are collected in a graphite Faraday cup which is 
connected with a polystyrene condenser on which the voltage 
is measured with a quadrant electrometer. 

To record the scattered protons a technique had to be employed 
which separated the elastic line from the inelastic scattering. This 
was done by measuring the high energy end of the pulse spectrum 
with a ten-channel discriminator. The channel width was 2 volts 
and the maximum pulse height 80 volts. At 30° inelastic scattering 
is negligible relative to the elastic scattering. Hence, the shape of 
the measured 30° elastic peak was used to correct the large angle 
curves of which the shape is distorted by inelastic scattering. It is, 
of course, possible to separate the elastic scattering only so long 
as the low lying levels and the ground state have a separation 
comparable to or larger than the resolving power of the detector 
The 30° peak had a width at half-maximum between 3 and 5 per- 
cent for different detectors. 

The results of these measurements are presented in Tables I 
and II. For Al and Pt, measurements were also carried out with the 
energy of the protons reduced to 15.54+0.2 Mev. 


TaBLe II. Elastic scattering cross section in millibarns/sterad 


for 15.5-Mev protons 


30° 60° 


150° 


Al 225420 37.844 10.5 +1 
Pt 72004500 325 +20 65 +5 


9621 
9.5 +0.6 











LETTERS TO 


| 
3c 
da 


4 Proton energy '8.3 Mev 
4 Proton energy (5.5 Mev 


4 Burkig and Wright 
( normolized ot 25°) 


| 
mborns / sterad 


1000 
—— One porticle model 
LeLevier ond Soxon 


--— Boundory condition model 
(some outhors) 





re 4. — 


60 80 86100 





4 4 Be 
120 140 160 Bom 
»s8 section for the elastic scattering of protons by Al 


The errors were estimated on the basis of the fluctuations of the 
different measurements and of the following uncertainties. For 
the small angles the cross sections vary rapidly with the angle, 
and a misalignment of the beam spot of 0.5 cm causes a change in 
the measured cross section by as much as 17 percent. Such changes 
in alignment may occur because of fluctuations in the operation of 
the cyclotron. At the larger angles of observation the subtraction 
of the inelastic scattering introduces an uncertainty. Both effects 
are several times larger than the statistical error. 
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Figure 1 represents the scattering cross section for Al. The 
measurements of Burkig and Wright are shown on the same graph. 
These are normalized at 25° on the cross-section curve calculated 
by Le Levier and Saxon’ on the basis of a complex potential. 
These authors also calculate the scattering cross-section on the 
basis of a boundary condition model proposed by Feshbach 
and Weisskopf* as shown in Fig. 1. 

The scattering cross sections of the medium heavy and heavy 
elements are difficult to analyze at the present since Coulomb wave 
functions up to L=10 have to be employed. Figure 2 shows the 
results obtained for the heavy elements 

The following results can be deduced from these measurements. 
The back scattering cross sections seem to be little dependent on 
the size of the scattering nucleus; their values being of the order of 
3 millibarns/sterad for 18-Mev protons. 

If the incoherent scattering leading to the ground state is as 
intense as the inelastic scattering leading to neighboring excited 
states, then the fraction of the incoherent scattering compared to 
the diffraction scattering may be as much as 30 percent for Cu 
and 5 percent for Pt for a scattering angle of 165°. 

Another feature of the backward elastic scattering is its energy 
dependence. Britten® obtained a cross section of 0.6+0.1 milli- 
barns/sterad for the elastic scattering of 31.5-Mev protons by Al 
at 161°. Comparing this value with the Al cross sections at the 
same angle for protons of 15.5 Mev and 18.3 Mev, one finds that 
the 161°-scattering cross section is inversely proportional to the 
third power of the proton energy. The same energy dependence is 
obtained by comparing the 155° Pb cross section for 31.5-Mev 
protons (0.80.2 milli-barns/sterad’) with the 155° cross sections 


of 15.5-Mev and 18.3-Mev protons on Pt. 
* This work has been supported by the AEC and the Higgins Scientific 
Trust Func 
1J. W. Burkig and B. T. Wright, P} 
Likely and W. Franzen 
. E. Le Levier and D 
Feshbach and V 
R. Britten, Ph.D 
nical Report N YO-971 


Copper as an Acceptor Element in Germanium 

FULLER AND J. D. STRUTHERS 

Bell Telephone Laboratories, Murray Hill, Neu 
Received June 11, 1952 
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HE experimental results reported below strongly suggest 

that copper is a surface impurity responsible for the familiar 
“thermal conversion” of germanium 
the solid solubilities of thermal acceptors’ and their diffusion rate 


In a previous publication,? 


in germanium were given. In the present work, the solid solubility 
and the diffusion constant of copper have been determined with 
radioactivet Cu™. The data for the thermal acceptor and for 
copper agree within the limit of error of the experiments 

The specimens (1.0 0.50.15 cm) cut from 9.6 ohm cm single 
crystal® germanium were treated by wetting the surface with 0.1 
percent radioactive copper nitrate solution for two minutes. In 
one set of experiments, (Fig. 1) only one of the 1.00.5 cm faces 
was so treated on each of two specimens. Both specimens were 
heated together in helium at 1 atmos at a mean effective tempera 
ture® of 825°C for two minutes and rapidly quenched. One speci- 
men (A) was analyzed for copper as a function of distance from the 
treated surface by recording the activity of grindings from succes- 
sive layers. The other (B) was sectioned perpendicular to the 
treated surface so as to provide a prism, 0.25X0.125X0.15 cm. 
The 
lated from the incremental change in resistivity of the prism which 
was rendered p-type by the heat treatment. These data are plotted 
in Fig. 1, curves A and B, respective ly. It is evident from the slopes 
of the two curves that the diffusion rates are identical within ex- 
perimental error, the average value of the diffusion constant, 
1.3 10 cm? per second is lower than, but in reasonable agree- 


variation of acceptor’ concentration with distance was calcu- 
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Fic. 1. Concentration versus distance for copper nuclei (A) and thermal 
acceptors (B) in germanium (heated two minutes at 825°C) 


ment with the value at 825°C calculated from D=0.02 exp( — 12000, 
RT), which has been found to apply approximately to thermal ac- 
ceptor diffusion.? 

In another set of experiments, six of the germanium specimens 
were immersed in the radioactive copper nitrate solution for two 
minutes and heated in helium at 1 atmosphere at temperatures 
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of 654, 712, 765, 812, 868, and 919°C for 16 hours, 1 hour, 1 hour, 
50 minutes, 40 minutes, and 30 minutes, respectively. These times 
were sufficient to ensure that the specimens were within at least 
5 percent of saturation. Resistivities were determined after re- 
moval of excess copper from the surfaces and the copper concentra- 
tions then measured by crushing the entire specimens and count- 
ing the radioactivity. The results plotted in Fig. 2 are the same 
within the limit of error and the uncertainty in the value of the 
mobility.? Deviations from the theoretical diffusion curves at 
low concentrations may be due to diffusion from the rear surfaces. 

Heat treatments at 500°C have been carried out on p-type 
germanium (originally 13.5 ohm-cm n-types) which had been 
saturated with Cu at 924°C. After 18 and 48 hours the copper 
concentrations (on separate specimens) were 3.0 10'* and 1.4 
X<10'* respectively compared with the original 3.0X10'*. The 
500°C specimens showed high surface activities indicating that 
some copper had come to the surface. The 18-hour specimen was 
still partly p-type, whereas the 48-hour specimen had an n-type 
resistivity of 20 ohm cm. Thus, most of the copper remained in the 
crystal even though it returned to nearly its original resistivity. 
This indicates that the copper is no longer in solid solution after 
annealing, but has precipitated as a separate phase. 

Experiments on silicon at 1100°C show that copper diffuses into 
it at a rate comparable to that found for germanium and that an 
increase in hole conductivity occurs. As yet, no direct correlation 
of the numbers of copper atoms with the number of added holes 
has been made. 

The authors wish to acknowledge useful comments by J. A. 
Burton, and assistance of Miss Katherine Wolfstirn and J. A. 
Ditzenberger. 

1H. C. Theuerer and J. H. Scaff, J. Metals 191, 59 (1951). 

2 Fuller, Theuerer, and Van Roosbroeck, Phys. Rev. 85, 678 (1952). 

+ Assuming one conducting hole per acceptor. 

‘ Prepared at Brookhaven National Laboratory, Upton, New York. 

8G. K. Teal and J. B. Little, Phys. Rev. 78, 647 (1950). 

* Calculated according to J. L. Ham, Trans. Am. Soc. Metals 31, 849 

4 
eR Haynes and W. Shockley [Phys. Rev. 81. 835 (1951)] give values 
of 3600 and 1700 cm?/volt-sec tor electrons and holes respectively. W 


have applied corrections for the variation with resistivity supplied by 
G. L. Pearson and P. P. Debye of these Laboratories. 


Impurity Effects in the Thermal Conversion 
of Germanium 
W. P. SiticnTerR AND E. D. Kois 


Bell Telephone Laboratories, Murray Hill, New Jersey 
(Received June 11, 1952) 


T was shown by Theuerer and Scaff' that polycrystalline n-type 

germanium is converted to or toward p-type when heated for a 
few minutes above about 600°C, and the process is reversed when 
the material is heated for about 24 hours at 500°C. Theuerer, 
Fuller, and Slichter*® have found that the same effects occur with 
single-crystal germanium, except that the original resistivity is 
restored only after several days of heating at 500°C. It might be 
expected, then, that with the high temperatures encountered in 
the crystal-growing process of Teal and Little,’ there would be an 
appreciable and variable concentration of thermally-induced 
acceptors. The present studies, however, have revealed no thermal 
acceptors as a consequence of the growing process and have shown 
that conversion may be associated with the presence of impurities 
on the germanium surface prior to heating. 

In these experiments, a crystal of very high purity germanium 
(resistivity >45 ohm-cm) was partly grown (in hydrogen), and 
then the growth was halted, keeping the crystal in contact with the 
hot melt for a prolonged period (in one case an hour, in another, 
2 hours). The growth was then resumed and completed in about 
ten minutes. A study of the resistivity throughout the length of the 
crystal showed no detectable difference between the first portion, 
which had undergone prolonged heating, and the second, which 
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Tas_e I. The concentration of copper atoms and holes in 


germanium containing radioactive copper. 





Holes 
per cc 


1.7 X1045 . 
8.8 X10" 1.0 
3.9 X10" 


Cu atoms 


per cc Cu/holes 





2.0 X1015 
9.0 X10" 
3.6 X10" 





had been hot only briefly. The material was all n-type, according 
to measurements of the thermal emf. 

In another experiment the crystal was grown to the halfway 
point, and was removed from the crystal growing machine. The 
partly-grown crystal was immersed briefly in pure water (doubly 
distilled in Pyrex), which was allowed to evaporate from the 
surface of the germanium. The crystal was then returned to the 
machine and was held in contact with the melt for 30 minutes, 
whereupon the growth was resumed as above. Again there was no 
evidence of conversion. Nor was there any conversion in a similar 
experiment in which the partly-grown crystal was exposed to the 
air for 15 hours, instead of being immersed in pure water. 

Fuller had observed? that conversion occurred when copper salts 
were present on the surface of a cut and lapped germanium wafer 
prior to heating. Hence the present experiment on an uncut crystal 
was performed using a dilute solution of copper sulfate (0.001 
atomic percent) in pure water, followed as before by heating for 30 
minutes in contact with the melt. Extensive conversion, with 
resistivity as low as 4 ohm-cm along the growth axis, occurred in 
that part of the crystal which had been heated, but no conversion 
occurred in the part subsequently grown. It was found that for 
sufficiently dilute copper sulfate solutions (somewhat more dilute 
than 0.001 atomic percent), the degree of conversion depended 
upon the concentration of the solution and the time that the 
crystal was immersed. This suggests that a surface reaction with 
the germanium is a necessary step in conversion. 

In a similar experiment, using a solution containing the radio- 
active isotope Cu“, copper was found to have entered the germa- 
nium, Tracer measurements of the copper concentration, per- 
formed by Struthers, and resistivity measurements indicate the 
following relation between copper concentration and hole concen- 
tration in three specimens from the same crystal,‘ (Table I). 

The calculation of hole concentrations from resistivity measure 
ments involved use of the value 1700 cm*/volt-sec for the hole 
mobility. The aggregate experimental error was probably about 
30 percent 

These results, together with the studies by Fuller and Struthers® 
on the diffusion of copper, are in keeping with the proposition 
that thermal conversion may be associated with the rapid diffu- 
sion of copper into the germanium. 


1H. C, Theuerer and J. H. Scaff, J. Metals 191, 59 (1951) 


? Unpublished studie 

1G, K Teal and J B Little, Phys. Rev. 78, 647 (1950). 

‘Similar values for the ratio of copper concentration to hole concentra 
tion have been found by J. A — in germanium crystals grown from a 
me y containing radioactive copy 


S. Fuller and J. D Bicadiata Phys. Rev. 87, 526 (1952). 


Decay Scheme of »,Sc* 
DikTeR KURATH 
Argonne National Laboratory, Chicago, Illinois 
(Received June 6, 1952) 


HE decay scheme of 2:Sc* is of interest because in the 

jj-coupling shell model this nucleus is a particularly simpie 
configuration. It represents the coupling of a single 1/72 proton 
with a single 1/7/2 neutron-hole. Calculations with product wave 
functions and static central-force interactions between nucleons 
indicate that in such cases the ground state has a spin that is 
either the maximum possible or one unit less than this.' Maximum 
spin, /=j,+ Js, results from use of an infinite range spatial de- 
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pendence in the interaction, while the use of a delta-function range 
dependence gives 1=j,+j2—1. The competing levels will cross 
somewhere between these limits, the indication from the measured 
spins of the analogous cases :7Cl** and :sK* being that the delta- 
function result is more likely. 

Therefore the spin of Sc* is expected to be 6 or possibly 7, 
which is also in agreement with the prediction of Nordheim’s 
rules? for odd-odd nuclei. The decay scheme of Sc* shows an 
allowed beta decay (log ft~5.4) followed by two gammas in cas- 
cade as in Fig. 1. The spin assignments of the levels of Ti* are 
probably the same as in the isotope Ti*® where gamma-gamma 
correlation’ is consistent with the assignments /=0, 2, 4. There- 
fore, the fact that the beta-decay is allowed is not consistent with 
the assignment of 6 (or 7) for the spin of Sc**. 

However, recent measurements‘ of the masses of Ca* and Ti* 
give a difference in mass of 4.29+0.15 Mev, which means that if the 
decay scheme of Sc** is correct, Ca** should be unstable to negative 
beta decay to Sc“ with an energy of 1.35+-0.2 Mev as indicated in 
Fig. 1. This fact has been pointed out recently,® and a search for 
this beta-activity led to negative results with a lower limit of 
2 10"* years for the lifetime. From calculation and comparison 
with the similar isotopes 2,Sc and 2:Sc** which have low-lying 
isomeric states, one would expect that Sc** has an excited state of 
low spin, to which Ca* could readily decay, within 0.5 Mev of the 
ground state. The fact that no activity is found even though 1.35 
Mev is available is puzzling. 

If, on the other hand, there were another gamma-ray of suffi- 
cient energy present in cascade with the known gammas in the 
decay scheme of Sc**, the situation could be understood. For then 
the spin of 6 (or 7) would not be inconsistent with the allowed beta 
followed by three gammas; and simultaneously there would be 
very little energy left for the decay involving Ca‘, as a result of 
which the large spin change present would lead to such a long life- 
time that observation would be extremely difficult 
Phys. Rev. 87, 218 (1952) 

?L. W. Nordheim, Revs. Modern Phys. 23, 322 (1951) 

>. L. Brady and M. Deutsch, Phys. Rev. 74, 1541 (1948). 

‘ Collins, Nier, and Johnson, Jr., Phys. Rev. 84, 717 (1951); 


aig! f be published. 
sj. Jones and T. P. 85, 941 (1952) 


1D. Kurath, 


also further 


Kohman, Phys. Rev 


Gamma-Rays from Sc* 
BERNARD HAMERMESH, VIRGINIA HUMMEL, LEONARD GOODMAN, 
AND DONALD ENGELKEMEIR 
Argonne National Laboratory, Chicago Illinois 
(Received June 6, 1952) 


S indicated in the preceding Letter,' the question of a missing 
amount of energy (1—1.5 Mev) in the Ca‘, Sc’, and Ti 
masses and decay schemes may be resolved by finding a beta 
process in Ca* or by finding a third gamina-ray in the Sc scheme. 
We have looked for and found the latter 
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Fic. 1. Pulse-height distribution from Sc*, 


A thin disk of titanium metal was bombarded with 14-Mev 
neutrons from a D—T source. The sample was then studied with 
a Nal(T!) crystal spectrometer having a twenty channel pulse 
height discriminator. The decay was followed for several days. 
After sufficient time had elapsed for the 3-hour Ti* to decay, the 
pulse height distribution due to the 44-hour activity was obtained. 
The figure shows the result. This curve was studied over a period 
of a few days so as to confirm the above half-life. No other peaks 
associated with a 44-hour half-life were found in the energy range 
20 kev—10 Mev. 

The three peaks shown in the figures are located at 1.33 Mev, 
0.980 Mev, and 0.695 Mev. The first two are due to previously 
known lines. The third is due to the high energy end of the 
Compton electrons in Nal arising from the 0.980-Mev line. 

If the peak heights at 0.980 and 1.33 Mev are compared, it is 
found that the lower energy peak is much too high for the two 
lines to be in the intensity ratio 1:1. We therefore assumed that a 
third cascading gamma-ray of nearly the same energy as the 0.980 
line was present and proceeded to see if the true intensity ratio 
was 2:1. 

There are several problems to be faced in making such intensity 
comparisons. For example, the Compton distribution due to the 
1.33-Mev line is located in the region of 1 Mev and must be sub- 
tracted. In addition and more important, the full energy peaks due 
to gamma-rays of the energies with which we are dealing are 
caused by two effects. First is the photoelectric effect in the crystal 
and second is the “double process.” The latter occurs when a 
Compton scattering is followed by absorption of the degraded 
photon. In order to take account of the above difficulties, the 
following auxiliary experiments were carried out. 

The ratio of the height of the peak due to the upper end of the 
Compton distribution to the peak height for full energy absorp- 
tion was determined experimentally for the 1.08-Mev line from 
Rb** and for the 1.38-Mev line from Na™. These energies were 
considered to be close enough to the Sc* lines so that the results 
found could be applied to Sc“. Using the observed ratios and 
integrating the differential Klein-Nishina formula (expressed as a 
function of electron energy) over the energy range corresponding 
to the window width used, it was possible to determine to true 


‘Intensity ratio at 0.980 to 1.33 for the data given in Fig. 1. The 
result is 2 to within 20 percent. 

As a further and more direct check on the question of two or 
three gamma-rays in Sc‘, a coincidence scintillation gamma-ray 
spectrometer was used. The ratio of double coincidences to singles 
was determined for Co® (1.17- and 1.33-Mev gamma-rays). The 
circuits were biased so as to cut out all pulses corresponding to less 
than 500-kev gamma-rays. The titanium bombardment was then 
repeated and the Sc“ was studied in the coincidence spectrometer. 
The double coincidence to single rate was found to be 2.1+0.4 
times the Co® result. This means that not only is there a third 
gamma-ray in Sc**, but the energies of all three lines are not too 
different from the Co® gamma-ray energies. 


1 Dieter Kurath, preceding letter [Phys. Rev. 87, 528 (1952)]. 


Charge Transfer for Protons in Helium* 
R. H. GARSTANG 
Yerkes Observatory, University of Chicago, Williams Bay, Wisconsin 
(Received June 11, 1952) 


HE total cross section for the capture of an electron from a 

helium atom in the ground state by low velocity protons 
was calculated by Massey and Smith! for the case when the cap- 
ture takes place into the ground state of the hydrogen atom. One 
of the main results of their work was to demonstrate theoretically 
the existence of an activation energy (the incident proton energy 
below which the cross section is negligible) many times the mini 
mum possible energy for the process. In view of the increasing 
interest in proton collision processes it seemed worth while to 
examine capture from helium into a higher state of the hydrogen 
atom. For this purpose the 2s state was selected. The method used, 
that of “perturbed stationary states,” was described by Massey 
and Smith.' The same initial wave function was used, together 
with an appropriately modified final wave function incorporating 
the hydrogenic 2s function. The calculations follow Massey and 
Smith very closely.? 

The final results are shown in Fig. 1. Our method is only valid 
for slow protons. Although the maximum of the curve occurs be- 
yond the region of validity of our calculations it seems safe to 
conclude that the cross section is much smaller for capture into 
the hydrogen 2s state than into the 1s state (for which Massey 
and Smith obtained Q=0.2a? at E=300 ev and for which an 
experimental maximum of 4xa¢@ has been measured).? The activa- 
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Fic. 1. Cross section for the capture of electrons from 
helium into the 2s state of hydrogen. 


Be ate TEA sn AER LOSERS 











530 LETTERS TO 


tion energy of about 800 volts for the 2s state is about 8 times that 
for the 1s state. Owing to the assumptions and numerical approxi- 
mations made in the calculations we can only rely on the order of 
magnitude of this result, which is consistent with the earlier 
theoretical conclusion that the activation energy is proportional 
to the square of the minimum possible energy for the process. 

* The research reported in this letter has been sponsored by the Geo 
physics Research Division of the Air Force Cambridge Research Center, 
Air Research at Jevelopment Command. 

1H. S. W. Massey and R. A. Smith, Proc. Roy. Soc. (London) A142, 142 
(1933). See also N Mott and H. S. W. Massey, Theory of Atomic Colli 
stons (Clarendon Press, Oxford, 1949), second edition, p. 153 

2A number of misprints were found in reference 1. Further, we do not 
agree with their evaluation of the integral Js. It is unlikely that the order 


ot magnitude of their results will be seriously in error. 
+ J. P. Keene, Phil. Mag. 40, 369 (1949). 


Azimuthal Variation of Cosmic Radiation for 
Zenith Angle 40° at 2»=19 N 
B. BHowMIK AND G. S. Bajwa 


University of Delhi, Delhi, India 
(Received June 17, 1952) 


HE study of the azimuthal variation of cosmic-ray intensity 
provides an excellent method of determining the charge 
and energy spectra of primary cosmic rays. The azimuthal effect 
has been measured at Delhi with four identical triple coincidence 
telescopes of angular resolution 10°X 20°. Each telescope consists 


| 

















THEORETICAL - 
EXPERIMENTAL—— 


COUNTS PER HOUR 








MINIMUM ENERGY (STORMER) 


a 
S 


=o 


360 
N 








780 270 
$s Ww 
AZ/MUTH 


ray intensity at different azimuths. Solid line: experi~ 
A19 N, s=40°. Vertical stroke indicates probable error 
imum energy of arrival in Stérmer units at A20 N, s =40°- 


of three trays each having a sensitive area of 100 sq cm. All the 
counters used are of the external cathode type, owing to Maze.! 
Lead filters of 10 cm thickness are used in every telescope to 
eliminate the soft component. The four telescopes are mounted 
on four sides of a rectangular wooden platform which in turn is 
fixed on a rotating shaft. The telescopes are kept at 40° zenith 
angle, the azimuthal angle of the cone of the telescope being 10°. 
This particular zenith angle was chosen because the east-west 
asymmetry was found to be a maximum at 40° zenith angle by 
Bhowmik? and Bajwa. 

The results obtained from observations recorded during the 
period December, 1951-April, 1952 are reported here. The mean 
curve of the four telescopes is given in Fig. 1, which shows a com 
paratively sharp minimum in the east and a broad maximum in 
the west. The azimuthal effect neglecting penumbra has been dis- 
cussed by Lemaitre and Vallarta. The dotted line has been com 
puted from their work and shows the minimum energy required 
to break through the earth’s magnetic field in a particular direc 
tion. The general nature of the variation is strikingly similar to 
the experimental curve. The east-west difference, instead of being 
maximum along the magnetic east west as predicated by the simple 
Stérmer theory, is maximum along the 75°-255° line in accordance 
with predictions of Lemaitre and Vallarta 
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TABLE I. Azimuthal variation. 
A}=20N 2=40 
E (a, 2 I(a, 2) 

Azimuth (a@ Milli-Stérmer counts per hour 
0.446 
0.448 
0.449 
0.450 
0.447 
0.444 
0.446 
0.449 
0.448 
0.449 
0.449 
0.449 


0.448 


N  o° 17.65 
30 16.90 
60° § 16.35 
90° 16.25 
120 17.00 
150 17.40 
180 18.60 
210 18.90 
240° 19.15 
J 270° 19.00 
300 18.55 
330° 18.11 

Mean 


The azimuthal variation is remarkably smooth in the eastern 
sky, while in the western azimuth there are quite a few humps 
which are due to the penumbral effect. According to Hutner,‘ the 
penumbral effect is confined to the western azimuth, particularly 
to the north-west quadrant for positively charged primaries in the 
northern hemisphere, while for negatively charged particles the 
pattern is mirror-imaged along the magnetic meridian. The ab- 
sence of humps in the eastern azimuth, neglecting the one oscilla- 
tion at 30°, will necessarily mean that all the primary cosmic rays 
are positively charged. At least the negatively charged particles 
are quite few in number or their secondaries do not reach sea level. 

The primary energy spectrum has been assumed to be F(E)dE 
= (K/E*)dE and the exponent has been computed from the present 
work as shown in Table I. If E(a, 2) is the minimum energy of 
arrival in Stérmers in a given direction a, z, and J(a, 2) is the ob- 
served intensity, then 
(K/E)dE=—K/[(c—1)E™ (a, 2) J. 


I = 
(a, 8) E(a, 2) 


The constant K has been evaluated from three pairs of points 
and the mean value of K thus found has been used in calculating 
(c—1) in Table I. The exponent c=1.45 is in excellent agreement 
with Vallarta’s® value. 

In Fig. 2 the theoretical predicted intensity at \=20 N and 
z= 60° for the energy spectrum K/E** in conventional units is com- 
pared with the experimental curve at A\=19 N and z=40°. The 
general agreement is encouraging. The penumbral method of 
working out the energy spectrum is much more sensitive com- 
pared to the method used in Table I. But the penumbral method 
cannot be fully exploited with the present accuracy of the observa 
tions. Further work is in progress. 

The authors are greatly indebted to Professor P. Auger for 
some valuable discussions regarding the technique of construction 
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of external cathode counters during his visit to India. It is a 
pleasure to record our thanks to Professor R. C. Majumdar for 
his kind interest in the work. One of us (G.S.B.) is indebted to 
the AEC for the research fellowship granted to him. 

1 R. Maze, J. phys. et radium 7, 165 (1946). 

? B. Bhowmik and G. S. Bajwa, Indian. J. Phys. 25, 561 (1951). 

4G, Lemaitre and M. S. Vallarta, Phys. Rev. 50, 496 (1936). 


*R. Albagli Hutner, Phys. Rev. 55, 614 (1939). 
§ Vallarta, Perusquia, and De Oyarzabal, Phys. Rev. 71, 393 (1947). 


A Narrow Angle Pair of Particles Produced 
in Hydrogen* 
A. B. Weaver, Eart A. Lonc,t AND MARCEL SCHEIN 
Department of Physics, University of Chicago, Chicago, Illinois 
(Received June 16, 1952) 


COUNTER-controlled cloud chamber! has been used to 
study penetrating showers and other energetic events pro- 
duced by cosmic-ray particles in various materials, including liquid 
hydrogen, at sea level. The dewar containing the hydrogen was 
cylindrical, with an inside diameter of 15.2 cm and an inside height 
of 100 cm. The evaporation rate was such that the column of 
hydrogen was over 3 g/cm? (43 cm) for about 25 hours after a 
filling. 
Figure 1 is a drawing of an unusual event which occurred in the 
liquid hydrogen. Tracks A and B trace to a point in the hydrogen 


4.5 st nn 
i cm above the visible part of the chamber. The stereo- 


scopic pictures of this event were analyzed by reprojecting in the 
original cameras and by graphical means, using a low power 
microscope on the negatives. Both methods agreed within the 
limits of experimental precision. 
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FRONT VIEW 


Fic. 1. Schematic drawing of a cloud-chamber event described in the 
text. The inner walls of the hydrogen dewar, the upper tray of counters, 
and the chamber are indicated. The rest of the counter control is omitted. 
The estimated accuracy in the location of the point of origin of the event is 
shown. An energetic é-ray is visible along the track A in the lower part of 
the cloud chamber. 
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All three tracks, A, B, and C, of Fig. 1 are at minimum ioniza- 
tion. Measurements on track A indicate very little scattering in 
the 2-cm Pb plate (about 0.3°). According to the theory of multi- 
ple scattering, this corresponds to a momentum of 6X 10° ev/c. 
Track C meets A at a point in the glass of the chamber and it can 
be interpreted as a knock-on electron stopping in the lead plate. 
If A is a x- or u-meson or a proton, a knock-on electron ejected at 
an angle of 10°, which is the angle between C and A, should have 
an energy of approximately 10’ ev. It would then be expected to 
stop in the lead plate 

The angle between tracks A and B is 4.3°+0.8°. B is scattered 
in the lead plate through a projected angle of 5.4°+0.2°. If this 
deviation should be due to small angle scattering in the 2 cm lead 
plate, it would indicate that B must carry a momentum of the 
order of 3X 108 ev/c, if it is a w- or ~-meson. A proton whose 
momentum was low enough to correspond to this angle of multiple 
scattering would be well above minimum ionization. If the devia- 
tion should represent nuclear scattering, however, track B could 
correspond to a proton of energy greater than 10° ev. The prob- 
ability that a proton will make a nuclear collision in 2 cm of lead 
is about 1 in 8. 

A and B cannot be an electron pair because of the high energy 
of A which is inconsistent with an angle of only 4.3° between the 
two tracks. This is confirmed by the fact that no secondaries are 
formed in the lead. 

The authors have found similar events at sea level under carbon 
and lead. In cloud-chamber pictures taken underground George? 
and Braddick ef al.* found a number of pairs of penetrating par 
ticles very similar in nature to the pair described here. They 
report a cross section of 5X 10~** cm?/nucleon if the initiating 
particle is a 4-meson, a value quite consistent with the observa 
tion of such an event in hydrogen during the operating time of 
this experiment. 

It is possible that some of the narrow pairs of penetrating par- 
ticles produced in beryllium observed by Chang ef al.* are of a 
similar nature. 

It is highly improbable that the event in hydrogen represents the 
single production of a {o-meson,® since the quoted Q-values would 
not agree with the observed angles and momenta. It is also im 
probable that the single production of a meson in a high energy 
nucleon-proton collision is responsible for the observed pair, 
A, B, because of the small angle between the two tracks. If the 
above described event in hydrogen is the same as that observed 
by George and by Braddick and collaborators underground, it 
is possible that this event is due to a nuclear interaction of a very 
high energy u-meson in which the u-meson produces other pene- 
trating particles. 

* Assisted by the joint program of the ONR and AEC. 

¢ Institute for the Study of Metals, University of Chicago, Chicago, 
Illinois. 

1 The chamber was actually located in a magnetic field of 9000 gauss; 
however, due to unfortunate circumstances in the room the magnetic field 
could only be used for a fraction of the total running time. 

2E. P. George (private communication). 

* Braddick, Nash, and Wolfendale, Phil. Mag. 42, 1277 (1951). 


4 Chang, del Castillo, and Grodzins, Phys. Rev. 84, 582 (1951). 
* Danysz, Lock, and Yekutieli, Nature 169, 364 (1952). 


Interaction of Pions Originating in 
Penetrating Showers* 
R. L. Coot anv O. Picctoni 
Brookhaven National Laboratory, U pton, New York 
(Received June 19, 1952) 


HE total interaction cross sections' of high energy pions 

with carbon, paraffin, and lead have been obtained in a 
study of the secondary particles emitted in the penetrating 
showers of cosmic radiation at 11,000 feet. The hodoscope of 196 
GM counters in Fig. 1 recorded the trajectories of the secondary 
particles generated in the penetrating showers in the C and Pb 
above the tray A. Coincidences (A A’‘CDE) selected the penetrat- 
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1. Penetrating shower detector and hodoscope 


ing shower to be recorded. Those secondaries which could clearly 
be followed to the absorber 2 were selected from the film. Almost 
all large air showers were eliminated by anticoincidence with a 
counter tray of 0.5 m*. 

The material (M) of Fig. 1 is a 5-in. block of iron, magnetized 
to a field B= 13,350 gauss. The deflection in M of 6263 secondaries 
was measured; the size and separation of the counters give an 
angular resolution of 1°. For the measurements reported below, 
we required the deflections in M be less than 6°. From the data, 
an energy spectrum (Fig. 2) can be computed, if these small de- 
flections are caused only by the field B and Coulomb scattering. 
Such an assumption is substantially confirmed by determining 
the scattering in a }-in. Pb plate where nuclear effects are small. 
Figure 3 shows that such scattering can be fitted within the errors 
by the spectrum of Fig. 2. The median energy of the spectrum is 
920 Mev. The increase in ionization losses as the energy decreases 
accounts for the maximum observed for particles below the iron. 
Above 1500 Mev, the data lead to a law S(E)dE « E-*5*02gF, 

The direction of the deflection in M gives the sign of the charge 
of the particle correctly with a 90 percent efficiency. Of the sec- 
ondaries, 40+1 percent are negative. These are almost certainly 
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3. Comparison of scattering data in 4” Pb with curve 
predicted from the spectrum of Fig. 2 


pions ;? thus some 80 percent of the secondaries are presumably 
pions. The cross sections have been separately evaluated for 
negative and positive particles and in no case is there a statistically 


significant difference. 

The contamination of muons among the secondaries has been 
evaluated by using large Pb absorbers (up to 900 g cm™). The 
result is that 13+3 percent are muons, which are assumed non- 
interacting. 

In the computation of the cross sections, the number of par- 
ticles observed to stop in the absorber 2 was reduced by the 
number stopped by ionization as deduced from the spectrum. 
This reduction was ~10 percent of the total effect in C; ~20 
percent in Pb. The number of nuclear scatterings less than 10° 
(projected angle) could not be obtained directly, but was held 
equal to the scatterings between 10° and 20°. This correction was 
~20 percent in C; ~5 percent in Pb. The background due to the 
material of the counters was measured with 2 =0 and subtracted. 
A number of knock-on-electron cases which correspond to 8 per- 
cent of the total effect were recognized as such and not included 
as nuclear events. 

The results are given in Table I. An independent measurement 
of the attenuation in 130 g cm™ of C in a “good geometry” ar- 
rangement (not shown) gives \(+)=80+8 g cm™, uncorrected 
for pions lost by ionization. This value and the values of Table I 
are smaller than 360+40 mb reported for 133 Mev,‘ and indicate 
a transparency of ~20 percent in carbon in the Bev range. The 
observed value in lead is consistent with the carbon value within 


1.5 times the statistical error. 

A measurement was also made in paraffin. For the pion-proton 
interaction (by paraffin-carbon difference), a distinction between 
o for elastic*plus"exchange scattering and o for production of 
mesons by pions can be made due to the large angular separation 
between scattered pion and recoil proton in the scattering process. 
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TABLE I. The total interaction cross sections in yaa  perellia, 
and lead for pions of median energy 920 Me 


Pb* 


Zin gem “ . 23.8 71 

A in gcm™ 77 + 208 +38 

@ in.mb ~ 34 1660 +300 
o/ Al arg 7 0.70 40.13 


Relative corrected numbers of events classified according to 
their appearance only 


Stop plus scattering >20° 
Interactions ; 
Scattering 0°-20° 


*ro=1.47 X10°" cm 


For the scattering greater than 10° (proj; lab), o(+)=10+10 
mb. The correction for pions and recoil protons scattered at pro 
jected angles <10° may amount to a factor 2 if one assumes 
o(6) « cos*(@) (in the c.m. system). Even though the error is un 
comfortably large, comparison with the value of 100 mb (average 
for + and —) observed at 135 Mev’ still appears significant, in- 
dicating that the elastic scattering decreases at large energies. 

The number of events attributed to production of mesons, again 
not of good statistical accuracy, seems to indicate that this proc- 
ess® occurs for pion-proton collisions of high energy ; the measured 
cross section is 13.5+6 mb. Also, such a process would best ex 
plain the observed occurrence in carbon and lead of visible inter 
actions within a restricted solid angle. A detailed account will be 
given later. 

* Research supported by the AEC. 

1A bibliography of recent work may be found in Reports on Progress 
in Fhysics, Vol. XIV (1951). 

20. Piccioni, Phys. Rev. 77, 1 (19. 

3 Compare U. Camerini et al., Put , 41, 413 (1950) 

4 Martin, Anderson, and Yodh, Phys. Rev. 85, 486 (1952) 

5 ae Fermi, Long, Martin, and Nagle, Phys. Rev. 85, 934 1962) 

ew. Lock and G. Yekutieli, Phil. Mag. 43, 246 (1952); W. 
Rosser pd M. W. Swift, Phil. Mag. 42, 856 (1951). 

7 Fernbach, Serber, and Taylor, Phys. Rev. 75, 1352 (1949) 


An Unusual Meson-Induced Star* 


W. F. Fryt anno J. J. Lorp 
Depariment of Physics, University of Chicago, Chicago, Illinois 
(Received June 16, 1952) 


N event which ‘s interpreted as a heavy meson-induced star 

has been observed in an Ilford G5 400-micron thick plate 
which had been exposed for ten hours above 90,000 feet by means 
of a “skyhook” balloon. About three pounds of water in metal 
containers were directly below the stack of plates. The plates were 
searched for r- and x-meson events. A total of 51 *—u decays, 
39 negative w-stars, and 211 mesons which stopped in the emul- 
sion without associated tracks other than electrons, the bulk of 
which are u-mesons, have been observed along with the unusual 
meson star. A projection drawing of the unusual meson star is 
shown in Fig. 1. The grain density along track 1 is the same, within 
statistical limits, as along minimum ionizing tracks in the plate. 
The track has been followed into the adjacent plate. However, the 
track is nearly perpendicular to the plane of the emulsion; there- 
fore careful scattering measurements were not made. The particle 
which produced the track was scattered at a point through an 
angle of about 2 degrees in the adjacent plate. Track 2 is 490 
microns long and goes into the glass backing of the plate. From 
the multiple scattering along track 2, the energy of the particle 
was found to be about 15 Mev. Since the grain density along the 
track is about 2 times higher than the grain density along mini- 
mum tracks, the track was most probably produced by a #-meson. 
If it is assumed that the track was produced by a proton, the grain 
density along the track would indicate that the proton had an 
energy of about 200 Mev which is in disagreement with the scatter- 
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Fic. 1. A projection-drawing of an event which is interpreted as a star 
due to the nuclear capture of a negative r- or «-meson. The large amount of 
scattering along track 4 near the star strongly indicates that the particle 
was going toward the star with a low velocity. A recoil or low energy elec 
tron track is indicated by the arrow 


ing measurements. Track 3 is about 200 microns long and ends in 
the emulsion and was produced by a proton or a deuteron. 

The multiple scattering was measured along track 4, using cells 
of 10 microns. The track is 330 microns long. The average scatter- 
ing along a 50-micron section of the track near thestar is more than 
4 times larger than the average scattering along the remainder of 
the track. The increase in the scattering near the star strongly 
indicates that the particle was traveling toward the star with a 
low velocity. The rapid increase in the multiple scattering in the 
last 50 microns of track length is to be expected from a considera- 
tion of the increase in the scattering parameter, 1/8 for a particle 
of mass 1000 m,. The particle which produced track 4 entered the 
emulsion from the glass backing and came from the direction of 
the material below the plates. The number of gaps along track 4 
has been measured and compared with the number of gaps in the 
neighborhood of the star along u-meson and proton tracks which 
had approximately the same range and which also made about the 
same angle with the plane of Gs emulsion. The results of the gap 
counting are shown in Fig. 2. The gap density is less along the 
portion of the track near the star. If the track is divided into two 
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Fic. 2. The total number of gaps up to the range R is plotted against 
the range R, starting at the end of the track. The number of gaps along 
track 4 is clearly inconsistent with the assumption that the track was 
produced by a #-meson. 
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parts, the half of the track near the star has 10 gaps while the 
other half of the track has 18 gaps. This variation in the gap 
density further indicates that the particle which produced the 
track traveled toward the star. Aside from the characteristics of 
the track itself, the observable energy release in the star cannot be 
explained if track 4 is assumed to be due to a slow negative 
x-meson. The gap density, 6-rays and multiple scattering along 
track 4 make it quite certain that the track was produced by a 
slow meson whose mass was less than that of a proton and which 
traveled toward the star; therefore, it seems probable that the 
meson was a negatively charged r- or x-meson, of which several 
examples of the positively charged mesons have been observed 
recently.'~* From the grain density and the point scattering along 
the track, it would seem reasonable to assume that track 1 is due 
to a w-meson with a kinetic energy of the order of the rest energy. 
Assuming that track 1 was produced by such a #-meson, track 2 by 
a m-meson and track 3 by a proton, the vector sum of the momen- 
tum of the charged particles from the star is 160 Mev/c, which cor- 
responds to the momentum of a neutron of about 11 Mev energy. 
The total kinetic energy of all the charged particles observed plus 
the rest energy of the two mesons is less than the rest energy of a 
r-meson or x-meson It is then concluded that the event is an ex- 
ample of the nuclear capture of a negative r- or x-meson where two 
mesons and one heavy particle are ejected plus one or more 
neutral particles and possibly a recoil or a low energy electron. 

The authors are grateful to Dr. M. Schein for his continued 
interest and for many helpful discussions. 

* Supp ute i by a joint program of the ONR and AEC, 
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Angular Distributions of the Be*+_D Neutronst 
J. S. Pruitt, S. S. Hanna, ano C. D. Swartz 
Department of Physics, Johns Hopkins University, Baltimore, Maryland 
(Received June 16, 1952) 


EUTRONS from Be*(d, 2)B’, B'°* were observed at six 

angles between 15° and 140°, by means of recoil proton 
tracks in 100-micron Ilford C-2 nuclear plates. A thin Be target 
(0.1 mg/cm*), supported by 1/64-inch copper backing, was bom- 
barded by 0.94-Mev deuterons focused on a target spot 1/8-inch 
in diameter. The nuclear plates were mounted 5 cm from the target 
inside a large paraffin-lined target chamber, with the target spot 
in the plane of each emulsion. 

Recoil proton tracks were measured under oil immersion (40X 
objective, N.A. 1.00), using acceptance criteria similar to those 
adopted by others.! Angular distributions obtained for five 
neutron groups are shown in Fig. 1. Using a standard range 
energy curve? the ground state Q was calculated to be 4.44 Mev, 
and excitation energies in B' for the other groups are 0.76, 1.78, 
2.22, and 3.68 Mev. It is estimated that these numbers are good 
+0.05 Mev, aside from possible errors in the range-energy rela- 
tion. The agreement with neutron data of Ajzenberg* and gamma- 
ray data of Rasmussen ef al.‘ is satisfactory. 

As shown in Fig. 1, each angular distribution shows some evi- 
dence for a forward peak, suggestive of the stripping process. In 
particular, the lowest energy neutron group (Z,=3.68 Mev) can 
be fitted remarkably well by a curve calculated from the theory 
of Butler® for /,=1. Curves for 1,=0 and 2 are included for com- 
parison. The effect of the low deuteron energy in broadening and 
separating the peaks corresponding to different values of /, is 
quite evident 

The other four distributions show an increasing yield in the 
backward quadrant, similar to distributions observed in the 
3e*(d, p)Be!®, Be'®* reaction.* At higher bombarding energies, 
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Fic. Angular distributions in the center-of-mass system of neutrons 
from Berd, n) B®, Bi%*, FE, =excitation energy of B!°. Dashed curve =strip- 
ping curve for the value of lp shown. Dash-dot curve =(1 —cos@). Solid 
curve =sum. 


departures from the theoretical stripping curves have generally 
been attributed to compound nucleus formation. At low bombard- 
ing energies, the compound nucleus undoubtedly plays an im- 
portant if not a predominant role. Accordingly, we have attempted 
to analyze the observed distributions into two parts: one at- 
tributed to the stripping process, the other to compound nucleus 
formation. In view of the uncertainties in the measurements and 
the fact that the theory used® does not take into account the 
Coulomb barrier, which is certainly important at low bombarding 
energy, we have not attempted a detailed analysis. A simple 
(1—cos@) curve added to the /,=1 stripping curve gives a reason- 
able fit to most of the data. (It should be mentioned that statistics 
were extremely poor for the group at E,=1.78 Mev.) Such a dis- 
tribution is typical of strong interference between waves of oppo- 
site parity and low angular momenta in the compound nucleus 
process. 

Diesendruck’ has made a similar analysis of the distribution of 
long-range protons from Be*(d, p)Be® for deuteron energies of 
1 to 3 Mev. The assignment of /=1 in these (d,m) and (d, p) 
reactions is confirmed by observations® at higher bombarding 
energies where the stripping process is well substantiated. This 
assignment fixes the parities of the final states as even, if Be? is 
odd, and limits the angular momenta to 0, 1, 2 or 3. 

Table I shows the relative “neutron weights” of the 5 states of 
B" from our thin target data. Also shown for comparison are the 
“gamma-ray weights” of the excited states from the thick target 
intensity data of Rasmussen‘ at Ez=1.2 Mev, assuming the level 
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Total, excited states 
0.00 (ground state) 


scheme suggested by Ajzenberg.’ In “A” the 410-kev gamma is 
assigned to a transition between the 2.22- and the 1.78-Mev states; 
in ‘“B” the 410-kev gamma is omitted from the scheme. The 
agreement is somewhat better under assumption “‘A.” 

t Assisted by a contract with the AEC. 
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Thermoluminescence and Changes of Color 
Centers in LiF 
J. SHARMA 


Khaira Laboratory of Physics, University College of Science, Calcutta, India 
(Received June 17, 1952) 


RINGSHEIM and Yuster' have reported that on warming 

LiF, x-rayed at low temperature the emission of a blue glow 
peak and disappearance of an absorption band, 3400A both take 
place at —135°C. They have observed that the x-rayed sample 
left at room temperature shows a blue color due to an absorption 
band at 6200A. In the course of time, this band gives place to an 
absorption band at 4450A. In the present work their observations 
with a single crystal have been confirmed by using powdered LiF 
colored with 10-kv cathode-rays at liquid oxygen temperature. 
The sample was prepared by double decomposition of LiCl 
(Merck) and NH,F in the laboratory. 

By employing a high? rate of heating, some new glow peaks have 
been recorded [continuous curve (a) ]; it is seen that the peak at 
— 135°C is not single but consists of two peaks at —142°C and 
— 130°C. If heating is not stopped at room temperature, a broad 
glow peak is given out at about 400°C, which to the naked eye ap- 
pears to be richer in light of longer wavelengths (yellow-red). The 
blue color of the sample changes now to yellowish-brown, obviously 
due to a shift of the absorption band. The sample then becomes red 
luminescent under blue light irradiation. Klick* has assumed this 
to be due to absorption at the M-band, but Pringsheim* has as- 
signed the red luminescence to the new band that develops from 
the 6200A band. The broken curve (b) of Fig. 1 shows the change 
in absorption centers taking place at about 400°C. To get it, 
LiF bombarded at room temperature was irradiated with faint 
blue light (tungsten lamp across glass filter transmitting shorter 
wavelengths than 5100A), and the scattered light was received by 
a photomultiplier tube. The sample was heated as in the thermo- 
luminescence experiment. The curve gives a measure of the 
scattered blue light at different temperatures. As heating is in- 
creased, the sample begins to give a faint glow peak at 400°C or 
so, and the amount of scattered blue light is now diminished. This 
shows increased absorption of blue light due to a shift of the 
original absorption band. 

The curve (c) shows similarly the appearance of red fluorescence 
at 400°C. A sample bombarded at liquid oxygen temperature was 
irradiated with blue light, and a photomultiplier (1P22) tube with 
red filter (transmitting between 6070A and the red end) in front 
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Fic. 1. The continuous curve (a) gives the thermoluminescence record 
of LiF excited with cathode rays at liquid oxygen temperature. The curve 
(b) gives a measure of the blue light scattered by LiF during heating of a 
sample colored at room temperature. The rise at 650°K in this curve indi 
cates the last thermopeak, and thereafter the slight fall of the smooth curve 
indicates creation of an absorption band in the blue region. The curve (c) 
gives a measure of red light received from the sample when it was irradiated 
with blue light. The rise in the curve at 650°K shows that the sample at 
this temperature becomes red luminescent under blue light. The curve (c) 
was recorded simultaneously with the curve (a) in the same run of thermo- 
lum inescence experiment 


of its cathode received scattered light from the sample, passing 
through the filter. The sample was heated, and a record of the red 
light from the sample was made. The rise in the curve shows that 
at this temperature the sample has become red luminescent under 
blue light excitation 

If the coloration of the sample is done at low temperature, this 
change to red luminescence takes place at 400°C, but if the 
coloration is done at room or higher temperature the transition 
temperature becomes still higher. 

During bombardment at low temperature the sample fluoresces 
blue under cathode-rays, but intense bombardment makes the 
sample red luminescent in a short time. Thus the red luminescence, 
which is excitable in the bombarded sample by blue light can also 
be developed to some extent, by intense bombardment at low tem- 
perature. Apparently this luminescent center is formed by an ag- 
gregate of primary centers. 

The author is thankful to Prof. S. N. Bose, Khaira Professor 
of Physics, Calcutta University, for his guidance and constant 
interest in the work. 

1 P. Pringsheim and P. Yuster, Phys. Rev. 78, 293 (1950) 

2 J. Sharma, Phys. Rev. 85, 692 (1952 

#C. C. Klick, Phys. Rev. 79, 894 (1950) 

‘See footnote 5 of reference 3. 


A Theory of Contact Nois2 


RicHarD L, Perritz 
U.S. Naval Ordnance Laboratory, White Oak, Maryland and 
Catholic University of America, Washington, D. C. 
(Received June 6, 1952) 


URRENT flow across a contact difference of potential such 
as exists in rectifiers and transistors is of the form: 
i= R(T, E, U) exp(—E/kT)[1—exp(—eU/kT)], (1) 
where E is the height of the energy barrier that exists because of 
the equalization of the Fermi levels of the two “materials” making 
up the contact (the “materials” may be of the same bulk nature 
as in a P—N junction in germanium), U is the applied potential, 
and R is a slowly varying function of T, E and U. 

The physical basis for the exponential dependence of the cur- 
rent on E is that the current is determined primarily by the num- 
ber of electrons in the “neighborhood” of the contact with thermal 
energy greater than E. This number is independent on the tem- 
perature of the lattice and electrons in the “neighborhood” of 
the contact. We will not in this note attempt to define the size of 
the “neighborhood” whose temperature determines the current 
flow except to say that it is certainly larger than the mean free 
path for electron-lattice scattering. 
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1. Power spectra of temperature fluctuations 


The theory of contact noise that we are proposing is based on 
the idea that temperature fluctuations in the “neighborhood” of 
the contact are the source of the contact noise. 

In order to illustrate this idea we consider a P—N junction in, 
say, germanium and assume that the “neighborhood”? whose 
temperature controls the current extends a distance / each side of 
the center of the junction. Later we use a weighting factor to 
decrease the influence of regions further away from the junction 
in a continuous manner. The assumption of a finite uniform “neigh- 
borhood” is considerably simpler to treat mathematically and 
illustrates the features of the theory. 

Considering a fluctuation AT in the temperature of the “neigh- 
borhood,” the current is: 

i= B((T)) exp{—E/[A(T)(1+AT7/(T)) ]}; (2) 
[we neglect in this note temperature fluctuation effects in 
BI RU1—exp(—eV/k(T)) }—they can be shown to be small 
compared to the effects in exp(— £/kT)]. 

Expanding the exponential we have: 

Ai=i—(i)=(i)EAT/(R(T)*). (3) 

We can write down the total fluctuations in the ¢urrent, using the 

general result that the temperature fluctuations of a body of 

thermal capacity C in contact with a heat reservoir are given by 
the expression :! 

(AT*)=R(T)?/C. (4) 

For our problem C=CyAl, where Cy is the specific heat of the 
material, and A is the cross-sectional area of the junction. Then: 

(Ai*) = (62 E*/(RA(TPCyAD). (5) 

This result is in qualitative agreement with certain character- 
istics of contact noise: (1) The noise power is proportional to the 
square of the average current, (2) the noise is not strongly tem- 
perature dependent, (3) point contact rectifiers and transistors 
are noiser than broad area devices. 

lo investigate the power spectrum of the noise we first find the 
correlation function of the current and then the power spectrum: 


Ai(O) Ai(t)) = [2 E2/ (R(T )*) (ATO) AT(O), 
Gi) =(GRX E/T) ISr(f), 
Sr( n=af- (cos2x ft) (AT (O)AT(d dl. (6) 


) 


The power spectrum of 7 is that of a diffusion mechanism since 
heat flow is basically a diffusion process. A one-dimensional heat 
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flow seems appropriate since heat flow to and from the “neigh- 
borhood”’ will occur primarily within the sample. 

The power spectrum of the one-dimensional diffusion mecha- 
nism has been obtained by McFarlane? and Miller® in regard to a 
theory of contact noise based on density fluctuations of ions near 
the contact. The corresponding expression for the power spectrum 
of the temperature fluctuations is: 


: - {1—exp(—-+!)[cosxi+sinx4]}, (7) 
CyAlxi 

where x= w/wo, w=2D/P, D=K/Cy, and K is the coefficient of 
heat flow. The spectrum is plotted in Fig. 1. 

An important characteristic of this theory is that the turnover 
frequency w» is not strongly temperature dependent. The param- 
eter / is involved in wo and also in the magnitude of the noise 
[Eq. (7)] making an internal check of the theory possible. 

Weighing the effect of a local temperature fluctuation AT(y) at 
a distance y from the center of the junction by an exponential 
factor exp(—y/h) the power spectrum is: 


R(T)? | 1 
ST(x)= . a 8 
T2(2) [ae x[1+2x+2x0)' ©) 


where x=w/wo, wo=2D/#, and we have used mathematical 
results of Miller. S72(x) and the characteristic 1/f spectrum of 
contact noise are plotted on Fig. 1 and examination shows that 
ST: approximates a 1// law within +3 db over nearly five decades. 

A more detailed account of this theory is under preparation 
for publication. 

Helpful discussions with Prof. Uhlenbeck and with Dr. W. W. 
Scanlon are gratefully acknowledged. 
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The Mass of a Photon 


L. S. Kornari 
Cavendish Laboratory, Cambridge, England 
(Received May 19, 1952) 


HE method, developed by Riesz, of solving the hyperbolic 

equation by the analytical continuation of an integral 
which is an analytic function of an arbitrary parameter a has been 
applied to different problems in electrodynamics by various au- 
thors.'~* Fremberg! uses a definition for the Riesz potential which 
is a generalization of the Maxwell potential in the a-plane. The 
equivalence of this definition and the \-limiting process has been 
established by Ma.® Auluck and Kothari‘ use a modified definition 
for the Riesz potential and have shown that it is a generalization 
of the Wentzel potential in the a-plane. The purpose of the present 
note is to show that in any problem the use of the modified defini- 
tion of Auluck and Kothari is equivalent to assuming a finite 
rest mass for the photon and finally letting it tend to zero. This 
method of assuming a finite rest mass for the photon has been 
widely used in present day electrodynamics to avoid certain infra- 
red divergences. There the rest mass is introduced arbitrarily. 
This unphysical assumption can, it seems, be justified by the fact 
that one would get the same results using consistently the ana- 
lytical continuation method. However, in any problem it is 
simpler to introduce the mass directly. 

We define the metric tensor gy, as goo=1, gu= gs=—1; 
&uvy=0(u+v). The velocity of light is taken as unity. The scalar 
product of two four-vectors A, and B, is denoted by [AB]. The 
(positive) length of the space part of A, is written as | A|. 

The Riesz potential at any point x due to a point electron mov- 
ing with a velocity 3, is defined as [Eqs. (5) and (11) of I] 


A, (x) =H(a)e afi" k**sin[k, x—2']0,'dthdr’, (1) 
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r is the proper time of the electron, and the domain of integra 
tion, D, is [kk] 20, ko>O. It can be shown that A,“(x) satisfies 
the following relations 
(JA y2(x) = Ay***(x), 
0A ,° (x) /Oxy= —eD*(x—2), 
where 
D%(x)=H(a) f k*? sin[h, x d'h 
, 


Now consider the function 


D*(x) =Ha)f k®? sin[ kx d'k. 


Changing the variables of integration form ko, ki, 2, ks to k, Ri, Re, 
ks, where k= (ko?— | k!?)4 and integrating over ki, ke, ks we have® 
. 1 aU) 

D%(x)=H(a) fk) M(x) +-— —— vd, 

v0 xic 


yIxi 
A(x) =(1/|x|){6(ao— |x|) —8(x0+ | x!)}, (Sa) 


Jo{k(x?—|x|*)4} for x> |x|, 
0 for |x| >x>—|: (5b) 
—Jo{k(xi—|x!*)4} for r<—|x}. 


Thus from (5) we see that so far as the variation of D*(x) with 
respect to x is concerned, it behaves like a D-function for a par- 
ticle of mass &. On analytically continuing D*%(x) to a=0, it re 
duces to 

D(x) = A(x), 


i.e., the effect of analytically continuing D*(x) to a=0 is to let k 
tend to zero. 

This shows that the Riesz potential A,*(x) defined by (1) 
refers to an infinite number of particles of different masses k& 
Only k=0 remains when A,*(x) is analytically continued to a=0. 

I would like to express my thanks to Mr. J. Hamilton for his 
interest in the work. I am also thankful to the Atomic Energy 
Commission of the Government of India for the award of a 
scholarship. 

N. F. Fremberg, Proc. Roy. Soc. (London) A188, 18 (1946) 

T. Gustafson, Nature 157, 734 (1946); Nature 158, 273 (1946) 

. C. Majumdar and S. Gupta, Phys. Rev. 75, 1788 (1949 
>. Auluck and L. S. Kothari, Proc. Cambridge Phil. Soc. 47, 436 
(1951) (referred to above as 1) 

5S. T. Ma, Phys. Rev. 71, 787 (1947). 

6See On a Modified Defixition of Riesz Potential for the Meson Case (to 
be published). 


Line Shape of Monochromatic y-Rays in the 
Scintillation Spectrometer 
D. MAEDER AND V. WINTERSTEIGER 


Swiss Federal Institute of Technology, Ziirich, Switzerland 
(Received June 12, 1952 


N order to facilitate quantitative analysis of complex! or con- 
tinuous? y-ray spectra by means of the Nal scintillation tech 
nique, we have calculated the detailed line shape for several mono- 
chromatic y-radiations. This shape will always lie between the 
following extreme cases: 
(1) Primary effect: Out of mo quanta of energy y (expressed in 
mc units) falling on a crystal of thickness L, a number mp; given by 


(npi/mo) = (p/m) (1 —e*“) (la) 


will undergo photoelectric absorption. 4, and mw denote photo- 
electric and total absorption coefficients, both of which may be 
taken from Victoreen’s tables.* On the other hand the number of 
primary Compton processes is calculated using the Klein-Nishina 
formula which in its original form‘ gives the scattering cross sec- 
tion_as a function of scattering angle J. After some transformations 
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we get the number of recoil electrons as a function of their energy 
¢ (in me? units) 


? 


én. are@NZ e(y+1)?—y(e@+2y7) be 
= (1—e~ #4) | 2+6 - . » Gb) 
V(v—-6)? 


no “ 
where #r@NZ=0.232 cm™ for Nal(T1). Since we shall confine our 
considerations to y-ray energies between 0.1 and 1 Mev, the total 
primary effect consists of mp; pulses corresponding in amplitude 
to the full quantum energy and the n-_-distribution with amplitudes 
between zero and émax=2y7?/(2y+1), according to Eqs. (la) and 
(1b). This simple procedure approximates the true distribution 
for geometric conditions where contributions from the absorption 
of secondary quanta may be neglected (i.e., for small crystals). 
(2) Complete secondary absorption: Instead of a Compton distri 
bution, a single “photo peak” of 
al (2) 


(np2/no) =1—e 


pulses would result from an overestimation of secondary and 
higher order effects (approximation for very large crystals). 

In order to calculate the true line shape we note that the number 
of secondary quanta, scattered into angles 3- --30+60 and escap- 
ing from the crystal, is given by an expression of the form 


én, areNZ/y'\2/y' , . 3 

= (: ye mes -sint9)G(0, ¥y) sinddd, (3) 
no Me Y Y Y 

where y’=7/[1+~7(1—cosd)]=energy of scattered quanta 

Similarly, the number of secondary quanta which are absorbed 

within the crystal is 


ba PNZ(y'\2/7' . . 
nen. Pad (: ye rae sin*9 )H(0, ¥) sindéd, (4) 
no m 2 ae 


where G and H are geometric factors related by 
G+H=1-e*% 


For the case of a cylindrical crystal (radius R, length L), irradiated 
on its axis by a well-collimated beam of y-rays, we have expressed 
G and H explicitly by 8, y and w’=y'(d, y)=total absorption 
coefficient for secondary y-rays 

If we apply the above-mentioned extreme assumptions (1) and 
(2) to the treatment of secondary quanta, we obtain two limits for 
the secondary contributions. Thus we get from (2) the following 
modified line shape: 


, or 
np2 =npit { (6n,/63)dd 
bncq’ = bebn,/y" sindsd; 
and from (1a), (1b): 


o9 
np, = nnrt | (up’/ um’) (ng/bd)dd 


oe 2y'+1 bn, 
bne,' = bnex' + be f2 = "dd, (8) 
vy 


Y 
9, wp 2y? 38 
where mp,,2’=number of pulses with full energy, e=y, and dnc;, 2’ 
= number of pulses with energies ¢- - - «+e; for (6), 


e= y*(1—cosd)/[1+ y(1—cosd) ]< 27*/(2y¥+1); 


for the second term in (8), ¢ arbitrary within 0< «< 4y*/(47+1) 
The limits of the integral in (8) are determined by 


cost; = 1 or 3—e/y(y—6) | depending on 


cosd,=1—¢e/y(y—«) or 1 e= 27°/(27+1), 


for (5) and (7), respectively ; (8) and (6) represent upper and lower 
limits for the modified photopeaks and Compton distributions, 
respectively. After computing the limits (5)+(6) and (7)+(8) for 
all y-ray energies we may use them—instead of the crude assump 
tions (1) and (2)—in the treatment of secondary absorption. This 
procedure leads to higher order approximations which converge 
towards the true line shape. As an example, the “true” curves for 
=1 and for several crystal sizes are shown in Fig. 1 where also 
the effect of a light pipe, consisting of Lucite and extending from 
behind the crystal to infinity, is indicated (dotted lines). The curve 
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The theoretical line shapes have been smeared out with a 
Gaussian distribution of very small width only, corresponding to 
electron yield (about 1000 per Mev) reported by 
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broadening. A fuller account of this work will appear in Helvitica 
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Narrow Angle Pairs of Particles from 
Nuclear Interactions 


HASKIN, AND MARCEL SCHEIN 


Illinois 


JoserH FainperG, D. M. 
University of Chicago, Chicago 
(Received June 2, 1952) 


N experiment is in progress to study nuclear interactions in 
Ilford G-5 emulsions which were produced by 145- and 227 

Mev negative pions from the Chicago cyclotron.' A number of 
plates 400 microns thick were examined both by following indi 
vidual pion tracks and by using general scanning techniques. Out 
of an observed number of 800 nuclear interactions, two of these 
showed evidence for the emission of a pair of fast particles and will 
be described at this time. In one of these collisions, Fig. 1, track a 
was due to an incident negative 138+7 Mev pion of the 145-Mev 
pion beam of the Chicago cyclotron,' and track 6 has the same gap 
density as that of a 17+4-Mev proton. A narrow angle pair of 
and C2 (0.3+0.06 degrees between tracks) were emitted 
with respect to the incident pion track 
measurements of these 


tracks C; 
at an angle of 100+2° 
Multiple scattering and grain density 
tracks (Pr;) are summarized in Table I. In a region where the 
tracks are well separated, the grain density of both C; and ¢ 

corresponds to minimum ionization within a precision of 15 per 
cent. It can then easily be shown in conjunction with the multiple 
scattering measurements that C; must have been due to a particle 
less massive than about 1/2 that of a muon, while C2 can only be 
shown to be less massive than a muon.* 
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The second nuclear interaction observed is almost identical in 
appearance to Fig. 1 except that the angle between the pair, Pr2 
of Table I, is 6.3° or about 25 times larger than in the first case 
Pr;. Again the tracks Pre, are of minimum ionization and, con- 
sidering the multiple scattering, (Table I) the mass of both par- 
ticles is less than that of muons. 

The above features, while by no means conclusive, tend to indi- 
cate that Pr; and Prz are probably electron pairs, in which case 
their total energies would be 201439 and 205425 Mev respec 
tively. Electron pairs of such high energy and originating from 
nuclear collisions of cyclotron accelerated particles have not been 
reported so far. However, the following two well-known nuclear 
reactions of negative pions first studied at low energies by Panof 
sky? could provide the initial step in the production of high energy 
electron pairs: 

(i) +PN+y7, 
(ii) # +P—-N+r°. 


Process (i), the inverse of the production of a negative pion (x) 
by a gamma-ray (vy), has been estimated by Fermi® to occur in 
about 1 percent of the negative pion-proton collisions. Both of the 
pion collisions leading to Pr; and Pr. were with carbon or heavier 
nuclei of the emulsion, which would mean that in these cases the 
upper limit for the frequency of process (i) would be 1 percent. 
The internal conversion of this gamma ray to a pair of electrons 
should occur with a probability of about 1 percent according to 
theory.‘ The experimentally obtained value of approximately one 
pair for each 350 collisions seems certainly much higher than the 
above expected value of the total probability of 1 out of 10,000 
In process (ii), the so-called charge exchange scattering,’ the 
neutral pion, w®, will decay normally into two gamma-rays. 
However, a decay into two electrons and a gamma-ray can also 
be considered. Decay into two gamma-rays would in general 
lead to electron pairs at distances of the order of a radiation 
unit (about 3 cm) from the center of the star and hence it is ruled 
out. Decay of a neutral pion into a gamma-ray and two electrons 
would result in a pair originating at a mean distance of the order 


Fic. 1. Nuclear interaction produced by a 138-Mev negative pion, a, in 
which a pair of fast particles Ci and C: appear to come directly from the 
center of the star 
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TasBve I. Data regarding narrow angle pairs 


Mean scattering 
angle in degrees 
Angle between Per 100 microns . 
tracks in Track Track Energy of electrons in Mev 
Event degrees Total 
Pry 0.30 +0.06 = 205 +39 
Pre 6.3 +03 J : ‘ 201 +25 
Pri 24 +0.5 29+3 


of 4 microns from the star if the mean life is 10~ sec or longer.? 
Examination of the two collisions described above indicates that 
Pr, occurred less than 1 micron and Pr: less than 1/2 micron from 
the centers of their respective stars, which, however, would not be 
incompatible with a mean life of the order of 10" sec.* The angle 
between the electrons would be small since in the above cases the 
total energy of the neutral pion is about equal to its momentum 
times velocity of light. Process (ii) occurs in about 3/4 of the pion- 
proton collisions, and this is again an upper limit for pion collisions 
in the emulsion. Since Dalitz® has calculated that 1 out of 80 
neutral pions should decay into two electrons and a gamma-ray, 
it would be expected that at most about 1 pion collision out of 100 
in the emulsion would be associated with a pair of fast electrons. 

While electron pairs produced through process (i) would lead to 
close angular correlation of the tracks, the expected frequency is 
about 20 times less than measured. On the other hand, although 
through process (ii) the expected frequency of pairs is of the right 
order of magnitude, the mean life of the neutral pion would have 
to be of the order of 10~"* sec or less. 

We wish to thank Professor H. L. Anderson and the cyclotron 
group for their assistance in this experiment and Professors E. 
Fermi and G. Wentzel for very stimulating discussions. 

' Anderson, Fermi, Long, Martin, and Nagle, Phys. Rev. 85, 934 (1952). 

* Professor Bernardini informed us that out of 89 stars produced by 
110-Mev negative pions he found one emitted fast pair similar to that in 
Fig. 1. At the time of the writing of this note a third pair was found and its 
characteristics are given in Table I. 

2 Panofsky, Aamodt, and Hadley, Phys. Rev. 81, 565 (1951) 

3 E. Fermi, private communication. 

4J. R. Oppenheimer and L. Nedelski, Phys. Rev. 44, 948 (1933); M. E. 
Rose and G. E. Uhlenbeck, Phys. Rev. 48, 211 (1935); M. E. Rose, Phys. 
Rev. 84, 258 (1951). 

5 E. Fermi et al., Phys. Rev. 85, 935 (1952) 

*R. H. Dalitz, Proc. Phys. Soc. (London) A64, 667 (1951) 

7 Carlson, Hooper, and King, Phil. Mag. 41, 701 (1950); Kaplon, Peters, 


and Ritson, Phys. Rev. 85, 902 (1952) 
* Lord, Fainberg, and Schein, Phys. Rev. 80, 970 (1950). 


The Validity of Born Expansions 
WALTER Koun* 
Institute for Theoretical Physics, Copenhagen, Denmark 
(Received May 23, 1952) 


ECENTLY the nature of the Born expansions! for the case 
of a nonrelativistic particle scattered by a static potential 
has been clarified by Jost and Pais.? We have supplemented this 
work by establishing, for central potentials, estimates for the 
radii of convergence for various energy ranges and any angular 
momentum 
We consider the radial Schrédinger equation 


ae 1(l+1) 
2 2 


+i Win) =rVOw(n, (1) 


where lim,.or| V(r)| << and lim,..s?V(r)=0. The various Born 
expansions of the solution of (1) differ by the choice of boundary 
conditions.* The following two are commonly used ; 


lx Ir\ . 
¥(0) =0, ¥(r)—sin kr —) + tanm cos kr — 5) for r-+%; (2) 


0)=0 i (: ), 5 . (: '*) f wo, (2' 
)= \—+s) ote poh > —_ matty 
v( , ¥(r)—sin{ kr 2 i expt| kr 2 orr ) 
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S:—1=eé'"—1 occurs in the three-dimensional scattering ampli- 
tude; S; is a scattering matrix element. The iteration of the in- 
tegral equation equivalent to (1) and (2) leads to a power series 
in \ for tanm, and similarly (1) and (2’) yield a series for S;. 

Expansion of tann:—For a given V(r) let Ar be that value of 
|X| up to which this expansion converges. One can then show 
from the integral equation that for all potentials 


k=0: Ar [vr V(r) |dr > 21+1; (3) 
All k: ar for Vin) |dr>h; 
i il 0 ee ss large 


t || 1 | 2.344 | 3.339 | 4.198 |1.157-(21-+1)}| * 


| 


(4) 
| 
These estimates are optimal in the sense that the right-hand sides 
cannot be replaced by larger numbers. The equality signs are 
approached as V(r)—6(r—a). 

For any fixed potential (3) and (4) become very conservative 
for large /. The following asymptotic expression for large / is then 
useful. Let r*| V(r)| have its maximum value at ro. Then 


reV"' (ro) 


V (79) 


1 c 
Ar~ - 1a+n+(3 )oa+ny (5) 


| V (ro) 
to within terms of order <[/(/+1)]# which contain the energy 
dependence. At low energies, (5) has an error of only 10-15 per- 
cent for the usual potentials, even for /=1. 
As for the behavior of Ar at low energies, one can show that 
arr | 


eo: <—— 
O(R*)| kno 


>0, (6) 
if V(r) does not change sign (otherwise the inequality may go the 
other way!) ; and for all potentials 
arr | 
I>1: - <0 (7) 
O(R*) | kno 
i.e., Ar decreases as the centrifugal barrier is being overcome. 
For large /, 
OAr 1 
r u > - ° (8) 
O(R*)\ x0 V(r) 
At high energies and for any / 
“ 
Ar f V(r)dr| =xk+O(k), (9) 


provided the integral is neither zero nor infinite; for singular 
potentials with lim,.o7| V(r) | =8, 


ArB=k/logk+O(k/logk). (10) 

Expansion of S:=e?'™:—Calling the radius of convergence As, 
we find 

k=0: Asfor|\VO)|dr=>rf r|V@)\dr22+1; 3) 


Allk: Asfo rl VQ) |dr> 51; 


1 || 0 Fah See od | large _| (4) 
si || 1 | 2.047 | 2.783 | 3.416 | == (0.86(2/+ 1)! 

Again the numbers are optimal. Equation (5) holds also for As, 
but no inequality corresponding to (6) was found. For 


Ors | arr | 


I> = ‘ 
O(R*) | png O(R*) | emo 


(11) 
so that (7) and (8) hold also for As. 
At high energies 
As/k> =, (9) 
provided | fo*V(r)dr| < «. 
A number of properties of Born expansions have been derived, 
some of which have been previously observed.‘ 


ee eh ee 
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(1) The expansion for tanm converges until the phase shift 
corresponding to either + or — |A| V(r) becomes + or — 2/2; 
t, when ka<</+ 1[a=typical dimension of V(r) ], the smallness 
m| compared with w/2 is not a criterion for rapid convergence 

Born approximations. 

For any /, the existence of bound states implies failure of 
the Born approximations at zero energy and vice versa. However, 
even in the absence of bound states the Born series may diverge 
at some higher energy 

(3) For 1/21, Ar and Xs first decrease with increasing energy, 
before finally increasing. Both increase rapidly with /, like I(/+-1). 

(4) At high energies, » remains almost proportional to A up to 
large values of n, so that it is very effective to expand n»=tan™ 

5) Ay and Xs may differ substantially. Thus, for the n—p *S 
potential, the series for tann converges at 20 Mev and above, 
" only converges above ~ 100 Mev. 

6 p scattering, the failure of the three-dimensional 
Born expansion at low energies is due entirely to the S-wave, the 
P-scattering being already convergent. 

\ detailed account, including illustrative examples, will be 
published in the near future. 

It is a pleasure to express my gratitude to Professor Niels Bohr 
for the opportunity to work at his institute. I would also like to 
thank Dr. Res Jost for several very helpful remarks. 
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id A. Pais, Phys. Rev. 82, 840 (1951) 
racterized by initial conditions independent of A, its expansion 
r all A (see reterence 2 

tt and H. S. W. Massey, The Theory of Atomic Collisions (Ox 
ity Press, London, 1949), second edition 


Entropy and Specific Heat of Liquid He‘ 
K. S. SiIncwi 
Department, University of Illinois, Urbana, Il inois 
Received June 12, 1952 


HE formulas for the temperature dependence of viscosity, 
specific heat, and thermal conductivity of liquid He* were 
given by Singwi and Kothari! and later by other investigators,** 
on the assumption that the elementary excitations of He’ are of 
the Fermi-Dirac type. This viewpoint has been confirmed by the 
experiments of Weinstock, Osborne, and Abraham‘ on the tem 
perature variation of viscosity of pure liquid He*. We, here, at- 
tempt to explain the entropy of liquid He’, as calculated by Abra- 
ham ef al.,° from their vapor pressure measurements. We have also 
calculated the specific heat of He* for which no experimental data 
are yet available 
The degeneracy temperature of liquid He* is about 5°K. In 
the temperature range, so far investigated experimentally, He’ is 
partially degenerate and, therefore, one has to use the exact 
rather than the asymptotic formulas for the thermodynamic 
quantities. For a system of particles, obeying F—D statistics, it 


can easily be shown that the entropy and the specific heat are, 


Calculated entropy and specific heat as functions 
of the temperature. 


Entropy S 
(cal mole™, deg 


Specific heat Ce 
!) (cal mole, deg™') 


0.50 0.48 
0.98 0.96 
1.20 1.16 
1.36 1.28 
1.56 1.44 
1.82 1.64 
2.18 1.86 
2.68 2.12 
3.38 2.38 
4.36 2.68 
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Fic. 1. Curve I: entropy S versus temperature 7; curve II 


specific heat Cy» versus temperature 


respectively, given by: 


(la) 


Cy, 15 3Fs/2(n) 
= 34 (2a) 
R 4 Fialn) 
F \;2(n) 
dyn 

where F;(n) are the well-known F—D functions and 7 is the 

degeneracy parameter. Using the asymptotic expansions of F x(n) 

for large values of 7» (i.e., kT“eo), as given by McDougall and 
Stoner,® it can easily be shown that 


S/R=4.93(kT/e), (1b) 
and 
C,/R=4.93(kT/ 0), (2b) 


where €o, the Fermi energy, is given by 
€o = (3/3)*/8h2 p?'3/8m ss, (3) 


p is the density of liquid He* and m is the mass of an He’ atom. 
Using (la) and (2a) we have calculated the entropy and the 
specific heat of liquid He* for various temperatures and the results 
are given in Table I and also shown graphically in Fig. 1. The 
density’ of liquid He® was taken as 0.08 g/cc at 0°K. For a given 
value of n, the temperature was calculated from the relation 


5 (€ kT)3?=F, 2(), 


{see Eqs. (1-11), reference 6]. We have also plotted in Fig. 1 
the entropy values given by Abraham eé/ al.,5 to which the nuclear 
spin entropy R log2 has been added. It will be seen from Fig. 1 
that the experimental curve for entropy, in the entire temperature 
range from 1°K to 2.5°K, lies very close to the theoretical curve, 
calculated on the basis of an ideal F—D gas. It is not surprising 
that liquid He* behaves more like an ideal F—D gas than like a 
liquid because of its high zero-point energy. 

No experimental data are available below 1°K. The experi- 
mental curve, however, shows a strong tendency to approach a 
constant value as T-0; the extrapolatal value of the entropy is 
1.8 cal mole“, deg™', at O°K. This has led Abraham and co- 


snr nane Sra 


San 
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workers® to suggest that below 1°K liquid He* must undergo a 
transition to account for this excess entropy or there may be a 
hump in the heat capacity. In the absence of further experimental 
data below 1°K, it would be hard to say anything regarding the 
nature of this transition, yet it is not without interest to speculate 
on its nature. It is possible to account for this excess entropy on 
the basis of the following phenomenological picture. The liquid 
phase, presumably, near 1°K goes into a peculiar ordered state 
resembling somewhat a loose solid. It is a sort of a A-transition. 
The specific heat of this ordered phase is no longer given by (2b) 
but by the Debye expression 
C,=464.5 (T/6)' cal mole“ deg™, (4) 
which gives 
S=(C,/T)dT =} -464.5(7/0)? cal mole deg". (5) 

Using Eq. (5) and assuming that the \-transition takes place at 
1°K, we can explain the residual entropy if the value of the char- 
acteristic temperature @ is taken as 4.3°K. Expression (4) includes 
the contribution of both the transverse and the longitudinal 
waves; and if we assume that it is only the latter which contribute 
we shall require @ to be smaller still. One would like to ask whether 
such a low value of @ is compatible with our knowledge about Het. 
Recently Kramers® has reported that, below 0.6°K, the specific 
heat of He*iI can be roughly represented by a 7* law, with 
0 27°K, in agreement with Landau’s theoretical estimate which 
excludes the transverse waves. The characteristic temperature 
6 of solid He‘, as has been pointed out by Simon,’ varies markedly 
with density. If the density changes by a factor 2, @ changes by a 
factor of 4. The observed density of liquid He‘ near the absolute 
zero is roughly twice the observed density of liquid He’ at the same 
temperature. We, therefore, expect that for liquid He’ @ will be 
about 7°K, if not smaller. If we use London’s expression’ to 
calculate the zero-point energy of He’ corresponding to p=0.8 
g/cc, we find that w=18 cal mole“, giving @=8°K. Thus a low 
value of @ is quite compatible with this theory. However, to ac- 
count for the excess entropy of liquid He’, we shall have to assume 
a value of @ about half the theoretically expected value. 

It may be worth pointing out that a jump, if there is any, 
in the specific heat should show up as an angular point in the heat 
of vaporization versus temperature curve. No such jump is evident 
in the curve given by Abraham and co-workers.® It would be of 
great theoretical interest to extend the experimental investiga- 
tion of the heat of vaporization below 1°K. 

My thanks are due to Professor J. Bardeen and Dr. W. Heller 
for many interesting discussions." 

1K. S. Singwi and L. S. Kothari, Phys. Rev. 76, 305 (1949) 

21. Pomeranchuk J. Exp, and Theoret. Phys. U.S.S.R. 20, 919 (1950) 

3R. A. Buckingham and H. N. V. Temperley. Phys. Rev. 78, 482 (1950). 

* Weinstock, Osborne, and Abraham, Phys. Rev. 77, 400 (1950). 

5 Abraham, Osborne, and Weinstock, Phys. Rev. 80, 366 (1950) 

* J. McDougall and E. C. Stoner, Trans. Roy. Soc. (London) A237, 67 
(1939) 

7 Grilly, Hammel, and Sydoriak, Phys. Rev. 75, 1103 (1949) 

* H.C. Kramers, International Conference on Low Temperature Physics 
Oxford, 93 (1951) 

9j. &. Dugdale and F. E. Simon, International Conference on Low 
Temperature Physics, Oxford, 26 (195 

10 F. London, Proc. Roy. Soc. (L cua A153, 580 (1935-36) 

"| Note added in proof.—After this letter was submitted for publication, 
the author received from Dr. L. Goldstein of Los Alamos Scientific Labora- 
tory his unpublished calculations on the entropy and specific heat of He’, 
which agree with those of the author. Dr. Goldstein does not consider the 
residual entropy. 


Magnetic Shielding Effects in Compounds 
of Vanadium* 


H. E, WaLCHLI AND H. W. MorGan 


Stable Isotope Research and Production Division, Oak Ridge 
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(Received June 6, 1952) 


ECENT measurements to determine the gyromagnetic ratio 
of vanadium 50! in VOCI; and inconsistencies in the re- 
ported values*~ for vanadium 51 led to the desirability of check- 
ing for shifts due to magnetic shielding. Since V* enriched com- 
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TaBLe I. Nuclear resonance data for vanadium compounds. 


Observed line % 
la width in field 
Cc ‘ompound lence gauss* »(V™) /v(Na®) shift 


0.35 0.993855 +0.000025 0.00 

0.35) 

oO 35 

2.3 

11 

1.4 

gy | 
} 


N aVOr 
NasVOu 
NH«VO; 
VO(NO)): 
VO(SoO* 
KaViOe 
: £ ds powder 
Ch: 


0.993855 +0.000035 


VOtls 1 


ttt t++4+4+44 
a ee ee ee 


5 0.994358 +0.000026 —0.05 
0.999960 +0.00001 -0.61 


0 


; 
1 See text 
, 

’ metal (powder 8.5 


® H* =6740 gauss, frequency =7550 kc 


pounds were not readily available and the signal of V® is extremely 
weak in natural concentration (0.25 percent), compounds of 
V*! in normal abundance were used for all measurements. The 
nuclear magnetic resonance for V* was observed in VOCI;, and 
the measured value was found to differ from those previously 
reported for other compounds.*~* The metal powder and several 
compounds of V* were then investigated and data are reported 
in Table I. Accurate frequency measurements were made with 
reference to sodium for the NaVO;, VOCls, and V metal reso- 
nances. Other compounds were measured relative to the vanadium 
resonance in VOCI;. The signal from solid Pb(VOs3)2 was too 
broad for accurate determination of the resonance frequency. No 
signals were observed for V-O3, VOF3, or VFs, all in the solid 
state. All resonances were measured in saturated aqueous solutions 
except for VOCI; (liquid at room temperatures), V.O5, and 
Pb(VO3)2 (both dry powders). Care was exercised in the prepara 
tion of the chemical compounds to eliminate effects of possible 
admixtures. This was necessary since a great many of the va 
nadium compounds are unstable or decompose under the effects 
of light and heat. No magnetic catalysts were added to the 
samples. 

All measurements were made at an identical position in the 
magnetic field. In cases where two compounds could not be 
mixed because of chemical considerations, one was sealed in a 
small spherical glass vial of 0.2-ml volume and the vial sur- 
rounded with the other compound. Magnetic field homogeneity 
over the entire coil volume is such that resonances have been ob- 
served with signal widths as narrow as 0.2 gauss. The shifts 
observed were at least 15 times this amount. The width of the signal 
resonance is given for points of maximum deflection of the deriva- 
tive of the absorption curve for the value of magnetic field H* 
at which the signal was observed. Our value for the line width of 
the metallic vanadium is smaller than that reported by Knight.* 
There appears to be no correlation of the shift observed for VOCI; 
with the valence state or the bonding orbitals in this molecule. 

The resonance occurring at the highest value of externally 
applied field exhibits the least paramagnetic shielding.*’ Also, it 
has been shown* that the percent shift to be expected for different 
isotopes is the same for similar compounds of those isotopes. 
Thus, a small correction can be made in the data reported for 
V®.! In addition, we report a direct measurement of the ratio of 
V®* in the two compounds VOCI; and NaVO;. Using this value, 
the earlier value for V®, the sodium-to-proton frequency ratio 
of 0.264518,*'° and the deuterium-to-proton frequency ratio of 
0.1535059,"" we report final values as listed in Table I. 

The signs of both magnetic moments have been determined to 
be positive by comparison with known elements and are in agree- 


TaBLe II. Frequency ratios for vanadium isotopes 


e(V™) /e(V™) in (NaVOs/VOCL, 0.999491 +0.000010 
»(V™)/»(D2) in (NaVOs) 0.649203 +0,000012 
»(V®) /o(V™) in (VOCI, 0.379074 +0.000017 
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ment with that reported for V" by Proctor and Yu.‘ The spin for 109 - 
V* is as yet undetermined; however, the Mayer shell model!* + 
predicts both odd nucleons to be in the 2/72 states. If the spins | 
are assumed to be additive, the compound nuclear magnetic 
moment (uncorrected) becomes +3.898 nuclear magnetons. Using 
a diamagnetic correction of 0.171 percent,’ the corrected value 
becomes w(V*) = +3.905 n.m., which may be compared with the 
j—j coupling value of 3.85 n.m. as computed from data given by 
I eenberg is 

Appreciation is expressed to J. R. McNally, Jr., for continued 
interest and many helpful discussions during the progress of this 
work 
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is based on work performed for the AEC by Carbide and 
icals Company, a Division of Union Carbide and Carbon 
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Lifetime of an Excited State of Hf'”® 


F. K. McGowan Fic. 2. Spectrum of the y-radiation following the 8~ decay of Lu'7* 
Oak Ridge National Laboratory, Oak Ridge, Tennessee 
Received June 9, 1952) = —_ - 
7 Lu'’6 (3.75 hr) is known! to decay by two beta-ray groups into 
N excited state in Hf!’ with a half-life (1.3520.10)X10~* sec Hf!”8. The softer beta-ray group is followed by an 89-kev y-ray. 
has been observed with a delayed coincidence scintillation Curve (1) of Fig. 1 shows the number of coincidences as a func- 
spectrometer using sources of Lu'”*. The isomeric transition is tion of the delay time with a source of Lu'’*. This delayed coin 
classified E2 by a measurement of the K-shell internal conversion —_cidence resolution curve was recorded by exciting one channel of 
coefficient the delayed coincidence apparatus by 250- to 400-kev nuclear beta- 
rays and the other channel by the L, M, or N internal conversion 
electrons of the 89-kev transition 


} 
| 
| 
{ 


A resolution curve for prompt events was obtained with a source 
ie4 of Au'®, The prompt coincidences were (a) between 50 to 110 kev 
} nuclear beta-rays and the internal conversion electrons of the 
| 411-kev transition, and (b) between 50- to 110-kev Compton 
recoil electrons and 250- to 400-kev nuclear beta-rays. Curve (2) 
| of Fig. 1 shows the result of such a measurement. Thus, for delay 
| T >12X10~* sec the half-life of Hf'"** may be determined from 
| the slope of curve (1 
f The K-shell internal conversion coefficient of the 89-kev transi- 
i tion was obtained from a spectral measurement of the y-radiation 
cd following the beta-decay of Lu'’*. A typical spectrum of the K 

x-ray and the 89-kev y-ray obtained with an Nal scintillation 
135+10)x spectrometer is shown in Fig. 2. Curve (1) is the spectrum of the 

9 y-radiation from Lu!” plus Lu'” (6.7 days) which is present in the 
source. Curve (2) is the contribution of Lu!” to the spectrum. 
The intensity ratio of the K x-ray to the y-ray is obtained from 
the observed spectrum provided the appropriate corrections are 
made for fluorescent yield, effective detection efficiency, and 
escape peak intensities. The result for aex,* is 1.25+0.15 

The extrapolated K-shell internal conversion coefficients? for 
electric dipole, quadrupole, and magnetic dipole are a;* =0.40, 
a2* = 1.35, and 6,* =6.1. Thus, the transition is of the E2 type and 
the spin of the metastable state is two. Scharff-Goldhaber, der 
Mateosian, and Mihelich! reached this conclusion from a measure- 
ment of the K/L conversion ratio. This is another example of the 
rule that the first excited state in even-even nuclei has spin 2 and 
even parity, assuming even parity for the ground state as seems 
likely by the shell model 








1 Scharff-Goldhaber, der Mateosian, and Mihelich, Phys. Rev. 85, 734 
1952 


. Delayed coincidences as a function of the delay time. ?F. K. McGowan, Phys. Rev. 85, 151 (1952). 
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The Reaction N'*(y, 2n) N’*} 


Wo urcanGc K. H. PaNorsky AND Daryt REAGAN 
Department of Physics, Microwave Laboratory, 
Stanford University, Stanford, California 


(Received June 16, 1952) 


IELDS for (7, 2m) processes have been observed in medium 

weight elements only, where they have been observed to 
be of the order of ten lower than the corresponding (y, m) reac- 
tions. In light elements, the lower yield of (y, 2m) processes has 
made positive identification difficult; search for the reaction 
C®(y, 2n)C™ has only led to a limit on the cross sections and the 
end products of F!%(y, 2n)F'? and P®(y, 2n)P®® have not been 
identified with certainty. 

The reason for the low (y, 2m) yields for light elements is pre- 
sumably that the reaction does not proceed via compound nucleus 
formation. (y,) and (y, p) processses in light elements can at 
least be qualitatively explained by a direct photoeffect.? None of 
the mechanisms discussed applies directly to a (y, 2m) process. 
A (7, 2m) process can proceed by direct electric photoeffect only 
as a secondary process, e.g., by a primary (7, pm) process with a 
subsequent internal absorption of the proton. By a photomagnetic 
absorption the process could proceed directly; however, the 
contribution of photomagnetic processes is small. It is, therefore, 
of interest to obtain an actual measurement of such a process. 

The reaction N'(y, 2n)N™" was chosen because of the singular 
properties of N". The pulsed beam of the Stanford linear acceler- 
ator permits convenient detection of the 12.5-millisecond period 
between pulses. 

Samples of melamine (NsCsHs) enclosed in a carbon cartridge 
were bombarded in the direct beam of the accelerator. 0.040 in. of 
W were placed ahead of the sample to convert the electron beam. 
The repetition rate was adjusted to about 10 pulses per second and 
the machine operated near 120 Mev. The beam was monitored 
with an air ionization chamber; for the quantitative measure- 
ments the N® yield was compared with the 8* activity from a 
polystyrene foil; the cross section for the process C#(y, m)C" is 
well known from the measurements of Marshall.’ 

A small vertical focusing 8-spectrometer was constructed con- 
sisting of an H-core magnet with trapezoidal pole pieces. Two 
Geiger counters in coincidence with suitable absorbers were used 
as detectors. The counts were separated in time by a 5-channel 
delayed gate arrangement. The first gate was started about 15 
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Fic. 1. Decay curve of double coincidences in 8-spectrometer melamine 
target. The half-life as measured by Alvarez (see reference 4) is plotted. 
The uncorrected data are shown as well as those obtained by correcting 
for background. The background was measured by substituting an equiva 
lent carbon target. 
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milliseconds after the pulse in order to avoid background from 
slow neutrons. 

Figure 1 shows the resultant decay curve taken at a spectrom- 
eter setting of 8 Mev. Although the smallness of the yield pre- 
vented the taking of more extensive data, it is clear that the decay 
is real. It was also shown that no decay occurred if carbon was 
substituted for melamine and if absorbers beyond the 8-spectrum 
end point were inserted 

The geometrical efficiency of the spectrometer was obtained by 
exploring the possible trajectories with a current carrying wire. 
The over-all efficiency was then obtained by a numerical integra- 
tion over the orbits and the 8-spectrum. A rather large correction 
for scattering out of the absorbers was necessary. The result is 


| odE= (5.52) 10 Mev barns. 


N® has a limit of stability‘ of not more than 100 kev. This, 
however, cannot account for the smallness of this cross section 
since even with a somewhat wider limit of stability only one level 
in N"® would be available. 

We are indebted to Phyllis Hanson and George Masek for 
efficient operation of the accelerator. 

t Assisted by the joint program of the ONR and AE( 

1M. L. Perlman and G. Friedlander, Phys. Rev. 74, 442 (1948). 

* See e.g., E. D. Courant, Phys. Rev. 82, 703 (1951) 

‘ 


Marshall, Phys. Rev. 83, 345 (1951) 


L. 
L. 75, 1815 (1949); 


W. Alvarez, Phys. Rev 80, 519 (1950 


Average Charge Produced by Electron 
Capture in A*’} 
Joun A. MiIsKEL AND Morris L. PertMan 


Chemistry Department, Brookhaven National Laboratory, U pton, New York 
(Received June 19, 1952) 


HERE have been few, if any measurements of the charge 

on the primary product of a radioactive transition in which 
the result is unambiguous. The difficulties and limitations of 
various schemes have been discussed by Kofoed-Hansen.' 

The method of charge measurement described in this letter is 
free of many of the ambiguities of other methods and is applicable 
to a variety of radioactive substances. It depends on a determina- 
tion of the current produced by the collection of the primary 
recoil ions from a low-pressure gaseous source whose absolute 
disintegration rate is known. 

Argon*” produced by the irradiation of calcium metal in the 
Brookhaven reactor was released by melting the metal in vacuum 
and introduced into a previously outgassed tube shown in Fig. 1. 
The outer electrode A is maintained at any desired positive poten- 
tial by a carefully designed power supply ;? the positive ion current, 
at the central electrode C, is measured with a vibrating reed elec- 
trometer; application of a negative potential at the highly trans 
parent grid serves to suppress secondary electron emission from 
the central electrode. The geometry and electric fields are designed 
to return wall secondaries to the wall, and to allow only a small 
fraction of the energetic primary electrons to intercept the central 
electrode. At the press of approximately 10~* mm which existed in 
the tube the mean free path is large compared with the tube 
dimensions. 

The current measured st the central electrode was of the order 
of 10-" ampere. At a fixed grid voltage it was found that there is a 
range of wall voltage over which the ion current is substantially 
independent of wall voltage. The magnitude of the plateau current 
was independent of grid voltage except for a small known grid-to- 
cathode leakage. Current measurements made over a period of 45 
days showed a decay with half-time 35.5 days, in good agreement 
with the 35.0+0.4 day half-life of A*” determined in a proportional 
counter. The measured value of the current was corrected for 
dead space in the chamber, interception of positive ions by the 
grid, and interception of fast (2.6 kev) electrons by -the center 
electrode. 
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LEAD 
1. Chamber for measurement of recoil-ion current 


After completion of the current measurements, tank argon was 
admixed with active gas, and a small aliquot, approximately 10~, 
was transferred into a calibrated proportional counter for determi- 
nation of the absolute disintegration rate. Corrections were made 
to the measured counting rate value for Z capture* and for the 
limited absorption of the chlorine fluorescence radiation, the yield 
of which was taken to be 0.083.4 

lhe ratio of the current to the disintegration rate is the average 
charge per disintegration. In the decay of A® it is found that the 
average charge on the Cl’ product ion is +3.85+0.2. 

Experiments with other radioactive substances are being carried 
out, and a more detailed account of the work will be published.* 

The authors are indebted to R. W. Dodson and A. O. Allen 
of this laboratory who suggested the experimental method used 
in discussions during the summer of 1951. 

t Research carried out under the auspices of the AEC 

10. Kofoed-Hansen, Kgl. Danske Videnskab. Selskab, Mat.-fys. Medd. 
26, No. 8 (1951 

?W. A. Higinbotham, Rev. Sci. Instr. 22, 429 (1951) 

§ Pontecorvo, Kirwood, and Hanna, Phys. Rev. 75, 982 (1949) 

* Steffe n, Huber, and Humbel, Helv. Phys. Acta 22, 167 (1949) 


Wexler of the Argonne National Laboratory has recently informed 
us that he is engaged in work of a very similar nature. 


Polymorphism of ND,D.PO, 
Evizasetn A. Woop, WALTER J. MERZ, AND BERND T. MATTHIAS 
Bell Telephone Laboratories, Murray Hill, New Jersey 
(Received June 9, 1952) 


T is well known that NH,H.PO, and ND,D,.PO, play a special 
role in the isomorphous series of XH.,PO, and XD,.PO, 
crystals! (X= NH,, K, Rb). All members of the series go through 
a polymorphic transformation at low temperatures. Below this 
the K and Rb salts become ferroelectric, but the NH, salts do not. 
Matthias showed? that the substitution of hydrogen by deu- 
terium in the ammonium salt raises the transition temperature 
by about 90°. The same shift has been observed for the Curie 
point of the ferroelectric potassium and rubidium salts. This fact 
and the observation that the specific heat anomaly at the transi- 
tion of the NH, salt is about the same as the ones of the K and 
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Rb salts at their Curie points* indicates that in the ammonium 
salts we also have to deal with a hydrogen bond rearrangement. 

By using Slater’s picture‘ it can be shown that there are 3 
possibilities of dipole alignments: first, a parallel alignment in the 
c direction (ferroelectric case as in K and Rb salts); second, an 
antiparallel arrangement in the a-direction; and third, an align- 
ment involving two directions whose resultant would give a 
[110] effective polarization. Since no spontaneous polarization is 
found in these crystals below the transition it seems very likely 
that the ammonium salts show the second type of arrangement, 
namely, an antiparallel alignment of dipoles in the a direction. 

The tetragonal crystals of ND,D.PO, have a c/a ratio of 
1.003+0.0005 at room temperature, while that of NH,H2PO, is 
1.0058.° The lattice constants of the heavy salt at room tempera- 
ture are a=7.510, c=7.535+0.005A. 

At approximately —30°C crystals of ND,D2PQ, go through a 
polymorphic transformation which shatters large crystals, but 
fragments large enough for observation with the polarizing micro- 
scope remain intact and the transformation has been repeatedly 
observed. The low temperature form has slightly lower birefring- 
ence than the high form and a clearly defined boundary between 
the two moves across the crystal as the transformation takes 
place. There is no change in extinction direction. These observa- 
tions were made on about twenty fragments, sealed in a partially 
evacuated tube to avoid H,O contamination. 

A single fragment with major surfaces parallel to (001) and 
with one (100) bounding surface was sealed beneath a cover glass 
for observation of the optical interference figure. At the transition 
the negative uniaxial figure of the high form opens out into a 
negative biaxial figure with (—)2V =18°+5°. The acute bisective 
in the low form replaces the single optic axis in the high form, 
i.e., is parallel to c, and the optic plane is parallel to a {100} plane 
of the high form. The low form is thus orthorhombic with its 
crystallographic axis parallel to those of the high form, unlike the 
K and Rb salts where the transformation involves a shear in the 
(001) plane so that the orthorhombic a and 6 axes are at 45° to the 
tetragonal a axes. 

The space group of the high form is Dzq’*—142d. The powder 
photograph of the low form, however, shows additional weak 
lines for which (42+#+-F) is odd, indicating that it is no longer 
body-centered. The crystal is still piezoelectric. The space group 
of the low form is therefore probably D.‘—P2,2,2;. This means 
that the PO, group at $44 is no longer equivalent to the PO, 
group at 000, as it would be (1) if the deuterium ions were cen- 
trally located between their neighboring oxygens as they are in 
the high form, or (2) if the crystal were ferroelectric along the 
c axis. The dipole arrangement giving a [110] resultant polariza- 
tion is also incompatible with this symmetry. 

Thus the electrical measurements and the x-ray diffraction and 
optical data independently indicate the presence of an antiferro- 
electric a (or 6) axis in the low temperature form of ND,D2PO,. 

It is of interest in this connection that in the K and Rb salts 
the thermal expansion coefficient for the ¢ axis is greater than 
that for the a axis, whereas in the NH, salts the reverse is true.® 

At —53°C+8° the lattice constants of ND,D2PO, are a=7.48 
+0.02, 6=7.48+0.02, c=7.53+0.02. The orthorhombic de- 
parture from tetragonal symmetry, which we know from the 
optical observations must exist, was not observable. Lattice 
parameter differences of 0.02A could have been detected. No 
marked intensity differences were observed between the ND,D2PO, 
powder picture taken at room temperature and that at —53°C. 

The indices of refraction of ND,D2PO, at 20°C are N =1.479 


+0.003; NV =1.518+0.003. 
Matthias, Merz, and Scherrer, Helv. Phys. Acta 20, 273 (1947). 
Matthias, Phys. Rev. 85, 141 (1952 
1 and J. G. Hooley, J. Am. Chem. Soc. 66, 1397 (1944). 
S hem. Phys. 9, 16 (1941). 
§ Veda Ryuzo, J. Phys. Soc. Japan 3, 328 (1948). 
*W. P. Mason, Phys. Rev. 69, 179 (1946). 
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Production and Interaction of Mesons 
at Very High Energies 
D. Lat, YasH Pat, B. Peters, anp M. S. Swami 
Tata Institute of Fundamental Research, Bombay 1, India 
(Received June 16, 1952) 


PPROXIMATELY 400 charged and neutral shower particles 

confined to a narrow (7.4°) cone and produced by a magne- 
sium nucleus of 2X 10" ev provide a source of mesons whose inter- 
actions have been studied over an aggregate track length of about 
3 meters in emulsion. 

The well-defined total spread of the shower together with the 
requirement, that in the center-of-mass system, the angular dis- 
tribution must be identical in the forward and backward directions, 
determines the primary energy as well as the energy of the shower 
particles in units of their rest mass. The angular distribution of 
shower particles is in very close agreement with that predicted 
for median impact parameter by Fermi’s theory' (Fig. 1). 





Fic. 1. The histogram gives the angular distribution of shower par- 
ticles in the c.m. system. The smooth curve is the Fermi plot for the median 
value of impact parameter. 


The angular distribution is not consistent with the assumption? 
that the charged shower particles are produced in pairs by the 
decay of a very short-lived parent meson slightly heavier than its 
products. 

A total of 56 additional charged shower particles are created in 
ten secondary interactions, and the following conclusions can be 
drawn: 

(a) The interaction cross section of charged shower particles is 
equal to the geometric area of the target nucleus. 

(b) For an incident energy yow 1000 yc*, an average of 5-6 
mesons are produced in secondary interactions 
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TaBLe I. Comparison of the number of heavy prongs accompanying 
meson produced meson showers with the number of heavy prongs obtained 
by Camerini ef al. for randomly selected meson showers of equal 
multiplicity. 

Average number 
heavy of heavy prongs 
prongs in randomly se- 

Na lected showers 


Number of Number of 
shower 


particles 
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Sea 


Total 5 3 


* Camerini, Fowler, Heitler, King, and Powell, Phil. Mag. 40, 862 (1949) 


(c) In a reference system in which the incident meson and a 
nucleon of the target have equal and opposite momenta, the 
secondary shower particles are preferentially emitted in the back- 
ward direction. 

(d) Meson produced meson showers lead to much lower excita- 
tion of the target nucleus than nucleon produced meson showers 
of comparable multiplicity (see Table I). 

(e) Some evidence is obtained that neutral particles different 
from neutrons and capable of producing meson showers are created 
in the primary collision. 

The number of neutral pions can be determined accurately 
since all details of the charge multiplication process are visible 
in the 24 emulsions traversed by the shower. The ratio of neutral 
pions to the created charged shower particle is 


no/(n,+n_) =0.8640.1 


a result which is in disagreement with the value 0.29+0.08 recently 
reported by Daniel ef al.* for high energy showers. In agreement 
with previous measurements the lifetime of neutral pions was 
found to be ro < 10™"* sec. 

From the observation of 15 electron-positron pairs produced by 
charged particles, the cross section for this process was found to 
be within statistical error in agreement with that calculated by 
Bhabha.* 

A detailed account of these measurements and results will be 
published in the Proceedings of the Indian Academy of Sciences. 
Phys. Rev. 81, 683 (1951) 


Lock, and Yekutieli, Nature 169, 365 (1952). 
Mulvey, and Perkins, Report of the Bristol Conference 


1E, Fermi 

? Danysz 

3 Daniel, Davies 
(1951) 

4H. J. Bhabha, Proc (London) A152, 559 (1935) 
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